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BONG CUA POAN TRONG POSET
CAC TAP CON TAP PA BOI

TRAN HUYEN’

TOM TAT
Trong bai bdo ndy, chiing téi xem xét vé bong cua mot doan trong poset cdc tdp con
ciia tdp da béi theo thir ti tir dién va dwa ra mot vai diéu kién can va dit dé bong ciia mot
doan trong poset nay la mot doan.

Tir khoa: bong tap hop, doan, muc.
ABSTRACT
On the shadow of a segment in the poset of subsets of multiple sets

In this paper, we look at the shadow of a segment in the poset of subsets of multiple
set, defined lexicographic order, and prove some necessary and sufficient conditions to
prove that the shadow of a segment in this poset is a segment.
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1. Mé dau

Poset S (kl,k2 ,...,kn) cac tap con cua tip da bdi n phan tir ma phan tir thir i lap k;
lan, c6 thé dong nhat véi cic vecto nguyén x = x,x,...x, ma 0<x, <k, v&i mdi i. Thir
ty bao ham cua cac tdp con chuyén sang cac vecto cho ta tht tu ty nhién sau:
X=XxX,..xX, <y=yy,.y, khiva chi khi x, <y, véimoii.

Khai niém bong cta phan tir va tap hop trong poset S (k1 .k, ,...,kn) duogc xac dinh
tuong ty nhu trong poset cac tdp con tap don bdi. Cu thé 13, véi mdi ph?ln tr
a=aa,..a, bongthticiaala Aa= al...(ai —1)...an néu a, >0, con A.a=D néu
a,=0. Bong cla phan tir a 13 Aa=UA.a. Néu tap ACS(kl,kz,...,kn) thi bong
AAzU{Aa:aeA}.

Vé&i mdi x = x,x,...x,, hang cia x la ‘x‘ =X +X,+..+x, .

V&i mdi s6 ty nhién k cho trude, mirc hang k trong S (k1 ,kz,...,kn) duoc dinh
nghiala: S, = {x ; |x| = k}

Céc nha toan hoc Clement va Lindstrom da xac 1ap trén mdi muc S; mot thir tu
tuyen tinh — 1a tht tu tir dién — nhu sau: Véi a=a,...a,..a, va b=0b,.b..b, thi a<b
néu ton tai s6 tu nhién s, 1 <s<n sao cho a, =b, khi t<s con a, <b,, dong thoi di

ching minh dugc véi thu ty tr dién nay, S (kl .k, ,...,kn) la mot k — poset. Noi riéng, ho
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da chi ra r?mg, bong cua mdt doan dau xac dinh boi phﬁn tor a: IS (a) = {x x < a}
trong S, theo thtr tu tir dién lai 1a mot doan dau trong S, .

Bai viét nay giéi thiéu vai mo rong cua két qua trén, nham giai quyét van dé: Véi
nhiing diéu kién nao cho mét doan [a;b] trong S, theo thur ty tur dién thi bong A[a;b]
lai 1a mot doan trong S, ,? Ciing vi li do nay, ma tir nay vé sau, trong bai viét nay, thir
tr ma ta noi t6i chi 1a thi tu tir dién.

2. Ciackét qua chinh

Dé tién loi cho sy trinh bay, trudc hét ta can théng nhat mot s6 ki hiéu.

V6i mdi phin tr @ € S, ma toa do khac khong dau tién 1a a, ta co thé viét:
a=zau, & ddy z=< hay z=0..0, con u=a,,...a,. Néu toa do khac khong cudi
cling clia a 1 a, thi ta viét a = va,z . D6i v6i cac bong thanh phan cua phan tir a, ta s& ki
hiéu: A'a =max{A,a},A'a=min{Aa}.

