Tap chi KHOA HOC DHSP TPHCM Nguyén Chi Long

MO HINH PINH GIA TAI SAN TU BAN
NGUYEN CHIi LONG’

TOM TAT
Mbi nha dau tw trong thi truong tai chinh, khi phai chon lya cdc phwong dn dau tie
khdc nhau, nhing chiing cé cing trung binh loi tirc, thi tity theo mire dg e ngai riii ro (thé
hién qua ham loi ich) ma lwa chon phwong dn it rii ro nhdt, nghia la phwong dn c6
phuong sai bé nhat. Néi dung nay, dwoc giGi thiéu qua mé hinh dinh gid tai san tw bdn.
Pay la mét trong nhitng két qua nén tang ciia Todn tai chinh.
Tir khéa: ham loi ich, 1y thuyét dau tu hién dai, mé hinh dinh gi tai san tu ban.
ABSTRACT
The capital asset pricing model
In financial markets, when the investor has a choice of different portfolios that have
the same average return, depending on the level of risk aversion (presented by the utility
function); he chooses the least risky portfolio; i.e. the portfolio that has the smallest
variance. This is presented through the capital asset pricing model. This is one of the
fundamental results of financial mathematics.

Keywords: utility function, modern portfolio theory, capital asset pricing model.

1. L¢inhuan va ham lgi ich
1.1. Myt sé khdi niém, dinh nghia

Xét mo hinh tai chinh mot chu ky véi thoi gian giao dich T = {0,1}. Thoi diém ¢ =
0 1a thot diém hién tai, bat dau giao dich va thoi diém ¢ = 1 1a thoi diém déo han, két
thtc giao dich. Thi truong tai chinh gom N + 7 tai san nén tang dé dau tu, do 1a mot tai
khoan tin dung trong ngan hang (hay trai phiéu khong rui ro) B, t = 0,1; vdi 1ai suat co
dinh trong mét chu ky 1a » va N chung khoan

{sihi=1,2 ., Nt=01

Péi voi tai khoan tin dung B,, gia thiét B, = 1 don vi tién té giri vao ngan hang tai
thoi diém =0 va s€ ¢6 dugc B; =1+ rdon vi tién t¢ khi 7= 1.

Gia cia N ching khoan tai thoi diém =0, S}, S2,..., SY thi dugc xac dinh,
nhung gia chirng khoan tai thoi diém 7= 1 lai phu thudc vao mot trong k kich ban tai
chinh w, i =1, ..., k¥ thudc

Q:={w, w, ..., O

Gia str sy xuét hién cia mdi kich ban @, € € c6 xac suét P(w)>0,i=1, ...k
Goi F = P(£) 1a tap hop tat ca cac tap con cua Q thi F'1a truong thong tin 16n nhat cta

" TS, Truwdng Pai hoc Sw pham TPHCM
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thi truong tai chinh dang xét. Lac d6 S;, i =1, ..., N 1a céc bién ngﬁu nhién xac dinh
trén (Q, F, P) va S| (w) 1a gia ching khoan tht i tai thoi diém 7= 1 khi kich ban @ € Q
xuét hién.

* Mot phuong an dau tu (viét tit PA) 1a mot cip (x, ¢) trong d6 x 1a tong sb tién
dau tu ban dau va ¢ 1a danh muc ching khoan dau tu, né 1 vécto gdm N thanh phan ¢
= (¢, ..., ") v6i # 1a s6 don vi ¢0 phiéu ctia chimg khodn thir / dugc mua tai thoi diem
¢t =0. So tién con lai sau khi mua N chung khoan

N
§':=x- 3 4]
i=1
s& dugc giri vao tai khoan tin dung (hay mua trai phiéu khong rui ro).

* Qua trinh gid cia PA (x, §) lacap (Vo (x, @), Vi (x, ¢)
Trong d6 Vy (x, #) =x va V; (x, ¢) la bién ngau nhién

Vi 9= 9B + 24|

Goi R' 1a lgi trc cha ching khoan thir i @ = 1,.,N):
R = u
S
va R° 1a loi tirc cua tai khoan tin dung, day 1a hing s6 xac dinh dwong r:
R = Bi=5B, _ r

BO
* Qua trinh 101 G (x, ¢) cta P4 (x, ¢) 1a bién ngiu nhién

N
Gx, §) = ¢'r + D $AS' , v6iAS': = S/- S
i=1
va khi biéu dién qua trinh 10i qua loi tirc thi
G(x, §) = ¢°B°R°+> ¢'S;R’,
i=1

* Trong truong hgp moi hang hoéa trong thi truong phai chiét khau thi qua trinh
gia chung khoan da chiét khau l1a

Si=8vaS = 5%' S!; lac d6 qua trinh gia da chiét khau cua PA (x, ¢)
1
A A N . AL r 14
Vox, d)=xvaV, (x, ¢ =¢ + Zgzﬁ’ S|, va qua trinh 161 da chiét khau la:
i=1

~ N . AL AL AL AL
G (x,0)=D ¢ AS", v6i AS'=S5 -5
i=1
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* Tur cac khai niém trén ta co :

Vi (%, )= Vo (5, 9) + G (5, 9) (1)
V== Ve =00 va (0 0)= 7, (5 )+ G (x,0) @

1

* Thi trudng tai chinh 1a lanh mgnh, néu trong thi truong khong ton tai PA (x, ¢)
nao thoéa man ca 3 dicu kién sau:

(1) x =Vyx, § =0,

() Vi(x, ¢) 20 (hodc G (x, @) >0),

B)Jwe2:V(x, §(w) > 0 (hoac G (x, d(w) > 0).

