Tap chi KHOA HOC BHSP TPHCM Lé Hoan Hoa va tgk

NGHIEM TUAN HOAN
CUA PHUONG TRINH VI PHAN PHI TUYEN BAC HAI
LOAI TRUNG HOA VOI POI SO LECH

LE HOAN HOA', LE TH| HANG™

TOM TAT
Trong bai b&o nay, ching tdi si dung dinh i diém bdt déng cua toan tir dang
Krasnoselskii dé chimg minh sy ton tai nghiém tuan hoan cia phwong trinh vi phan phi
tuyén bdc hai logi trung hoa vaéi doi so léch sau:

X"(t)+ex"(t—1)+ p(t)x'(t)+a(t)x(t)
+f (tx(t=1 (1)) x(t =75 (1)), X(t =70 (1)) = 0 (1) (1)

trong do ‘C‘ <1 va t lahdng so.
Tiar khoa: nghiém tudn hoan, phuong trinh vi phan phi tuyén bac hai loai trung hoa
véi doi so léch.
ABSTRACT
Periodic solutions for a second — order nonlinear neutral differential equation
with deviating argument

In this paper, we use Krasnoselskii’s fixed point theorem to prove the existence of
periodic solutions for a second — order nonlinear neutral differential equation with
deviating argument:

X"(t)+ex"(t—1)+ p(t)x'(t)+a(t)x(t)
+f (tx(t=1 (1)) x(t =75 (1)), X(t =70 (1)) = 9 (1) (1)
where ‘C‘ <1 and 7 isa constant.

Keywords: periodic solutions, second — order nonlinear neutral differential equation
with deviating argument.
1.  Giéithiéu

Ném 2010, Guo, O’Regan va P.Agarwal [2] da s dung dinh Ii diém bat dong cua
toén tir dang Krasnoselskii dé chung minh sy ton tai nghiém tuan hoan cua phuong trinh

X'(t)+ox"(t =) +a(t)x(t)+ g (t.x(t =, (1)), x(t =72 (1)), X(t =10 (1)) = P(2)

Trong bai béo trén, phuong trinh dugc xét khong chira dao ham cip mot X'(t),

:*PGS TS, Khoa Toan — Tin hoc Trwdng Pai hoc Sw pham TPHCM
HVCH, Trwdng Dai hoc Sw pham TPHCM
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do d6 trong bai bao nay ching toi thiét 1ap mot sb diéu kién dé chi ra su ton tai nghiém
tuan hoan cia phuong trinh (1).

Pé ching minh sy ton tai nghiém tuan hoan cua phuong trinh (1), trude tién
ching t6i tim ham Green cua phuong trinh (1) dé bién d6i phuong trinh (1) vé phuong
trinh tich phan, sau d6 tiép tuc bién di dua vé dang téng cia mot anh xa co va mot anh
Xa compact, tir d6 ap dung dinh 1i diém bat dong kiéu Krasnoselskii.

Pé tim ham Green cho phuong trinh (1) ching t6i dwa vao két qua caa Wang,
Lian va Ge [3] khi c4c tac gia nghién ctu su ton tai nghiém tuan hoan cua phuong trinh

X"(£)+ p()X'(t)+a(t)x(t) = r(t)x (t=(t))+ f (t.x(t),x(t-x(t)))
2. Kién thic chuan bi

Trong sudt bai bao nay ching toi ludn gia sir:

(Hy) p va g la cac ham lién tuc, tuan hoan véi chu ki T,

].p(u)du >0; ].q(u)du >0

(H,) feC(i nt ) FE+HT, X0 X, Xn ) = F (6%, X0, X, ) VEE
vatontai k>0: ‘f (t,x)— f (t,y)‘sk”x—y”2 ,
trong d6 HH2 la chuan Euclide trong j "

(Hs) g 1a ham lién tuc, tuan hoan vai chu ki T.

(Hs) 7;(1=1,2,...,n) tuan hoan véi chu ki T, kha vitrén j va tj(t)<Lte|

Hon nira ki hi¢u ham nguoc cua t -7, (t) la p, .Dat &; = max,;
i 1—Ti (,"ll (t))
Bé dé 1. ([3])

Gia st diéu kién (H,) duoc thoa man va

R{exp[}p(u)du}l]
0 >1

(Hs) QT
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- exp[}p(u)du}

v6i Ry = max J.

te[0,T T
b exp J.p(u)du -1
0

Khi d6 ton tai cac ham lién tuc, tuan hoan vai chu ki T 1a ava b sao cho

[a—

q(s)ds| va Q1=[1+exp[].p(u)duﬁ R/’

