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BONG PAY CUA MOT POAN
TRONG POSET CAC VECTO BOOLE

TRAN HUYEN"

TOM TAT

Poset B cac vecto Boole bao gom cdc vecto X= X1Xp...%n, N € N, xi= 0,1 Véi thir tw bo
phdn 1A thir e tir nhién va thir i tuyén tinh 13 NV-thit te. Bai bdo nay dé cip dén béng day
Cia cdac doan trong poset B va Cac két qua dat dwoc lién quan toi cdc diéu kién can va di
dé bong day cia cdc doan trong mirc B(n,K) Ciia poset B lai [a mét doan trong mirc
B(n-1,k).

Tir khéa: bong day cia mot doan, poset, vecto Boole.

ABSTRACT
The full shadow of a segment in poset of Boolean vectors

We consider poset of Boolean vectors B= {X= XiX2...Xn- n € N, xi= 0,1} whose
component order is natural order and linear oder is V-order. This article mentions the
notion of full shadow of a segment and also achieved results relating to the necessary and
sufficient conditions for the full shadow of a segment in level B (n,k) to be a segment in
level B(n-1,k).

Keywords: the full shadow of a segment, poset, Boolean vecto.

1. Patvan dé

Poset B cac vecto Boole bao gom tat ca cac Vecto X= X;X,...Xn,, n € N va x,€{0,1}
Vi thir ty tw nhin X= X1Xo... X0 < Y1Ya...Ym =Y Néu n< m va X €O thé nhan dugce tir y sau
khi bo di mot s6 nao d6 cac toa do yi. Hang cua vecto x, ki hiéu r(x), 1a s6 cac toa do
cua X; tap cac vecto cling hang n duogc ki hiéu 12 B(n). Trong luong cua vecto x 13 sb
cac toa do khac 0 cua x va ciing 1a

® (X)= X;+Xo+...+X,. Tap cac vecto cung hang n va trong luong k, ki hiéu 1a
B(n,k).

Vay B(n,k)= {x= x1%...X,| o (X)= k}

Néu x= X1%;...X,€ B(n,k) thi bong day cua x 12 tap con cta B(n-1,k) ki hiéu Ax=
{y1Y...yn-1 |@ (y)= @ (X) va y<x trong th tu ty nhién} con béng khuyét cia x 1a tap
con cua B(n-1,k-1) ki hiéu Ay x={ z=212,...2,1 | ® (2)= o (X) -1, va z<x trong thu tu tu
nhién}. Bong cua x, ki hiéu 1a Ax= Axx U AgX
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Néu A c B thi ta lan luot co:

At A= U { AsX | Xe A},

AgA= U { AgX | XEA},

AA= U { Ax |xeA} = AtA UAGA.

Va0 nhirng ndm 90 thé ki truéc, nha todn hoc Anh 1a Daykin ciing hoc trd Tran
Ngoc Danh d4 xéc lap trong poset B mot thir ty tuyén tinh goi 1a V- thir tr sau: x<y khi
va chi khi hoic r(x) <r(y) hodc r(x)=1(y) v o (X)< @ (y) hodc x,y € B(n,k) va ton tai
chi s6 t sao cho x; = y; khi i < t con x,=1, y, = 0. Xét riéng trong B(n,k) thir tu tuyén tinh
nay twa nhu thir tu tir dién. Véi tha tu tuyén tinh ndy céc tac gia d& ching minh dugc
poset B 1a mot K- poset, ndi riéng bong cua mot doan dau trong B lai 14 mot doan dau.
M& rong két qua ndy, trong [1] chiing t6i da dwa ra mot sé diéu kién can va du dé bong
cia mot doan trong B(n) lai 1a doan trong B(n-1). Bai viét nay tiép tuc 1am sau sic
thém céc két qua do, cu thé dudi day chling ta s& xem xét cac diéu kién dé bong day
cua mot doan trong B(n,k) lai 12 mot doan trong B(n-1,k). VA vi vay, luu y ring & day
va ca sudt trong bai viét ndy thir ty ma ching ta quan tam Ia tht tu tuyén tinh tua tir
dién.

2. Cac két qua chinh

Pé thuan loi cho viéc trinh bay céac két qua, trudc hét ching ta dwa ra mot vai quy
wdc vé ki hiéu. Néu vecto x ¢6 toa do thir i 12 1 ta viét x= ul;v; trong d6 u, v 12 cac day
toa do lién tiép cd thé xem nhu cac vecto hang bé hon x. Mot day toa do 1 lién tiép
nhau ta ki hiéu 1a g, con day toa d6 0 lién tiép nhau ta ki hiéu 12 z.

V&1 mot doan [a;b] < B(n,k), vecto mut trai a= a;a,...a, cé hai kha nang xay ra:
hoac a; =0 hoac a; =1.