* Mot do do xéac suét Q trén 2 duoc goi la do do xac sudt trung hoa riii ro néu

(1) Q(w) > 0, Vo € 2 (Mbi kich ban xay ra v6i xac suat duong) va

(2) Ep [AS'] = 0 (Ky vong clia s gia chimg khoan da chiét khau iy theo d6 do Q
thi bang 0).

* Mot quyén tai chinh (hay phdi sinh) 13 mot bién ngiu nhién X xac dinh trén
khong gian xac dinh (£2 F,P) biéu dién mét thu hoach tai thoi diém déo han ¢ = 1.

* Cho X 1a mot quyén tai chinh. Mot phuong an dau tu (x, ¢) duoc goi 1a phuwong
dn dap wng (a replicating strategy) hay mgt bdao h¢ (hedge) cho X néu V; (x, ¢ = X tai
thoi diém ¢ = 1.

* Mot quyén tai chinh X duoc goi 13 dat dwoe (attainable) hay mua bdn dwoc
(marketable) néu c6 mot phuong an dau tu (x, ¢) bao ho cho X.

* Thi trudng tai chinh 13 ddy dii néu moi quyén tai chinh X déu c6 thé tim dugc
mét phuong an (x, ¢) bao ho cho X. Mo hinh tai chinh khong c6 tinh chat nay goi 1a mo
hinh tai chinh khéng day du.

2.2. Nguyén ly mét gid trong thi trwong tai chinh day dii

Trong [4] va [2], chung t61 dé gidi thiu va chimg minh nguyén ly: Thi truong tai

chinh la lanh manh khi va chi khi ton tai mét dp do xdc sudt trung hoa riii ro.
. Vanguyén ly: Trong thi truwong tai chinh lanh mgnh thi thi trwong tai chinh la
ddy du khi va chi khi ton tai duy nhat mot do do xdc sudt trung hoa rui ro.
~DOi v6i nha dau tu (viét tat: NDT) tai chinh,vén dé quan tdm chinh la: Cdch ndo
la toi wu dé dau tw vao thi truong tai chinh?

Loi dap cua cau hoi nay phy thudc vao mé hinh tai chinh nao dang xet va chon
lya phuong an déu tu nao? Tinh t61 uvu dugc hi€u chinh xac nhu thé nao? Hay cu thé
hon la, xac dinh gia tri doi v6i moi cach bi€u dién phuong an dau tu nhu thé nao? Gia
tri nay trong thi truong tai chinh thuong bi chi phdi béi ba déac trung sau:

. 1. NDT thich thu hogch cao hon la thu hoach thip hon déi véi mét phwong dn
dau tu.
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Dic trung nay la hién nhiép. Tuy nhién, trong thuc té 76 thi truong tai chinh, loi
ich thu dugc tir mot phuong an dau tu c6 tinh ngau nhién; chang han, phuong an dau tu
l‘cé thé dat dugc thu hoach cao khi trang thai tai chinh nay xdy ra, nhung phuong an
dau tu 2 lai dat duoc thu hoach cao khi trang thai tai chinh khac xay ra. Do do, s€
khong c6 y nghia khi so sdnh hai phuong &n trén cung mot trang thai, ma phai xét
chung trén toan bg cac trang thai c6 thé xay ra & thi truong tai chinh, nghia la xét ky
vong cua no, do do dac trung thr hai la:

2. NPT xét gid tri trung binh hay ky vong ciia tirng phwong dn diu tu.

3. NDT thwong co tam ly e ngai riii ro.

Pé lam 6 dic trung ndy ta xét
Vidu 1:

Gia st NDT dugc moi chon mét trong hai phuong an 1 va 2, tuong mg voi thu
hoach X, va X,. Néu NDT chon phuong an 1 s& thu dugc 100 tridu dong; con néu
chon phuong an 2, thi phai tuan theo quy tac may rui sau: Néu tung dong xu (goém 2
mdt, mot mat co hinh Quoc huy ma ta ghi 1a H va mot mat chi gid Tri dong Xu ma ta
ghi 1a T) ma mat H xuat hién thi NDT thu dugce 200 triéu dong, con néu mat T xuét
hién thi NDT s€ khong thu dugc dong nao. Thong thuong, néu NDT khong phai 1a ty
phu, thi ¢6 tam 1y chon phuong an 1 dé thu hoach chic chin 100 triéu dong hon 1a chon
phuong 4n 2 ¢ thé xay ra tinh trang tring tay, nghia 1a NDT c6 tdm 1y e ngai rui ro,
mac du thu hoach trung binh ctia hai phuong an la nhu nhau:

Vi X, =100 la tat dinh va ky vong cta n6, E[X,]=100, con ddi véi X, phu
thudc ngau nhién vao T hodc H; X,(T) = 0; X,(H) = 200; do d6 néu danh gia thu
hoach theo ky vong thi E[X,]= %.0 +%.200 =100=E[X,].