T

b(t)>0; J.a(u)du >0;a(t)+b(t)=p(t);b'(t)+a(t)b(t)=q(t), tej

Bé dé 2. ([3])
Gia sir cac didu kién cua bd dé 1 dugc thoa mén va ¢ 1a ham lién tuc, tuan hoan
vé6i chu ki T. Khi d6 phuong trinh sau s& c6 nghiém tuan hoan chu ki T :

X"(t)+ p()X'(t)+a(t)x(t) = o(t)
Hon nira nghiém cé dang :

t+T

x(t)= J' G(t,s)p(s)ds

t

t+T

Jiexplij'b(v)dv+j'a(v)dv}du+ j expﬁb(v)dvﬁfa(v)dv}du

v6i G(t,5) =" ! “T : Tt -
{exp[_[a(u)du}1}{exp[]b(u)du}l]

H¢ qua. ([3])

Ham Green G ¢ céc tinh chét sau
G(t,t+T)=G(t,t); G(t+T,s+T)=G(t,s)

exp[jb(v)dv}

t

exp[]b(v)dv} -1
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Bé dé 3. ([3])
T 1T
Pit A=J.p(u)du, B=T2exp[?_|.ln(q(u))du) Néu
0 0
(Hg) A*>4B thitaco

minﬁa(u)du,]b(u)du}z%(A—\/A2 —4B):=I

0
T T 1
max{]a(u)du,_[b(u)du}SE(AJF\/A2 —4B):= m
0 0
va khi do ta c6 cac danh gia sau

T epr p(u)du} T exp[}a(u)du}exp[]‘b(u)du}

~<G(t,s)< : :

e @ (¢ 1)

- ——

exp[ b(v)dv}
exp[_T[b(v)va -1

0

Pt Ey(t,5)= .Khidé taco |E,(t,5)| <P

Dinh li Krasnoselskii
Gia st Q latap con khac rdng, 16i, dong va bi chin cua khdng gian Banach X.

Céc anh xa U, S : QQ — X thoa man céc diéu kién sau:
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i. Ux+SyeQ voimoi X,y eQ.
ii. U la anh xa co.
iii. S la anh xa compact.
Khido ton tai ze Q saocho z=Uz+Sz.
3. Kétquachinh

Ki higu: a, = r[mxa ‘bo—r[rg%xb ‘go—[OT g (t)
po—r[ne;>]<f(t,0,0, ,0). po—r[ga;X\p ). % = max la(t)

binh i.
Gia str cac diéu kién tir (H,) — (Hg) dwoc thoa man va c6 thém gia thiét sau

lc|(1+aBT ) (1+bBT)+ kBZTZZn:ki <1
i=1

Khi @6 phwong trinh (1) s& c6 nghiém tuan hoan véi chu ki T.
Ching minh:

Pgt X ={x|xeC2(i i ),x(t+T)=x(t)} voi chudn
X(t) X'(t)
Khido (X, [|||) 1a khong gian Banach.
(1) & x"(t)+ p()x () +a(t)x(t) =—ex"(t-x)
= f(tx(t=m (1) x(t =1 (1), X (=10 (1)) + 0 (1)

t+T

= a0+

[0T]

t
Ap dung tich phan timng phan va hé qua, ta dugc

t].T G(t,s)X"(s—t)ds =G (t,s)X'(s—1)|s% —T%(t,s)x’(s —1)ds
=T x(s- DB (bs)ds— [ x(s-)a(s)G(t,s)ds
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(1)~ | x(s-o)b()Ey (ts)ds— | x(s-T)a(s)G(ts)ds

Chon K; 1a s6 thoa man

(po + 0o )BT < [1—|c|(1+ aoBT)(1+byBT) - kBZTZZn:xinl

i=1

Pt K2 :1+bOBT Kl, K3 _ (q0+k\/ﬁ)Kl+ pOKZ +00+ P
1-[d
Q= {xe X|x(t)] < Ky [x ()] < Ky, ) (1)] < Ky

Khi d6 Q 1a tap con 16i, dong, bi chan cua X.
bat U, S la cac anh xa xac dinh nhu sau
U:X =X, (Ux)(t)=—cx(t—r)

S: X->X
t+T

(Sx)(t)=c_|' x(s—1)b(s)E,(t,s)ds
t
t+T
+ J. G(t,s)[cx’(s—r)a(s)— f (s,x(s—rl(s)),...,x(s—rn(s)))+g(s)}ds
t
Ta kiém tra cac diéu kién caa dinh Ii Krasnoselskii
1) V6i X,y € Q taching minh Uy + Sx e Q

(Uy) ()] =|-cy(t-1)[<]e| K,

|(Sx)(t)| <|c|bpBTK, +|c|agB*T *K,

t+T

+ ‘G(t,s)mf(s,x(s—q(s)) ..... x(s—rn(s)))—f(s,O,...,O)Hds
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t+T