Xét truong hop a; =0, khi d6 a= z1;u va do b>a nén cé 3 kha nang xay ra cho b
sau: hodc b = z1;v, hoac b= z1;,1v, hoac b= z1v véi t > i+1.

V¢ kha ning dau tién cho b ta co:

Ménh dé 1.

Trong B(n,k) cho a= z1,u< z1;v=b. Khi d6 A¢[a;b] 1a doan khi va chi khi u=wz
véoi w € B(k,k-1) va v =zg véoi o (g)= k-1.

Chitng minh:

Vi a, =0, d& thay rang A¢ [a;b] < [min A¢a; max A¢b] v6i a’= min A = z1;,u.
Chon x’= z1;4zg € [a’; max A b], ton tai duy nhét x= z1;zg > a ma X’€AX. Mubn x’
€A¢ [3;b], can phai c0 b= z1,v > z1;zg =x, do d6 v=zg. Chon tiép y =zligz € [a’; max
A¢b], céc vecto y>ama y’ € Agy phéi ¢6 dang y= z1;5z Vi s € B(k, k-1); diéu d6 budc
a= z1;wz véi w € B(k, k-1).

Vay diéu kién trong ménh dé 1a can, bay gio ta chi ra rang diéu kién d6 ciing 1a
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du: tc 1 ching minh rang [min Asa; max A¢b] < Ada;b]. Nhic lai rang khi d6 min
Aa= @’ = z1;,Wz va max Asb= b’ = z1;zg. Lay bat ki X’ € [a’;b’]. C6 2 kha ning cho x’:
Hoic x” = z1;.4d > a’. Khi d6 chon x= z1;d thi hién nhién X € [a;b] v X’ € A¢X.

Hoic x* = zlic, bd sung vao X’ toa do 0 tuong ung toa d6 0 cua vecto w trong a;
ta dugc x € [a;b] ma X* € Agx.

Vé kha nang tiép theo khi a= z1ju va b= z1;,1v, trude hét ta co vai két qua hién
nhién sau:
Ménh dé 2.

Trong B(n,k) cho a= z1u < z1;,;v = b. Khi d6 A{a;b] 1a doan néu théa mot trong
hai diéu kién sau:

i/ a= z1,0z,

ii/b= z1;,,z0.

Khi a va b khong thoa cac diéu kién ctia ménh dé 2, ta c6 mot vai két qua phtc
tap hon sau day:
Ménh dé 3.

Trong B(n,k) cho a= z1u < z1;,,v va b*= z1;v0. Néu a < b* thi A¢a;b] a doan.
Chitng minh:

Lay bat ki X’ € [min A¢a; max A¢b]. C6 ba kha ning xay ra sau:

i/ x’= z1;4w > a’= z1;,U. Chon x= z1;w > z1,u= a. Hién nhién x< b, do d6 x* €
AX < As[a;b].

i/ x’= 21,48’ < max A¢b. Chon x= 71,45 trong d6 x c6 dugc tur X* khi b sung
thém toa do 0 tai vi tri toa d0 0 caa b bi bo di dé c6 max A¢b. Hién nhién khi d6 a<x<b
va x’ € Axx cA¢[a;b].

1/ xX’= z1jw’; c6 hai truong hop xay ra sau day:
+Ton tai x=z1;w>ava x’ € Arx cA¢[a:b].

+V &1 moi x= z1;w ma xX” € A¢x thi x< a. Noi riéng x= z1;w’0 <a <b* = z1;v0. Khi
do6 chon x= z1;,;W’ < z1;,,v=b thi X’ € AsX < A¢[a;b].

Con néu a,b nhu ménh dé 3 ma a> b*, thi &t co chi s6 j ma a= zLiw0h > zLwlm
=b*. Khi d6 ta c6 cac két qua:
Ménh dé 4.

Cho ab € B(n,k) ma a= zL;w0,h > zLwl;m = b*. Khi d6 A [a;b] 1a doan néu
o (W) > 1 hodc w(w) = 0 va a= z1;w0;nz véi w (n)=r(n) = k-1.
Chitng minh:

L4y bat ki X’ € [min A¢a; max A¢b], ta can chi ra sy ton tai x € [a;b] ma X” € A¢X.
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That vay: néu a= z1;w0sh v&i o(w)>1; 4t tOn tai chi sb t ma i< t< j dé a=1.Bo sung
vao X’ toa do 0 tai chi sb t dé duoc x € [a;b] va hién nhién x” € Ax.

Néu o (W) = 0, tirc a=0 Véi i< t < j Khi d6 néu x’ ¢6 toa d6 1 nam giira hai chi s6
i J thi x= 0X’ € [a;b] va X’ € Ax. Con néu cac toa d6 cua X’ nam glua hai chi s6 i; j déu
bang 0, bd sung thém toa dd 0 vao X’ tai chi s6 t> j dé co x mong mudn.