Khai niém e ngai rui ro thuong dugc sir dung trong mo hinh thong qua cac ham
loi ich (utility functions).

Ham lgi ich cho ta cach do luong su chon lya gfla NDT phu th}l(f)c vao téng von
hién c6 va mic do e ngai rai ro, ma NDT mong muon la da‘g dugc tong tai san vé sau
16n hon. Do d6, ham lgi ich 1a hat nhan cia ly thuyét dau tu t6i vu hién dai.

Dinh nghia 1.

Mot ham U :R* xQ — R dwoc goi la ham loi ich néu né théa man hai diéu kién
sau:

1. Cé dinh weQ, thi ham U(x, w) la tang ngdt theo bién x, nghia la dao ham
theo bién x cua U la U’(x, ®) > 0, voi moi x > 0, va

2. Cédinh weQ, thi ham U(x, w) la I6m ngdt theo bién x, nghia la

Ux+(1-ADy;ow)> AUx;0) + 1-D)U(y; @)

Hay twong duong voi U’ (x, ) < 0, voi moi x > 0.

28



Tap chi KHOA HOC DHSP TPHCM Nguyén Chi Long

Pé don gian cach biéu dién, ta thuong viét ham loi ich dang hién theo bién tong
tai san x, U(x, ) = U(x(w)) = U(x), va ngam hi€u n6 con phu thudc vao trang thai o.

Bay gio ta xét mot bién ngiu nhién X biéu dién thu hoach ctia NDT. C6 dinh ham
loi ich U. Ta s€ do ludong thu hoach cua NDT qua ky vong

E[U(X)]= ZP(w,-)U(X(w,-))

) Su biéu dién thu hoach nay bao ham ba dac trung vira néu trén: Pac trung thu
nhat phan anh qua ham loi ich thi tang ngat, dac trung thr hai phan anh qua gia tri
trung binh, con ddc trung thir ba, tinh e ngai rui ro, phan anh qua tinh 10m ngat cua ham
loi ich.

Vidu 2:

Gia st NDT dang c6 tong tai san 1a 5 triéu dong va thi truong chi c6 mot cach
dau tu 1a mua mdt loai c6 phiéu: S, =5 (triéu). Cling gia su, tai thoi diém ddo han ¢ =
1, mot trong hai kich ban trong thi trudng cé thé xay ra gidng nhu viéc tung déng xu
hai mat H va T: Q= {H, T} voi xac suat P(H)=P(T)=0,5. Néu kich ban H xay ra
(tinh hinh kinh té phét trién t6t) thi gia ching khoan tang: S,(H)=9 (triéu), nghia la
tang thém 4 triéu; con néu kich ban T xay ra (tinh hinh kinh té kh6 khan) thi gia chimg
khoan giam: S,(7)=1 (triéu), nghia la gidm 4 tri¢u. (Truong hop nay con dugce goi la
trd choi cong bang vi ky vong loi nhuén 1a

E[G]=0,5.4+0,5.(-4))=0).

Xét ham loi ich: U(x) = Jx . Ta thtr tim hiéu, trén quan diém dap ung nguyén ly
cuc dai ky vong ham loi ich, NDT s& chon phuong an dau tu hay khong chon?

7 Néu NPT tir ch(f)i phuong an trén, gitr nguyén 5 triéu dong luc dau, thi dén thoi
di€m dédo han ¢ = I, s0 tién van con nguyén 5 tri¢u; doi voi ham loi ich thi trén: Ulx) =
U(5) = /5 (hing s6) nén ky vong cua n6 E/U(5)] = U(5) = /5 =2,24.

Néu NDT chon phuong an dau tu thi ky vong ctia ham loi ich

E[U(x)] = P(H).U(x(H)) + P(T).U(x(T)) = 0,5.4/9 +0,5./1 =2.

Vi ky vong ham lgi ich khi tur chdi phuong an d?lu tu thi 16n hon ky vong ham loi
ich khi chon phuong an (2,24 > 2), nén NDT sé& tir chdi phuong an.