* J‘ ‘G (t’S)Hf (310 ,,,,, 0)‘ds+ gOBZTZ
t

RN 2 % 212 22
< |c|boBTK, + |c|agB’T *K, + kBT I [Z‘x(s—ri(s))‘ J ds +Po T +goB°T
=

t

t+T
<[c]boBTK, +[c|agB?T 2K, + kBT | (Zn:‘x(s—ri (s))Uds +poP°T % +goB°T?

t \i=l

nT
= |c|boBTK, + |c|agB?T 2K, + kBT Y j ‘)f(—u)‘du +poB2T 2 + g 2T 2
Fol-v (1 (v)

n
< [c|bBTK, + |c|aOB2T2K2 + kBZTzKlz A +pofPT 2 + goB°T?
i=1

Dan dén_ |(Uy)(t) +(S%)(1)] <[(Uy) (1) +[(SX)(t)

n
< [|c| +]c|bBT + kBT Zin j K, + |c|a0[32T K, +(po + 90 )B°T? = K, )
i=1

(Uy) (t)=-oy'(t-7)
(Sx) (t)=c[x(t+T —=t)b(t+T)E, (t,t+T)-x(t-1)b(t)Ey(t,1)]

+cjT x(s—r)b(s)aa%(t,s)dSJrct]t‘T x’(s—r)a(s)aa—?(t,s)ds
—Tﬁ(t,s)[ f(s,X(5=7(3))sm X(s =74 (5))) - @ (s)} ds

t

— ([ (UX)(1) +(S0)(1)]

t+T

(W) ()= ey (t-9)|<[elk,
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44

() (1)

n
<byK, +[{|c|aﬂﬂ<2 + |<TK12xi +Tpg +Tgo}
i=1

Do do6

() (0] +(39) (1)

(Uy) (1) +(S%) (1) <

1+b,BT
BT

[bo +kBTZk jKl+|c| (1+ 3BT )K, +BT (pg+ 9o ) < K=K, (3)

(Uy)"(t) =—cy"(t-7)

tT

< k\/izzll\x(t—ri (t))\2 +f(1,0,...,0)
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Do do6

(%)'(1)

< oKy + PoKy +ka/nKy + oy +go=(%+k\/ﬁ) K+ PoKa + 0+ 9o

(W) ()] +(39" (1)

< Jo] Ky + (do +ka/n | Ky + oKy + oo + 8o = [ Ks +(1-Jc]) Ko =K, (4)
Tu (2),(3) va (4) taco Uy + Sx e Q véi X,y e Q.
2) U la anh xa co trén Q

Tacd (Ux)(t+T)=(Ux)(t). Vi x,yeQ

JUx-Uy| < elmax 1<) -y (1<) +[c|may

Dan dén <

(Uy)" (1) +(x)" (1)

X(t—7)-y'(t —r)‘

+el

X'(t=7)=y"(t=7)| =[cl[x~V]

Vay U la anh xa co.

[0T]

3) S la &nh xa compact trén Q.

X/
°

Trudc tién ta chung minh S lién tuc trén Q.
Taco (Sx)(t+T)=(Sx)(t).
Véi x e Q batki, gia st () 12 day trong Q sao cho ||x, —x| —0.

Véi  &>0 cho trusc, do  |x,—-x|—>0 nén 3m, sao cho

X = X <%,Vm >m,

hay max|x, (D)= X(b) \/gﬁ ‘ ) xr’n(t)—x’(t)‘<% vm=m,
Véi m>m,, tir gia thiét (H,) taco
=T
(8% )(1) ) <lel I X (s—=1)=X(s =7)||p(s)[|Es (t.5)|ds

(s— r“a )||G(t.s)|ds
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t+T

<|c| e () (0 boBT + ey (€)X (1) T2 +k 7T %, Wt e[0,T]

[0T] [0T]

< |c|%bo,3T +|c|%ao,32T2 +kB%T%, Vte[0,T]

= max|(950)(1)  (S6) (1) <[ F- BT + |- a7 kT im=mg

:>r[1(1)<’:T1>]<(Sxm)(t)—(Sx )(1) ‘—>O khi m — oo

Lap luan trong ty ta co ma)](
0T

(SXm)’(t)_(s,x)’(t)‘ 50 Khi m >

max
[0T]

(%, ) (t)—(SX)"(t)‘ S0 khim oo

Dén dén |[Sx, —Sx| — 0, nghiala S lién tuc tai x € Q batki. Suyra S lién tuc
trén Q.

