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HAM GAMMA P-ADIC
VA CAC PONG DU THUC LIEN QUAN PEN HE SO NEWTON

MY VINH QUANG', PHAN DUY NHAT"

TOM TAT
Trong bai bdo, chiing t6i chitng minh mét dong duw thire ciia ham gamma p-adic dwdi
day:
, col o x(P-D) &1 .
C(p0)=L,(p) |1+ =2—=p" >, | (mod p*) (1
k=1,(k,p)=1

trong do. I' :Z, — C, la ham gamma p-adic; p la s6 nguyén to, p>5; r=1;
xeZ,.
Tir d6, chiing t6i suy ra dwoc mot s dong duw thire trong sé hoc lién quan dén hé sé
Newton.
Tir khéa: ham gamma p-adic, dong du thirc, hé sb Newton.
ABSTRACT
P-adic gamma function and congruences related to the Newton coefficients

In the paper, we prove a congruence of the p-adic gamma function follows:

r

2
r X x('x _1) r < 1 r
L (p0)=0,(p) | 1+ =—=p" D, | (mod p*) (1)
k=10, p)=1

Where: T :Z — C, is the p-adic gamma function; p is a prime, p>5; r21;
xezZ,.

Since then, we deduce some congruences in arithmetic relating to the Newton
coefficients.

Keywords: p-adic gamma function, congruence, Newton coefficient.

1.  Giéi thiéu

5 2
bong du thic ( P j =1 (mod p) dugc ching minh kha don gian. Nam 1819,

Babbage da chimg minh mot dong du thirc manh hon, véi s nguyén t6 p >3 thi
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pl ]El (mod p’)

2p-1
[ P 1 jsl (mod p*). Nam 1862, Wolstenholme da chimg minh (
.

re - A A K < . re 1A . [P+ P -1
v&1 moi sO nguyén to p = 5. Nam 1899, J. Glaisher voi két qua { =1 (mod
p f—

. n n .
p’) va nam 1990, D.F. Bailey v6i két qua ( pj E( j (mod p*) cho moi s6 nguyén
rp r

t6 p>5.

Khi giai tich p-adic ra doi d3 md ra nhiéu hudng nghién ctru méi. Tuong ty ham
gamma trong giai tich phuc, ta c6 ham gamma p-adic trong giai tich p-adic vdi tinh
chat sau:

rm=c1y [] i

i=1,(i,p)=1

ta thay dugc moi lién hé gitta ham gamma p-adic va hé s6 cua nhi thirc Newton nhu
sau:

(np+p—1J _ T,wp+p)
p-1 L, (np)l ,(p)
khi d6 co thé viét lai dong du thirc ctia J. Glaisher nhu sau:
I',(np+ p)
L, (np)I" ,(p)
Tu day, tao dong luc cho chung ta nghién ctru nhiing d?)ng du thirc cia ham
gamma p-adic. Trong bai bao nay, ching t6i s€ chang minh dong du thirc (1) va su
dung két qua nay dé suy ra mot s6 dong du thirc s6 hoc lién quan dén hé s6 Newton.

=1 (mod p*)

2. Cac két qua duoe sir dung trong bai bao
2.1. Ham gamma p-adic
Truong s6 thuc R khong dong dai s6, bao dong dai sb cia R 1a trudng sb phirc C.
Lam ddy dii Q theo gia tri tuyét déi | \p ta dugc truong Q,, O, day du nhung
khong déng dai sb. Ki hiéu bao déng dai sb cua Q , la Q_p. Gia trj tuyét dbi trén Q_p
duoc xac dinh nhu sau:
Véi moi ae Qp thi a phai 1a phan tir dai so trén Qp, do do6 ton tai da thic
Irr(a,Q,x) €Q,[x] c6 dang Irr(a,Q,x) =x"+a, X" +..+ax+a, bat kha quy

trén Q - nhan a lam nghiém.
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Ta chimg minh duoc || = ya,| | 1a gid tri tuyét déi trén O, . Truong Q, dong

dai s6 nhung n6 lai khong ddy du theo ‘p vira xdy dung. Néu tiép tuc lam day du Q_p

theo ‘ ‘p thi ta s& duoc truong sd phuc p-adic. Ki hiéu C = Q_p. Truong sd phtc p-