Mot cach tong quat, NDT e ngai rui ro thuong tur chéi tro choi cong bang vi ky
vong loi tirc 12‘1 0%. Néu ky vong loi tirc 16n hon Q%, NDT co th§ ch(_)nq hay khéng chon
phuong an dau tu phu thudc vao ham loi ich va tong von ban dau. Chang han, néu xac
suat xay ra cua kich ban H, P(H) = 75% thay vi P(H) = 50%, thi ky vong loi ich la

E[U(x)] =0,75. \J9 +0,25. J1 =2,5>224
nén NPT sé& chon phuong an dau tu.

Str dung két quad trén, tor vi¢c tim phuong an dau tu t6i vu trong thi truong tai
chinh, chuyén sang tim phuong an (x,¢) sao cho E[U(V,(x,¢))] dat gia tr1 to1 vu. Bai

29



Tap chi KHOA HOC BHSP TPHCM 86 30 nim 2011

toan nay duogc goi l1a bai todn dau tw t6i wu. Gia tri toi vu di nhién phu thudc vao téng
vOn dau tu ban dau x. Khi von dau tu ban dau x cang 16n, thi ky vong thu hoach cang
cao, do do6 ta xem von dau tu ban dau nhu mot tham so cua bai toan.
Dinh nghia 2.

Mot phuong dn dau tw (x,¢") dwoc goi la mét nghiém cua bai todn dau tw 16
wu, v6i von dau tw ban dau la V, = x va ham loi ich U néu

E[UV,(x,¢")] = Max,, 5, EITU(V,(x,$))]

Ménh dé 1.

Néu bai todn dau ti toi wu trong thi trieong tai chinh dang xét c6 mét nghiém, thi

mo hinh tai chinh nay la lanh manbh.
Chung minh:

. Ta can chirmg minh rang, néu thi truong tai chinh khong lanh manh thi bai toan
dau tu toi uu vo nghiém.

Gia sir thi truong tai chinh 1a khong lanh manh, nghia 1a ton tai mot phuong an co
dd chénh 1€ch thi gid (0, ). P61 voi moi phuong an dau tu (x,¢) chung ta phai co

Vi(x,¢+y) (@) =V (x,4)(@) +V,(0,y )(@)
trong d6: (x,¢+y) 1a phuong an dau tu téng cua hai phuong an (x,¢) va (0,y), nghia
1a phuong an dau tu mua ¢+’ don vi c¢d phiéu chimg khoan S’. Theo dinh nghia cta
do chénh Iéch thi gia, phuong an nay chi can dau tu von ban dau 13 x va bat ding thirc
trén s€ thoa ngdt vai it nhat mot kich ban w € Q, do d6 véi moi ham lgi ich U ta co:

E[UV (x,¢+w)]> E[UV(x,9))]

Piéu nay chi ra rang, khi thi truong tai chinh khong lanh manh, thi d6i v6i mdi
phuong an dau tu (x,¢), déu c6 mdt phuong an dau tu khac, c6 cung so6 von dau tu ban
dau voi phuong an (x,¢) nhung thu hoach trung binh lai cao hon. Vay bai toan dau tu
t61 uu khong c6 nghiém. Do d06, bd dé da duoc chimg minh.[

Theo nguyén ly can ban dinh gia phai sinh, thi tinh chat lanh manh cua thi truong
tai chinh twong duong véi su ton tai mot do do xac suat trung hoa rii ro. Mot d6 do xac

sudt trung hoa rui ro nhu vdy dugc tinh qua nghiém cia bai toan dau tu tdi wu qua
ménh deé sau:

Ménh dé 2.
Goi (x,¢) la mot nghiém cua bai todn dau tw t6i wu véi téng von dau tw ban dau
la x va ham lgi ich U, thi do do Q xac dinh boi
P(o)U'(V,(x,4")(@))
E[U'(V(x,9))]

la mét dé do xdc sudt trung hoa rui ro. Trong do U'(x) la dao ham cua U theo x.

O() =
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Chirng minh:

Vi O(w)>0 véimoi weQ va
Zk: P(0)U'(V(x,4")@,))
5 EU(V(x,¢))]

0(Q) = 0(w) =

i=1 i

1 ; , .
T .4 ko)
_ 1
E[U'(V(x,4"))]
=1
Nén Q 1a mét do do xac suét xac dinh trén Q. Ta can ching minh Q thoa thém
di€u kién sau: E,[AS’]=0.

E[U'(V(x,4))]

Do tinh chét ctia ky vong, ham hop
¢ = E[UV (x,9))]
voi ¢ e R" 1a ham kha vi va dat cuc tri tai ¢ . Do d6, dao ham riéng ctia ham nay triét
titutai ¢ .
a%E[U(VI ()], =0 3)
Mat khac, tir (1) va (2), ta co
V,(x,4) = BV,(x,8) = B/(x+¢'AS" + ...+ ¢"AS"),
do do
E[UWV,(x,$)] = E[UB,(x+¢'AS' +...+ " AS™))]
Vatur (3), suy ra h¢ phuong trinh sau: Véi j=1,2,.... N
B, Zk: P(@ ' (B (x+¢"AS" + ...+ " ASV )(@.))AS’ (@) = 0

i=1

Do d6

i P(o)U'(B,(x+¢"AS" + ...+ ¢ AS™ )(@,))AS” (w,) = 0

Hay 3 P(,U'(#,(x.¢")@)AS (@) =0 )
(vi B, =1+r>0).