%  Tachuang minh S (Q) la tap compact tuong ddi trong X
Truéc tién ta chang minh S(Q) 1a tap compact twong ddi trong CZ([O,T],i )

X(t) X'(t)

vai chuan

=R

[0T]

Vte[O,T],XeQ taco

\(SX)(t)\ < Véi m=[|c|bOBT + kBZTZiki j Ky +]c|agB?T 2Ky +poB°T % + goB°T?
i=1

(%) (1)

n

<A V6 A =hyK, +[{|c|aoﬂ<2 +KTK D A +Tpg +Tdg
i=1

<0 voi 9=(q0+k\/ﬁ)K1+ PoKy + o + g

(%) (1

Do d6 S( ) bi chin déu trong C ( ) || ||
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ty

[(sx) (t)at

2]

‘(SX)(H) -(Sx)(t, )‘ =

<A -t Q)

tp

j(Sx)"(t)dt

()" (1) (%" ()] <[a(t) (V1) ~a(t,)(Ux)(t,)| +]a(t)(SX) (&) ~a(t) (S9(t,)
+p(t)(Ux) (H)—p(tz)(UX)'(tz) p(t)(SX) ()~ p(t,)(SX) (t,) +

(S%) (t) = (SX) (t)| =

<Ot —t,] (6)

+

Taco

Ja(t) (Ux) (1) = a(t2) (Ux)(t2)| <[a(t)|(Ux) (&) —(Ux)(ta)|+a(t) - a(t )] [(Ux) (t2)
<|dlg 1_[T‘x'(s)‘ds +|d Kl‘q(tl)—q(tz)‘£|c|qOK2|t1—t2|+|c| Kl‘q(tl)—q(tz)‘ )

Ja(ty) (%) (t) —a(t2)($x)(t2) <[a(t) —a(t2)][(5%) (t)] +]a(ta )] (Sx) (&) = (SX)(t2)

Swhq_— Q‘+l%h—5| (8)
p(t)(UX) (1) = P(t2) (UX) ()] <[ p(t) — p(t)|(W0) (1) +] p(t)] (LX) (1) ~(Ux) (t)
|C|K2‘p(t1) p tz‘ |C| poK3|t1 t2| 9)
p(t)(S%) (&)~ P(t2)(SX) (t2)] <[p(t) — P(t2)]|(SX) (1) +[P(ta)]|(X) (t) ~(S¥) (t2)

<Alp(t)- p(t \+ p00|t1 t2| (10)

Vi 1=1,2,..

\x@l—rmq)) ‘ j \x )|ds| < K[ ftr = to] +]7i (1)~ 7i (8, )]

<K{MQ| H ‘$}<2Kﬂg t|
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Dan dén taco

+2kK3/nty — 1| (11)

Ki hiéu §(0, K,) 1a qua cau déng tam O ban kinh K, trong j "

V6i & >0 cho truéc, do f lién tuc déu trén [0,T]xB(0,K,) nén 35, >0 sao
cho véi ty,t, €[0,T] .|ty —t,| <&, suyra

‘f (b X(t =7 (1)) Xt~ 7 () = F (X (t =72 (1)) X(t— 7, (tl)))‘Sg (12)

Do tinh lién tuc déu cua cac ham p,q,g trén [0,T], ta co thé chon duoc 5 >0

sa0 cho vai t,t, €[0,T],|t, —t,| < 8 tir (5) - (12) tasuy ra

(9)(t) = (Sx)(t2)] = Cue (%) (1) = (S) (t) (9)" (t) (%) (t,)

trong d6 C; (i =1,2,3) la hing s6 dwong. Do d6 S(Q) dong lién tuc trén [0,T].

<C,e,

<Cse

Theo dinh i Ascoli — Azela, S(Q) la tap compact twong ddi trong
¢t (o)1),
Gid sir (x,,)  1a mot ddy trong S(Q). Dat (S(Q))1={X‘[0,T] ZXES(Q)} trong

d6 x‘[m la thu hep cia x trén [0,T]. Khi do (S(Q)), la tap compact twong dbi
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trong CZ([O,T],i ) Do d6 ton tai ddy con cua (x,) la (xmk )k sao cho

lim x
k—o0

o] = trong C*([0.T].i ).

My

ag(t) khite[0,T
Détat:{o() [0T]

ket
3o (t—KT) khi t e [KT,(k+1)T ] (kee)
Khidé X, —a trong X.Thatvay

mek —a” = r[rﬁ)]( X, (t)—a(t)‘+ r[gaTv](

o ()= (0] max, (£)=a (1)
X, (t)=a5 (1)

[07] = & trong CZ([O,T],i ) dan dén Xm, —> @ trong X

= max|x, (t)-a (t)‘ + r[TgeTo](

ax o (1) =25 (1) + max

Tu lim X
k—so0 Mk

Do d6 S(Q) compact twong dbi trong X . V4y S la anh xa compact trén Q.

Theo dinh Ii diém bat dong Krasnoselskii, anh xa U + S ¢6 diém bét dong trong
Q. biém bat dong d6 1a nghiém tuan hoan cua phuong trinh (1).
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