adic C, dong dai s0, day dii va dong vai trd twong tu nhu trudng sd phirc C trong giai
tich phuec.
Ménh dé 2.1.
Tdp hop Z, = {a €0, :|a|p < 1} cung phép todan cong va phép toan nhdan trong
Q, tao thanh mot vanh goi la vanh cac 6 nguyén p-adic.
Dinh nghia 2.2.
Day a,,a,,a,,...,a,,... trong C ) dugc goi 1a mot day ndi suy p-adic néu ton tai
duy nhat m¢t ham s6 lién tuc f:Z — C saocho f(n)=a, VneN.
Dinh li 2.3.
n—1
Cho p la mét s6 nguyén to. Khi do day {a,} véi a, =(=1)"]['i la mét day noi
i=1
suy p-adic. Trong do H' la tich ldy theo tdt ca cdc i nguyén té véi p.
Tir dinh nghia cua ddy ndi suy p-adic ton tai duy nhat ham I’ ,:Z,—>C, lién tyc

trén Z » thoa

n—1
T, (n)= (—1)”1:['1
Ham I’ » dugc xac dinh nhu trén goi 1a ham gamma p-adic.

2.2. Mét so dong dw thirc

p
Chung ta ki hiéu Y ' thay cho

k=L,(k,p)=1
Dinh li 2.1.
Cho p la mét s6 nguyén t6 I6n hon 5. Chiing ta c6 cdc dong duw thire sau:

(i) Z'% =0 (mod p") néu (p-1) khéng chia hét 2s.

(ii) z'kiﬂ =0 (mod p*") néu (p-1) khéng chia hét 2(s + 1).
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(iii) Z%

v S oI b ar
(W)ka_ szz (mod p™").

k<m

Chitng minh:

P Nl ’
—72 = (mod p*").

(i) Vi (p-1) khong chia hét 2s nén ton tai k, thoa p khong chia hét k;° —1 va k,.
Néu k chay qua mot hé thang du thu gon theo (mod p") thi ky,k ciing chay qua mot hé
thang du thu gon theo (mod p"). Khi d6:

1 ' 1 _ ' 1 _ 1
k_g k2s _Z (kok)ZS - k

1 )
5 (mod p")

Suy ra (1—%)2'](125 =0 (mod p"). Do do Z%E 0 (mod p"). 0
0
(i1) Ta co:
N 1 N <l 1 1
Z k2s+1 Z (pr _k)2s+l Z k2s+l (1_p7r)23+1
k
2s5+1
’ 1 pr p2r p3r
=-> pe 1+7+ PERRAER
1 - 2s5+1
= _Z' k2s+l 1+ ‘l;{ j (mOd pzr)
1 ) ;
=-y e 1+(2s+1)1;€ j (mod p*")
' 1 r ' 1 2r
:_Z k25+1 _(2S+1)p Z k2s+2 (mOdp )
Do (p — 1) khong chia hét 2(s + 1), theo (i) ta co:
1 :
2 Eea =0 (mod p)
' 1 _ [} 1 2r A ' 1 _ 2r
Suy ra z k25+1 = _Z k2s+l (mOd P ) Vay z k25+1 =0 (mOd P ) 0

(iii) Ta c6 khai trién Maclaurin

L:1+x+x2+...
1—-x
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1 r 2r 3r 4r
Suyra —— =1+ 24 Ly Py Py
l—p— k k k k
k
T dotaco:
N e
k p -k kl_p’
k

1 r 1 2r 1 3r 1 4r
=—)'—— - - '— (mod
EkPEkzp PR k4(p)
Thay s = 2 vao (i), ta dugc E ‘%EO (mod p").

1 .
Tuong tu thay s = 1 vao (ii), ta dugc Z'F =0 (mod p*).

1 1 1

Suy ra Z‘ZE_Z'%_prZ'F (mod p*).
1 , 1

Vay 22'%5_1?’2‘? (mod p*").