Suy ra
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Eg[AS']= 3 0()A8" ()

L PO 500
o E[U'(V(x,¢))]
R S NSRS
= E[U' (V. (x, ¢*))] ;P(a)i)U (V' (x,9 )@,)AS’ (w,)
— 0  (do (4)). O

Do do xac suét trung hoa rui ro dugc xac dinh trong ménh dé trén c6 thé dung dé
tinh gid quyén tai chinh. Do d6 hai van dé cot 161 1a tim phuong an dau tu to1 vu va
dinh gia quyén tai chinh lién hé chéc ch€ vdi nhau.

Trong thuc té, viéc giai hé phuong trinh trong (4) dé tim phuong an dau tu thong
qua ¢',i=1,..,N khong hé don gian. Mot ky thudt dé giai bai toan la dua vao do do
xac suét trung hoa rii ro va phuong phap nhan tir Lagrange; ¥ tudng ctia phuong phap
nay la phéan tich bai toan dang xét thanh hai bai toan con theo hai budc sau:

Budc 1: Xac dinh cyc dai V, cua ham V> E[U(V)] trén tap hop chcfp nhan
dwge cdc bién ngdu nhién V.

Buwéc 2: Tim mét phwong dn ddau tw ma né ¢é gid tri tai thoi dié t = 1, bang gid
tri cuc dai 'V, dwoc xac dinh o budc 1.

Phuong 4n dau tu tim dugc & bude 2, chinh 1a phuong an t6i vu. Bai toan con &
budc 2 chinh 1a bai toan tim phuong an bdo hg, ma né twong duong vaéi viéc gidi hé
phuong trinh tuyén tinh.

Trude tién ta xét mo hinh tai chinh day du, nghia 13 trong mé hinh chi t6n tai mot
do do xac suat goc P va mdt do do x4c suat trung hoa rui ro Q.

Dinh nghia 3.

T 5ng tai san dat dwoc tir von ban dau x > 0 duoc dinh nghia la tap

W= {W e R" :EQ[iW] = x}
Bl
Khi W e W’x thi c6 mot phwong an dau tu (x,#) sao cho Vi(x,9)=W .
Bai toan con ¢ budc 1 chinh 13 bai toan tdi uvu
Tim cucdai  E[UW)]
Voi rang bugec W e I/IN/x
Dung phuong phap nhan tir Lagrange, voi ham Lagrange

LW, 2) = E[lUW)] - A(E, [B% W1-x) (5)
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Mot nghiém cua bai toan t6i wu ¢ rang bugc trén la nghiém cua h¢ thuc c6 dugc
tor dao ham riéng cia ham Lagrange theo cac bién W, =W (w,) va A bang 0. Trong biéu
thirc dinh nghia ctia ham Lagrange (5), ta phai tinh ky vong theo hai d§ do khéac nhau la
P va Q; dé tién viéc tinh todn, ta dinh nghia mgt bién ngau nhién méi

um—%ﬂ )

va goi la mat do gia trang thdi.
Luc nay ham Lagrange c6 thé viét

LW, A) = ZP(a))[U(W(a))) i(L(W)—W(w) x)]

i=1 l
Pao ham riéng ctia ham Lagrange theo cac bién . bang 0, cho ta

L(w,)

U'W(w,))=1—— (7)

1
Két hop véi do do xac suét Q xéc dinh trong ménh dé 2 thi
A=E[BU'(W)] (8)
Vi dao ham U’(x) ctia ham loi ich 1 ting ngit, do d6 ton tai ham nguogc I(x) cla
U’(x) sao cho U’(I(x)) = x =1(U’(x)), do do6 tr (7) suy ra
L(w
(@) =102 ©)

1

Phuong trinh trén cho ta nghiém cua bai toan t6i wu c6 rang budc khi ta biét chinh
xac gidtricua 4.

Cong thire (9) khong gitp ta tinh dugc 4 vi no biéu dién thong qua bién chua
biét W, tuy nhién ta lai biét rang W phai thoa man diéu kién

EQ[EW]zx (10)

Thay W trong (9) vao (10), ta dugc

1 L
E[—I(A—)]=x 11
ol B ( B )] (11)

Giai phuong trinh (11) ta tim duoc 4, r0i thay vao (9) ta tim duoc nghiém cua
bai toan toi uu cO rang budc. Trong truong hop ham loi ich U(x) trong dinh nghia 1. c6
thém tinh chat

3) lim_,,U'(x)=+ va lim_,  U'(x)=0
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thi nghiém A cta phuong trinh (11) ludn ton tai va duy nhat, vi lac d6 ham

h(A) = E[B%I(ﬂé)] la ham giam ngat, lién tuc va thdéa man diéu kién
1 1

lim, , h(A) =+ lim, ,, h(1)=0.

