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NHIN VE MOT PANG THUC TiCH PHAN
PHAM QUOC PHONG

TOM TAT
Bai viét nay, trinh bay suw xdu chudi cdc hé quad cia mot ddng thikc tich phan lién hé
gitta hai ham so co do thi doi xung voi nhau qua duong thang cung phwong voi truc tung.
Tir khoa: tich phan, tich phan dac biét, xau chudi, dd thj ddi xung.
ABSTRACT
A glance at an integration equality

This paper presents the series of corollaries of an integration equality which relates
to two functions with the symmetrical graphs to each other across a straight line parallel
to the vertical axis.

Keywords: integration, specific integration, series of, symmetrical graphs.

1. Médau

Xéu chudi cac bai todn la mot yéu cau vé cung can thiét trong day va hoc toan.
Chi khi nao xau chuoi dwoc cac bai toan, tim ra bai toan goc, ta moi thay duwoc duong
[oi chung va ban chat cua phwong phap giai. Bai viet nay dé cap dén xdu chudi cac hé
qua cua mot dang thirc tich phdn lién h¢ giita hai ham so c6 do thi doi xung voi nhau
qua dwong thang song song voi truc tung.
2. Tinh chit & h¢ qua

Tinh chét. Vi moi ham s f(x) lién tuc trén [a; b] ta ludn c6
b b
[f(x)dx = [f(a+b-x)dx
(Dé dang chtrng minh dinh 1i bang cach dbi bién x =a + b —1.)
Chii y.
Trén doan [a; b], d0 thi hai ham sb y = f(x) va y = f(a + b —x) dbi xtng véi nhau

qua duong thang x = aT-‘_b (xem hinh v¢)
b
Loi binh 1. Tinh chét trén cho ta cach nghi thay vi tinh tich phan _[f (x)dx , ta c6 thé tinh

b
tich phan [ f(a+b-x)dx, bing cach ddi biénx =a + b —1.

“Nha gido Uu td, nguyén GV Trwong THPT Hong Linh tinh Ha Tinh
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Tu chinh chat trén ta thu dugc cac hé qua sau :

H¢ qud 1. Choa, b € [, a#0. Voi moi ham s6 flién tuc trén [—1; 1] ta déu co

T b T b
4a 4a
f(sin ax)dx = I f(cosax)dx
o, L
4a da

H¢ qud 2. V&i moi ham s6 flién tuc trén [a; b], véimoi p, ge , k e 0 ta déu cod

t pf(x)+qf(a+b—x)dx_jpf(a+b—x)+qf(x)dx
a[f(x)+f(a+b—x)]k B [f(x)+f(a+b—x)]k
Dac biét khi k=1 ta co :

j’-pf(x)+qf(a+b—x)dx:jpf(a+b—x)+qf(x)dx (p+q)b—a)

£(x)+f(a+b—x) fo)+fa+b—x) 2

a

b
* Khai thac h¢ qué 2, ta c6 thé tinh duoc tich phan kiéu [ f’ff( O;) +fcif(a ;b—);ck)dx
x)+t(a+b—-x

hoac ji ) dx hoac j‘ (€)
() +f(a+b-x)] () +f(a+b-x)

b — t ma khong can mdt chut thong minh nao.

dx bang thuat doi bién x = a +

H¢ qua 3. V&1 moi ham lién tuc trén [a; b], voimoip, g €[] , p#—g taludn co :

jf(x)dx - j [p.£(x)+q.f(a+b—x)]dx
p+aq;

a

= f [F()+f(a+b-x)ldx = [ [£(x)+f(a+b-x)ldx

a+b
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b
Loi binh 2. Néu biét tong p.f(x) + ¢.fla + b — x) 1a tinh dugc tich phan j f(x)dx , ma

khong can biét ham sb y = f(x).
H¢ qua 4. Néu f(x) 13 ham lién tuc va thoa man f(x) = f(a + B — x) véi moi x € [« f]
thi

a+ﬂ

i) j f(x)dr =2 j f(x)dr =2 j f(x)dx

a+p
2

L Ol-l-ﬁﬁ
ii) j xf()dv="— j £(x)dx

B
f(x f X
iy [ e . afﬁ)dx j foode= [ f(de
“1+a 2 “l+a 2 “;ﬂ
o Dic biét khi a+ =0 tir i) ta c:

Néu f(x) 1a ham chén lién tuc trén doan [—a; a] thi

T f(x)dx = zj £(x)dx; j xf(x)dx =0

—a

e Trong ii): Vo1 f(x) =sinax, a # 0 ta co

b Z4b
2a a
[ xfsinandr=""- | f(sinax)dx
T 2a T
2a 2a

B
Thidy I. Choa>0.a# 1. Tinh theo o Btich phan [

LatB
“1+a ?
g dx a
Loigiai. Piatx=a+ [f—tsuyra I—aw:_,[dx:T'D
“1ygq 2
6 nf
Thi dy 2. Tinh tich phan / = | 247 sin e
4/2+x+£/6—x

6
Loigiai. Patx=-2+6-t=4—-1t suyra I=%jdxz4.|]
-2

Thidu 3. Cho a > 0. Tinh theo a tich phan 7 = | In(1+ tan ax)dx

o
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“;‘.\4

7ln2
8a

Loi gidgi. Dt x=4l—t suyra [ =

jlnzdt—l o =
a 0

2

Thi du 4. Tinh tich phan [ = dr

2
1 l+log(1+x2)(x —6x+10)

In(1+x*) +In(x* —6x +10)

Loi giai. Tacd 1l+log In(l+x)
n(l+x

)(x2—6x+10):

(1+x?

Vay nén I—i In(1-+ x")dx
' ' In(x* +1)+In[(3—x)* +1]

bat x =3 - ¢ suy ra

10
2

% . 1+cosx
Thi dy 5. Tinh tich phan / = [ o LSO
0 1+cosx

T

: 1+cosx
In (1+sin x) _

1+cosx

Loi giai. Tacd I=

S =N
S 0 [ N

2
In(1 + sin x)"*** dx — j In(1 + cos x)dx
0

[N

S 0 [ N

[(1+cosx)In(1+sin x)]dx — JZ‘ In(1+ cos x)dx

[In(1+sin x)]—In(1+cos x)]dx + | [ cos x.In(1+ sin x)]dx

O 0 | N
O 0 [y

A

T

2 2
Theo hé qua 1 taco A =0 nén]:Iln(l+sinx)dx(1+sinx):Ilnxdx=21n2—1. O
0 1

1
Thidu 6. Tinh J‘ f(x)dx , biét rang f(x) 1a ham s lién tuc trén [ thoa man :
-3
2 —
2£(x)+3f(=2—x) = %
X +x +1

-3

Loi gigi. Thay j £(—2 - x)dx = j f(x)dx ta c6 j [2f(x)+3f(=2—x)]dx =5 j £(x)dx
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1

I

.7

10 39

X —x+1
X +x+1

1 1 1 2 1
= f(x)dx=— —| In
j} ()dr =3 [x4+x 1 10[
3
Thi du 7®. Cho a € [J . Tinh theo S tich phan A4 = j [x* —2x% + (1+a*)x)dx, biét ring
-1
hinh phéng (H) gidi han boi parabol f(x) = ¥ =2x+4+d trucOx, x=1,x=3¢o

dién tich bang S.
Loi gidgi. Péy filx)=x*-2x+1+d° —(x—l) +a >OSuyraneD co f(x) >0

va f(x) = A2 —x) . Vay nén theo gia thiét co: S = J‘|f(x)|dx If(x)dx
Ta co A:I[x3—2x2+(1+a2)x]dx=Ix[x2—2x+(1+a2)]dx:Ix.f(x)dx.

Datx=2—-¢tvéichuyf(x)=fl2—-x)suyra 4= jf(x)dx: j-f(x)dx+If(x)dx (1)

-1
—
B

1 3
it x =2 — ¢ v6i chil § f{x) =2 —x) suyra B= [ fx)dx = [fx)dx =5
-1 1

Thay vao (1) co 4=2S.
3.  Tich phan no va tich phan khéng no
Tré lai HE qua 2, xét tich phan dang
j £ (x) i (Da, b, He[lj
° [f(x)+ p.f(0- x)] Up, k, [ el
(vira chura ca f(x) va f(0 —x))
eNéu a +b =286, viéc tinh 1 thuong dugc thuc hi¢n béng cach d6i bién x=a +

b —t.
b fk (x)
Ta n6i/ = [ ~dx1a tich phan no. (Cac Thi du da trinh bay 1a
° [f(x)+ pf(a+b—x)]
tich phan no).

b k
.Néua +b ?520, ta nél[:.[[f(x)—i—pff((;lb_x)]l

dx 1a tich phan khong no.