Do (2,p*)=1,suyra Z'%E—%Z'% (mod p*)

(iv) Ta co:

Sl oyiliay L
k k km

k<m

1
Thay s = 0 vao (ii), ta duoc Z'z =0 (mod p*).

2
Suy ra (Z%) =0 (mod p*)

Do d6

1 1
2Z'EE—Z'P (mod p4r)

k<m

Do (2,p")=1,suyra Z'

1 1, 1 .
—E—E E 'F (mOd p4 )
k<m KM
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3. Két qua chinh
Dinh li 3.1.

Néu p la mét s6 nguyén t6 16m hon 5, x € Z,, rzlih

r,(p'x)=T,(p")" {1 + ’“’; D p’Z'ﬂ (mod p*)

Chitng minh:
Trudce tién ta chung minh
r, ( p'(n+ 1))
L, (p)I,(p'n)
Ta co:

FP(PV(”"‘I)) _ ,pr—i-k_ . p'n
r,,<pf>r,,(prn>=H k ‘H(“T)

51+n(n+1)pf2% (mod p°")

=1+np" Z —+n’p” Z —+n’pt,+n*p¥t, (modp™)

k<m

Trong do H'ki hi¢u thay cho lp_[ , L= Z 'L, t, = Z '

k=1,(k,p)=1 keiem Kklm k<i<m<h

1 «,1
Tir (i) va (ii) ctia dinh 1i 2.1, ta co Z'pZ'; =0 (mod p™).

Mat khac ta co :
1 1
AN —=0 (mod p™").
Z kZ Z k Z k3 /;
Do do ).
k#m
Suy ra
3t,=3 — —— EO (mod p*")

k<l<m klm k<m
Hay t, =0 (mod pz”).
Tu dinh 1i 2.1 ta co:
Z%EO (mod p*")va Z’%so (mod p")

Mat khac ta co:

k#m

1

kimh
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1
k3 k4 k#m m.
_O (mod p").
k#m
Ta lai co:
1
.
k<m k#m m k lm
1 .
—=0 (mod p").
m
Ta co:

4t, =

kk<l<m k lm
Hay ¢, =0 (mod p").
Tu (iii) va (1iv) cua dinh li 2.1, ta co:

Py E——Zkz Z— (mod p*).

k<m

Suy ra

r, (pr(n + l))
L, (p)I,(p'n)
Pit

= 1+np’2%+n2p’2%:1+n(n+1)p’2% (mod p™).

I,(p'x)

r,(p)

Tur do ta co:

fa+) T, (P (n+D)
fm)  T,(pr,(p'n)’

Theo ching minh trén ta co:

f;n(+)1) =l+n(n+1)p’ Z (mod p°").

Tu doé ta suy ra dugc

J(x)=
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f(n)= Hf(k(;)l) H{1+z(l+l)pz }

o~y e nn -1 .o,! .
=1+p ZE.ZZ(Z+1)=1+(T)p ZZ (mod p™").
i=1

Vay I' (p'm)=T,(p")" {H@p’Z'ﬂ (mod p™).

Nhu vay ta da ching minh dinh 1i dang véi moi s6 tu nhién n.
Do N tru mat trong Zp nén moi x € Zp, tdn tai {xn} cN:x, > x. Vi ham

gamma p-adic I' | lién tuc trén Z nén
r X xn('xj _1) r 1 ]'
I, (p'x)-T,(p")" (HTP > Zﬂ

- Fp(p’x)—l“p(p")x(1+Qﬂ2%ﬂ khi n — oo.

Do do6 ton tai n,, sao cho:

r,(p'x)-T, (p') {1 +—x(x3_l) prZ'ﬂ

Vn>n, =
»
=\, (p'x)-T,(p")" {H—x”(xgz _1)p’2'ﬂ <p™
Suy ra ’
L,(p0)-T,(p") {1 +@pr2%} =0 (mod p’").