Trong truong hop mo hinh tai chinh khong day du, ¢6 qua lam 1a hiru han d6 do
x4c suat trung hoa rii ro 0,,i=12,...,/ vamot quyen tai chinh X 1a dat dugc néu va chi

néu ky vong £, [E X] c6 cung mdt gia tri d61 voi moi do do xac suat trung hoa rui ro
1

0=0.,i=12,.,l;dodotaco thé téng quat hoa dinh nghia 3.
Dinh nghia 4.
Tap hop tgfng thu hoach dat dwoc tir von dau tw ban dau x > 0 trong thi truong
tai chinh, co thé khong day du, duwoc dinh nghia la tap:
~ 1 .
W, = {W e R :EQ[EW] =x, VO=0;i= 1,...,1}
1

Bai toan t6i vu trén c6 thé viét lai nhu 14 bai todn tdi wu véi hitu han rang budc:
Tim cuc dai E[U(W)]

e i 1 ..
Voi rang buéc EQ"[EW] =x,voii=12..,1

1

va ham Lagrange tuong ung

LOV.2) = EUOV)] - 2, (EL W] - )

trong do L, = % va A:=(4,...,4,) 1a nghiém cua bai toan du tu toi uu & bude 1
L(w
W(w)= 1(2/1 é )
1

Pé xé4c dinh nhan tir Lagrange A ta giai hé gom / phuong trinh
E[Ll.l(/%‘Ll +..+ 4L )=
Bl

2.  Phan tich trung binh phwong sai ciia phwong an dau tu

Khi NPT phai chon mot trong hai phuong an dau tu ma ching ¢ cing trung binh
loi tire, thi NPT sé chon phuong 4n nao c6 phuong sai bé hon, nghia 1a it rii ro hon.
Vay NDT s€ giai bai toan trung binh phuong sai sau:
Bai toan 1.

Tim cuc tiéu Var[R]
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Voi rang bugc E[R]=
trong d6 R 1a loi tirc cua phuong an dau tu duge xac dinh boi:
PO AC) S AL
Vo(x,9)

Khai niém phi rui ro (risk premium), ky hi¢u R —r, la khai niém quan trong
trong lanh vyuc dau tu, duoc xac dinh qua b dé sau:
Bo dé 1.

Phi rii ro ciia phirong dn ddu tw c6 loi tirc R, trong thi trwong tai chinh ma ldi
suat cua tai khoan tin dung co dinh r, dwoc xac dinh boi

R —r=-Cov(R,L) (12)

Trong d6 L la mdt do gia trang thdi va Cov, viét tic cia Covarian, chi hiép
phuwong sai.

Chung minh:
Xét mot d6 do xac sudt trung hoa rii ro Q ¢b dinh trong thi truong tai chinh, tir
khai niém gid chung khoan chiét khau, ta co:

A A I_BS!
S;_S(I) — Sl ISO
1
_ (1+R)S, —(1+ R")S,
1+R°
. R'—R°
=S
g
Lay ky vong hai vé theo d6 do xac suat Q, thi vé trai bang 0, nén
R -R’
0=F
ol So (1 20 )]
S i po
= E,[R"—R
1+R° ol ]

Suyra E [R']=R"=r
Do do, Co Varian(Ri,L) =Cov(R',L) = E[RiL] — E[R']E[L]
= E,[R']-E[R']
=r-R'
trong @6 R’ := E[R'] va cha ¥ rang do dinh nghia cia mat do gia trang thai L, thi
E[L] = 1.
Mat khéc tir dinh nghia cta V7, va R, thi
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N iQi
R =ﬁr+zﬁRi
Vo =V

Do dé, R —r =—Cow(R, L)
trong d6, R := E[R]. Vay ta c6 diéu can chimg minh.[]
Bo dé 2.

Cho a, b 1 hai sé thwc va b#0. Gid sir quyén tai chinh a + b L dwoc sinh béi
mét phwong an dau tw bdo hé ndo dé ma né cé lpi tirc R, thi phi rii ro ciia phwong én
dau tw bat ky c6 loi ticc R, 1y 16 véi phi vii ro ciia phirong dn dau tie ¢6 loi tire R, theo
Cov(R, E)

Var(R)
1é véi beta ciia né qua phép bién doi tuyén tinh theo mdt d gid trang thdi:

R—r B Cov(R,E)

~

R—r Var(E)

hang sé ty 1 la beta, véi beta := , hay néi cach khdc, phi rii ro thay doi ty

(13)

Churng minh:

‘ Xét mot quyén tai chinh mua ban duoc co Qang datbiéta + b L, trong do a, b 1a
hang s6 va b khac 0, khi d6 c6 mot phuong an dau tu (x,¢) sao cho qua trinh gia cua
no V, =V.(x,$) voi t=0, | théa man