Viéc tinh tich phan khong no / thudng duge thuc hién bang cach thém bét vao 1
tich phan
B j 50 -x)

[f(x)+ p£(O—x)] dx dé dua vé tinh nhing tich phan don gian hon.
a X)+ p. —Xx
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~ (Chua y: Vi tich phan khong no, phép doi bién x = a + b — r khong tra lai cAn ban
dau, vi¢c tinh tich phan chua thé gon gang ngay.)
Sau day 1a cac Thi du vé tich phan khong no.

s

3
Thi dy 8. Tinh tich phan 7 = [ 52234
O\/§+tanx
3 3 : EPPUNP T
Loi gidi. Tacb [:j 8cos xdx I 4cos” x dx:2J~(3cos X —sin x)+1dx
0\/§+tanx 0 V3 cosx +sin x V3 cosx +sinx
. L
=2 3cosx—sinx)dx+6 1
'([( ) !x/gcosx+sinx )
A B
Dé dang c6 A:% ,B:hl73. Thay vao (1) c6 I={3-1+lmn3 .0
k b kg —
Loi nhdn. Ngudi ta néi:I:j £ ~dx  va J:j F£0-x -
) [f(x)+ pf(0-x)] ) [f(x)+ pf(0-x)]

13 hai tich phén lién két v6i nhau.

96sin xdx
(sinx ++/3 cosx)®

g
Thidy 9. Tinh tich phan 7 = |
0

96sin xdx o j-(smx+\/§cosx) \/—(cosx \/gsmx)

B
Loi gidi. Taco 1=
0

(sinx ++/3 cos x)’ (sin x +~/3 cos x)*
24]3 \/—J'd(sinx+\/§cosx) (1)
, (sinx + \/3 cos x) o (sinx+ J3cos x)’
A B

Dé dang c6 /1:1—\/2§ ,B:%. Thay vao (1) c6 1=~3. O

Loi binh 3. Vé6imoi a, p, g€ [l ,a#0,v61moi k €[] taludn cod

T ib —+b
4‘]- psinax+qc0sax J~ pcosax + gsin ax

dx

(sin ax + cos ax)" (sm ax + cos ax)"

e

(Nhung chi thuan lgi tinh duqc voik=0,1,2,3).
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4. Baitap
Bai 1", Tinh mdi tich phan sau
x 2
4 9sin 2x —cos 2x t 12cos’x-1
11%) ) dx
-([ (sin 2x + cos 2x)’ ;')‘ sin x —~/3 cos x
37 T
6 V2 sin(—+ x) .
44 [In——4—dr 5 [R5 ”fd"
. COS X y 1 +cos” mx
16
Bai 2. Tinh mdi tich phan sau
x-1 2 TX
p 32 e o 8 a2 6 n)
1 [———-a 29 | 2 dx
5 1+2 b 1+5

[N

3
Bai 3. 1) Tinh tich phan j f(x)dx, néu f(x) 1a ham s lién tuc trén [ thoa man:

3

f(x) + 3f(—x) = 2x + tanx.
3e
2)Tinh j f(x)dx, biét rang f(x) 1a ham s6 lién tuc trén [ thod man :

1

xvInx .

3
Bai 4. Choa € 1 . Tinh 4= j [x* —ax® +(a—1)x]dx, biét rang hinh phang (H) gidi han
-1

f(x) + f(4de —x) =

boi parabol f(x) = x> —ax+ta—1,truc Ox, x=—1, x =3 c6 dién tich béng S.
7

Bai 5. Choa € [ . Tinh A= J'xlg(x2 —6x+10+a”)dx, biét rang hinh phang (H) gidi
-1

han bai d6 thi f(x) = In(x* — 6x + 10 + &?), truc Ox, x =3, x = 7 ¢6 dién tich bang S.
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