Dé thay: néu a = zaua,z thi A"a= zaiu(at —l)z va Ala= z(al. - l)uatz

Doi véi s6 ty nhién m < k, ta ki hiéu:

h,(m)= max{x = zZXu :|x =m,X, # O}

I(m)= min{x =wx,z :‘x‘ =m,Xx, # O}

Noiriéng, #(m)=max{x:xeS,},/(m)=min{x:xeS, |

Bay gio, ta xét bong A[a;b] ma a, b c6 toa d6 khac 0 dau tién 1a nhu nhau, tirc
a=zau va b=za,v. Ta s€ phan tich A[a;b] thanh hai bd phan duogc ki hiéu nhu sau:

A’ [a;b] = {Alx ‘X € [a;b]} = {Z(ai - l)w: za,we [a;b]}
va A [a;b] = A[a;b] \A! [a;b] = {zaiw' rzaw'e A[a;b]}

Pé ¥ ring, khi a, b thoéa min didu kién trén, ta ludn c6: A"a <A"h va Ala < A'b,
do d6 ta c6 bao ham thurc: A[a;b] C [Ala;Ahb] . Vay dé co A[a;b] 1a doan, ta can co6
bao ham thirc nguoc lai. Dé giai quyét yéu cau nay, trudc hét ta can dén cac két qua
Islall:nh dé 1

Trong mac S, cho a=zau<zav=b. Khi do, A'[a;b]=
{Z(al. —)w:zawe [a;b]} lu6n luén 1a mot doan. Néu a = zazl(k—a;) thi A"[a;b]

cling 1a mot doan.
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Chung minh:
Két luan tht nhat dugc suy ra tir két qua hién nhién sau: zau < zaw < za,v khi
va chi khi z(a, —1)u < z(a,—1)w< z(a,—1)v va do do:

Al[a;b] =[Z(ai —l)u;z(ai —l)v]
Bdi A"b =max A" [a;b] va a'= Zaizl(k—al. —1) = min A" [a;b], nén dé chi ra
A" [a;b] 1a doan ta chi can chung to [a';Ahb} c A" [a;b]. Gia st b=zab,,...bz, khi
d6 A"h=za,...(b,—1)z. Lay phan tir bat ki x'e [a';Ahb}, x'=zax,,.x, <A'b; Xay
ra cac kha nang sau:
- Kha ning thi nhat: b, =x; véimoi j<t vax <b-1.
Khi d6 chon x = za,...(x, +1)...x, €[a;b] thi x'=Ax, thc x'e A"[a;b].
- Kha ning thir hai: ton tai s ma i<s<t sao cho b,=x; v6i moi j<s va
x, <b,.
Trong kha nang nay, xay ra cac truong hop sau:
+ Trudng hop thi nhét: Phan tir x = za,...(x, +1)...x, <b. Khi dé
x'=AxeA'[a;b].
+ Truong hop tht hai: Phan tir x = za,...(x, +1)...x, >b. Khi d6 at ton tai chi so
g, q > s sao cho x;, = b; v61 moi j < q va x, > b, Do ‘x‘ = ‘b‘ nén
b

q+1

y=za;..(x,+1)..x, thi ye [a;b] vax'=A ye A" [a;b].

totbh >x,,+tx,, at ton tai chi s6 p ma ¢ < p <t & b, > x,. Chon

Viy trong moi kha ning va moi trudng hop c6 thé xay ra, bat ki x'e [a';Ahb}
déuco x'e A [a;b] , cho ta két luan: A" [a;b] = [a';Ahb} +

Str dung ménh dé 1, ta di toi két qua déng chu ¥ sau:
Ménh dé 2

Trong mirc S, cho a =zau <zay=>b.Khi do, A[a;b] 1a doan khi va chi khi
b=zah, (k—a)z, con a<a*=zau* ma zazl(k—a,—1)=Aa* voi j>i+1.

Chitng minh: Néu A[a;b] 1a doan thi A[a;p]=| A'a;A"b |.
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Dé thay Z(ai —l)h

i+1

(k —ai)z, Zaizl(k—a,. —1) € [Ala;Ahb} , budc cac phan tir
zah, (k—a;) va a*=zau* ma zaczl(k—a,—1)= Aa* (v6i j=i+1) phai thuge

[a;b]. Tw d6 suyra b=zah,, (k—a)z va a<a*=zau*.