171 =a+bL
Goi R 1a lgi tirc trong Gmg v6i phuong an nay thi
Vo(l+R)=a+bL
Phuong trinh nay c6 nghiém L la
; V(4 R)-a
b
Pbi voi mot phuong an dau tu bat ky co loi tire R thi
V.(1+R)-a
b

= Cov(R, VR _aby
b b

Cov(R,L) = Cov(R, )

)

V,R
5

= Cov(R,

= %COV(R,E)

Do d6 (12) trd thanh
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R-r= —?OCOV(R,E) (14)
Truong h(_)’p riéng khi R =R thi (14) tré thanh
= v, ~
R -7 CovRR =——"Var(R
3 (R,R) 5 (R)
ay N R- thay vao (14), suy ra

b Va()

_ Cov(®, R) , diéu can chirmg minh O
Var(R)

R
E
D& c6 dugc két qua co dién ma nguoi ta thuong goi 1 mé hinh dinh gid tai san
ban, ta chuyén bai toan tim cyc ti€éu phuong sai loi tirc sang bai toan toi wu sau:
Bai todn 2.
Tim cuc tiéu Var(V,)
Véi rang buge EV,1=x.(1+p) va Vy=x
Rang budc dau cia bai toan 2 1a dang thirc lay gia tri cua qua trinh gia tai thoi

diém dao han t = 1 ciia phuong an dau tu duoc bd sung tong von ban dau x, ma ky
vong ciia nd bang x.(l+p). Diéu kién rang budc ¥V, =x thi twong duong voi

1 o, . e oyxs PO L S
E,[—V]=x. Bai toan 1 thi twong duong voi bai toan 2; that vay, néu V, 1a mot
Bl

~

=X o~ A o 1as . .
thda man rang budc cua bai toan 1, hon nira voi
X

nghiém cta bai toan 2, thi R = /
moi phuong an ma lgi tic R théa man rang budc cua bai toan 1 thi I}l =x.(1+ R) thoa
man E[I}l] = x.(1+ p), nghia Ia théa man rang budc cua bai toan 2,

Do d6 Var(R) —iVar(V) < ! >Var(V)=Var(R), diéu nay chung to 13 nghiém

cua bai toan 1, nguoc lai néu R lél nghi¢m tdi uu cia bai toan 1, thi dé théy
V. = x.(1+ R) 1a nghiém t5i wru ctia bai toan 2. Vay bai toan 1 va 2 1a twong duwong nhau.

Pé giai bai toan 2 bang phuong phap nhan tir Lagrange, ta dua vao tham s6 8 va
tim cyc tiéu ham muc tiéu Var(V,)— PE[V,] v6irang budc V, = x, nhung

Var(V,) = E[V;’1-(E[V;])’, nén ham muc tiéu s& duoc xét dudi dang
1
E[EKZ_ﬂK]'

Vay ta xét bai toan toi wu sau:
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Bai toan 3.
Tim gid tri cuc dgi cia E[—%Vl2 + BV
Vi rang bugc V, =x.

Ham U(x) = —%xz + fx khong phai 1a ham loi ich don di¢u ngat theo dinh nghia

1, tuy nhién né 1a ham 10m vi dao ham bac 2 am. Vi U'(x) = —x+ £ nén ham nguogc cd
thé déng nhat 7(x) = —x + f. Giai phuong trinh (11) ta tim dugc nhan tir Lagrange

_ (B, -P)B,
E,[L]
Ttr cong thirc (9), ta tim dugc nghiém tdi vy, ky hiéu 1a I% (thay cho W trong (9))
14 =L(EQ[L]—L)+x.B1 L (15)
E,y[L] EylL]
L p
Do do, E[V,]=———(E,[L]-1)+ x.B 16
(V1] EQ[L]( ol L1=1) +x B[] (16)
Bay gid ta mudn I}1 thoa man diéu kién rang budc ctia bai toan 2 nén
EV]=x.(+p) (17)
Khi P=Q thi E,[L]>1 vatur (16), (17) ta tim dugc nghiém S
(E, L]0+ p)-B
IB:x( Q[ 10+ p) 1) (18)

E,[L]-1

Chu y rang £ 1a ham ting ngit theo p va bang x.(1+r)=x.B, khi p=r.Hon

nita khi p =7 thi nghiém t6i wu ctia bai toan 3 sé 1a I}l = x.(1+r), 1a hang s6 da biét.

V61 su chon lya gié tri nay cua £ trong (18) thi nghiém ¥, cua bai toan 3 sé thoa
man rang budc ciia bai toan 2. Néu ¥, 1a mot bién ngiu nhién nio dé6 ma no thoa man
rang budc cua bai toan 2, thi

EV]=x(1+ p) = E[V}]

Vido d6, B-2 7} + BV, El= i + Y]
& BL VA< EL W]
2 1T

& Var[V,1<VarlV,]
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Mit khac, bang 1y 1& nguoc lai v6i v trén, ta thdy nghiém cia bai toan 3, ciing 1a
nghiém cua bai toan 2; do do6 hai bai toan nay la tuong nhau vé1 f va p xéac dinh nhu
trén.