V6i kha nang a= z1;,u < z1;v véi > i+1; xem nhu 1a hé qua truc tlep cua ménh dé
2, ta cd két luan sau ma viéc chimg minh xin nhudng cho doc gia.

Ménh dé 5.
Trong B(n,k) néu a= z1;u< z1,v=b véi t> i+1 thi A¢[a;b] ludn ludn 13 doan.

Truong hop a= a;a,...a, Ma a, = 1, ¢0 2 kha nang xay ra cho b= b3b,...b,la b;=0
hay b,=1

Khi b, =0, chd y riang c6 c= ogw €[a;b], va Vi rang A¢ [c;b] < As [a;b] = [gw;
max A¢ b] nén A¢ [a;b] 1a doan néu A [a;b]= [gw; max A¢b]. Va dang thirc cudi xay ra
néu As [c;b] 1a doan; va béi vi ¢,b thoa mén diéu kién 14 toa do dau bang 0, vay xem
nhu 13 hé qua truc tiép cta cac ménh dé 1 va ménh dé 2 ta co:

Ménh dé 6.

Trong B(n,k) cho a=gu <zv=b. Khi d6 A;[a;b] la doan néu thoa man mot trong
cac diéu kién sau:

i/ Hodc b= 01zg,

ii/ Hoac b= zl,v voi i> 3.

Khi b;= 1, kha ning dau tién xay ra 1a: a= gl,gu< g0;v=b. Khi d6 ton tai c=g1,0gz
€ [a;b] v6i min Asc= gligz. D& thdy A¢[c;b] = Ada;b] = [minAsc; maxAb].

Véi bat ki d’= gliw € [min A¢c; max A¢b], ta chon d= g1;0w € [c;b] thi d” € A¢d
< A¢[c;b]. Vay A¢[c;b] 1a doan, do d6 A¢a;b] 1a doan, tic ta co:

Ménh dé 7.
Trong B(n,k) cho a= g1ju < gO;jv = b véi j> i. Khi d6 Aga;b] 1a doan.
Kha nang xay ra tiép theo 12 a= glizu < gOv = b s& cho ta két qua sau:
Ménh dé 8.

Trong B(n,k) cho a= glizu < g0;v = b. Khi d6 Aq[a;b] la doan néu v= zw hoic
v=1zg

Chitng minh:

Chon ¢= g0;,gz € [a;b] v6i min Ac= gz. D& thiy Aqc;b] cAdab] = [minAc;
maxAb], Vi vay Aqa;b] 1a doan néu [min A¢c; max A¢b] < Ac;b].

Trude hét, xét truong hop b= g0;zw:
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Léy bat ki x’ € [min A¢C; max A¢b]. CO 2 kha nang cho x’: hoac toa do thir i ctia
x> 12 0, khi d6 ta bd sung vao X’ toadd 0 ¢ vi tri toa d6 0 ciia b dugc bo di dé co max As
b thi dé thy x € [c;b]; hogc toa do thir I cia x” 14 1, khi d6 ta bd sung vao X’ toa do 0 &
vi tri thir i (toa d6 1 dugc ddy 18n vi tri thir i+11) dé duge x thi x € [c;b]. Vay két luan
d4 16 voi gia thiét thir nhét.

Xét truong hop b= g0i1zg; voi bat ki X € [min A¢ ¢; max A¢ b] ciing xét hai kha
nang vé toa do thtr i ciia X’ nhu trén, va ta cling chon x € [c;b] twong ty nhu trén cho
timg kha nang do, va viéc chon twong tu do 1a hop li.

Cudi cling dé két thiic bai viét ndy ta xét thém mot kha nang nita khi a= gl;z1u <
g1iz1jv="b. Khi do6 ta co:

Ménh dé 9.

Trong B(n,k) cho a= g1;z1,u < g1;z1,v=b véi j> i+1. Khi d6 Aa;b] 1a doan khi
va chi khi u=wz véi r(u)= o(w)+ 1 va v=zg
Chutng minh:

Hién nhién véi a,b nhu trén thi Aa;b] < [min Ara; max A b] véi min A¢a=gl;z1,.
1U va maxAs b= g1;z1;,v’ v4i v’= maxA¢ V. Chon x* = gl;z1;,2g € [min A¢a; max A¢b].
Ton tai duy nhét x = gl;z1;zg > a ma x’ € A¢x. Tir diéu kién x< b budc b= x= gl;z1;zg
hay v= zg.

Lai chon y’= gliz1,9z € [min Asa; max A;b]. Khi d6 mudn c6 y € [a;b] ma y’
€Ay, budc a= gl;z1jwz v6i w chira chi mét toa do 0 tirc r(w)= o (W)+ 1.

Vay diéu kién néi trong ménh dé 12 can.

Ching t6i nhuong lai cho doc gia viéc kiém tra diéu kién trén ciing 1a du dé
Aqa;b] 1a doan.
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