i+l
Nguoc lai, néu cac ddu mut a, b thoa cac diéu kién ctia ménh dé 2, trude hét ta s&
chi ra A[a;b] 1a doan. Tir sy phan tich A[a;b]=A"[a;b]UA'[a;b] theo ménh dé 1,
A [a;b] = [Ala;Alb]; va dé y rang min A" [a;b] =A,a* la tri tryc tiép cia A'h. Do
d6 dé ching minh A[a;b] 1a doan ta chi cAn chirng minh A" [a*;b] = [A‘ja*;Ahb] .
Néu a*=zazl(k—a,) thi A"[a*;b] 1a doan theo ménh dé 1.
Néu a*>zazl(k—a,) va x'e [Aja*;Ahb} thi c6 hai kha nang xay ra sau:
- Kha ning thir nhit: x'>A"a* . Khido attdntaixma b>x>a* vachisd t>
sao cho A x=x".
- Kha nang thi hai: x'<A"a*. Khi d6 4t tén tai x ma b>x>a* sao cho
Ax=x"
Nhu vay theo hét cac kha ning c6 thé xay ra ta déu co [Aja*;Ahb} c A[a*;b],
suy ra két luan. +
Vén dé s& trd nén phtrc tap hon khi céc dau mat a, b khong cung chung toa do

khac 0 dau tién. Dudi day ta chi xét mot vai két qua lién quan téi cac ddu mat a, b déu
co toa do khac khong dau tién cung thu 7, tuy nhién a, # b,

M¢nh d@é 3

Trong mic S, cho a=zau<zbv=b vé6i a =b-1%0. Néu
b=zbh, (k—b)zhay a=_zazl(k- a,.) thi A[a;b] la doan.
Chimg minh: Néu b=zbh, (k —b)z, chon a'=zbzl(k—b) va phan tich
[a;b] =[a;a"|U[a’;b].

Theo ménh dé 2: A[a';b] = [Ala';Ahb] .

Khi d6 Ala;b]c [Na;N'b]=[Aa;Na'|o|Aa;A'B).

Song A[a;b] > Ala';b]UA[a;a"] o [Ala';Ahb} UA[a;a")

= [Ala';Ahb] U [A’a;Ala') = [Ala;Ahb]

Vay, A[a;b] = [Ala;Ahb].



Tap chi KHOA HOC BHSP TPHCM Trin Huyén

Néu a = zazl(k—a,), chon a'=zah,,,
[a;0]=[a;a']U[a"b]
Theo ménh dé 2: Afa;a']= [A’a;Aha'}.

(k—a,)z, va phan tich

Theo ménh dé 1: A" (a ';b] D [ZbiZl(k —-a, );Ahb} .
Dé y ring A"a' co troi truc tiép 1a ZbiZl(k - a,.) nén
Ala;b]=Ala;a'|UA"[a';b] = [A’a;Ahb} +
Xem nhu 1 hé qua truc tiép ctia ménh dé 3, ta co:
Ménh dé 4
Trong muc S, cho a=zau<zby=>b v6i 1<a,<b—1. Khi d6 Ala;b] 1a
doan. +
Cubi cung dé két thuc bai viét, ta luu ¥ rang cac két qua trén duoc phat biéu cho
cac muc S, voi do 16n k thich hop. Khi do 16n £ kha bé can c6 nhitng diéu chinh nhat
dinh. Chéng han khi k = 2, ta ¢ céac két qua cu thé hon nhu sau ma viéc kiém chung
chung xin dugc nhuong lai cho doc gia.
Ménh dé 5
Trong muc S, cho a <b.Khido
i) Néu A"a=A"b=z1,z thi Ala;b] 1a doan khi va chi khi hogc b=z2,z hodc
b=z11z.
ii) Néu A"h=z1,z con A'a=z1,,z véi 1 >1 thi A[a;b]=1S(A"D).
iii) Néu A’h=zlz con A'a=zl,z thi A[a;b]= IS(A”b) khi va chi khi
Ab>ANa.  +

TAI LIEU THAM KHAO
1. Anderson, L. (1989), “Combinatorics of finite set”, Clarendon press, Oxford.

2.  Clement, G. F and Lindstrom, B. (1969), “A generalization of a combinatorial
therem of Macaulay”, J. Combinat, Theory 7.

3. Clement, G. F (1984), “Antichains in the set of subsets of a multiset”, Pariod. Math
Hung, 15.

4. Tran Huyen, Le Cao Tu (2007), “Some prolem on the shadow of segments in finite
boolean rings”, VNU journal of Science. Math - phys - 23.

(Ngay Toa soan nhan dwoc bai: 26-9-2011; ngay chép nhén déng: 27-10-2011 )