Dinh li dugc chirng minh.
Nhdn xét: Theo (i1) cia dinh 1i 2.1, ta c6:

1 >
'—=( d p™).
Zk (mod p*")

Suy ra
1 1

c= '—eZ .
p2r2 k p

Khi d6 dinh 1i 3.1 duoc viét lai nhu sau:

10
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2
r X x(x" =1 r r
C(=T,(p) {H%ﬁ c} (mod p™).
H¢ qua 3.2.
Néu p la s6 nguyén té 16n hon 5va x,y € Z, rzlth
L (p'(x+y)
L (fj yr) =1+ xy(x+ y)psrc (mod pS’)
I, (p'x)r,(p'y)
Chung minh:

Theo dinh 1i 3.1, ta co:
L, (p )T, (p" )| 1+ xp(x+y)p*c]

=l ,(p") {1 + %p&c}fp (p") {1 + y(yT_l)p”c}.[l +xp(x+ y)psch

=, (p")".I,(p") {1 + X _1)-'3_)}()}2 1) p3rc}.[l+ xy(x+y)p3rc]

]y XD+ -D (X Y) s
=, (p")"| 1+ 3 pc

=T, (p')™| 1+ (“y)((?y) 1)p3’c]

=T, (p'(x+y)) (mod p™).

Ching minh trén da sur dung d'fmg thirc

X(x* =)+ y(37 =D+ xp(x+y) = (x+ y)((x+y) ~1) I
Ta c6 thé tong quat hé qua 3.2 nhu sau
H¢ qua 3.3.

Néupld sénguyén 16 16m hon 5 va X, eZp;izl,n sn>22r>1 th

WHK y xl)[ D xixjj—( D x,.xjxkﬂcp” (mod p*).

n

I Ir (erA) i=1 1<i<j<n 1<i<j<k<n
Y4 i

i=1

Khi n = 3, ta co:

11
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r, (p’(x+ v+ z))
I,(p")r,(p" ) ,(p'2)

4. Mot s6 dong du thire lién quan hé s6 nhi thirc Newton

=1+ [(x +y+z)(xy+yz+xz)— xyz] (mod p").

Str dung hé qua 3.2, ta chiing minh dugc dinh li sau day.
Dinh li 4.1.

Néu p la mot so nguyén to lon hon 5, n,m,n',m'e N va n>m, n'>m' thi

nvmv(nv_mv)(n'J[npj_nvmv(nv_mv)(n'J(nj

m' )\ mp m' )\ m

= nm(n —m)(n j(n"p ]—nm(n —m)[n ](n"j (mod p°).
m)\m'p m )\ m

Tir dinh 1i 4.1, chon n,m,n',m" thich hop, ching ta duoc mot sd dong du thic

9(2 j—12+2(pp] (mod p°).
7)o
(et

]

5. Mgt vai két qu
Dinh li 5.1.
Néu n,m,n',m'eN,pldsdnguyén t6lénhon s, r>1, n>m, n'>m' thi

n'\( np" n'\(n
n'm'(n'-m"| —n'm'(n'-m"|
m mpr m' )\ m
n\np n\n' s
= nm(n—m) —nm(n—m) ‘ (mod p™").
m m'pr ml\m

T dinh 1i 5.1, chon n,m,n',m"' thich hop, chung ta dugc mot ) déng du thac

sau:

(mod p°).

Sau

12
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2 3p°
9( b J512+2 fj (mod p').

p p
2 2 4 2

24{ Y JE42+ sz (mod p'°).
p 2p

3 2 4 2
8( i lezu{ fj (mod p").
p p

Theo D.F Bailey, chung ta ¢6 dinh 1i sau:
Dinh li 5.2.[4]
Néu N,M,n,me N, p la s nguyén té 1ém hon 3, gid sitn, m < p thi

Np3+n (NJ(nj (mod 3)
= mo )
Mp’ +m M )\ m P

Trong bai bao ndy, chung ta c6 két qiia mé rong sau
Dinh li 5.3.
Néu N,M,n,me N, p la s6 nguyén té lém hon 5, r>1, gid st n <m < p thi

Np"+n | (N])(n L )
(Mpr+mj=[Mj[mj[l+Cp:| (mod p™).
1

Trong do ¢'=H(n)N —H(m)M —H(n—-m)(N —M) voi H(n)zz? H(0)=0
k=1
Tir dinh 1i 5.3, chon N, M, n, m, r thich hgp va v6i p 1a s6 nguyén t6 16n hon 5,
chung ta c6 mot s6 dong du thure sau:

2p°+3
P =6+7p° (mod p°).
p3+2
6p° +3
P 22302470 (mod po).
3p° +1
2p*+3 6p° +3
30, 7 77 =120+ 7 (mod p°).
p+2 3p’ +1

13
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