Bo dé 3.

Goi R la lpi tirc ciia mdt phirong dn dau tw c6 phwong sai cuc tiéu so vdi tat cd
cdc phwong dn dau tw ma loi tike ciia né c6 cing ky vong p, thi R la ham tuyén tinh
theo mdt d¢ gid trang thdi L, cu thé hon R xdc dinh béi
PEGILI=T  (p-r)L

E L]-1  E,[L]-1

R= (19)
Chitng minh:
Véi B xac dinh trong (18), thay vao nghiém tdi uu I}l trong (15), ta co

jo MUPEIL-B)
(Eg[L]-DE,[L]

_ M+ p)EG[L]-(1+1)] (E (L]~ L)+ x(1+7)

L
Ey[L]

(EQ[L] - I)EQ[L] EQ[L]
_ x4+  x(p-r) x(1+7) B L
(EQ[L] B L1 (ByL]- 1)EQ[L])(EQ (L]~ L)+ x(1+r) E,[L]
 SUHNEILI=¥(+7)  x(p—r)
G e - et

x(1+7r) x(p-r)
E,[L] + E,[L]-1 )(E [L]-L)+x(1+7r) E,[L]

x(I+7r)L N x(p—r
E L] E,[L]-

(

= (x(1+7r)+ )1)(EQ[L]—L)+x(1+r)

Ey[L]

= x(+r)+—"—

x(p—r)
(E,[L]-L)
E,[L]-1"°

Su twong duong cua bai toan 2 véi bai toan 1 cho ta

=X X0 g

X E,[L]-1
_ MEJLI-Y | pEGLI-rEL]  (p-r)L
Ey[L]-1 Ey[L]-1 E,[L]-1

_ PEGIL]=r (p-r)L
E,[L]1-1 E,[L]-
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Pay 1a diéu can ching minh.O]
3. Mo hinh dinh gia tai san tuw ban

Diém dang quan tdm cua bd d& 3 1a nghiém R cua bai toan trung binh phuong sai
la mot ham tuyén tinh theo L, mat d§ gia trang thai. Cong thurc (13) cling cho ta h¢ thuc
lién lac gitra ky vong 1¢1 tirc ciia mot phuong an bat ky voi ky vong loi tirc ciia mdt
phuong an phu thudc tuyén tinh vao mat d6 gia trang thai. RS rang nghiém R cia bai
toan 1, vé trung binh phuong sai, 1a dat dugc. Dinh 1y c6 tén M6 hinh dinh gia tai san
tu ban sau 1a hé qua tryc tiép cta cac bo dé trén.
Dinh ly.

Néu R 1l mét nghiém ciia bai todn 1 vé trung binh phwong sai véi p > r va néu
R la lgi tike ciia mét phwong an bat kp, thi

_ Cov(R, Ié)

Var(R) (E[R]-7) (20)

E[R] -

He¢ thire trén quan trong & chd, trong gidi cac nha dau tu dwa vao phan tich trung
binh phuong sai, thi thudong ton tai phu(mg an ma no co thé duoc xem nhu 13 nghiém
ctia bai toan 1 (chang han, nhu chi s6 chimg khoan), va tir d6 co thé ude luong duoc ky
vong lo1 trec cia mot phuwong 4n bat ky thong qua hé thuce (20).

H¢ qud. Gia sirR 1a mot nghiém ciia bai todn trung binh phwong sai 1 véi tham
SO0 p=>r va tong von dau tw ban dau la x. Lay p>r va p # p la mot tham so khac,
thi

|
i)

R=Ar+(1-A)R véi A=

po—r

La mét nghiém ciia bdi todn trung binh phuwong sai 1, véi tham sé6 p va tong von
dau tw ban dau x.

Hé qua duoc kiém chung d& dang vi E[R]=Ar+(1-A)E[R]=Ar+(1-)p=7p
va véi mot phuong an dau tu bat ky R théa man E[R]= 5 thi Var(R) <Var(R).

H¢ qua quan trong cua dinh ly chi ra rang, ta chi can tim nghiém cua bai toan

trung binh phuong sai dbi véi bai toan c6 tham sb P r0i suy ra cac nghiém khac d6i

v6i bai toan c6 tham sé khac bang cach dau tu theo to hop 16i cua trai phiéu khong rui
ro va sb lugng ¢ phiéu twong tmg voi nghiém cb dinh cta bai toan trung binh phuong
sal nay. Nguyén ly nay duoc goi la nguyén ly quy hé twong dau tw (Mutual Fund
Principle), dugc phét biéu qua ménh dé sau:

Ménh dé.

Gia s ta c6 dinh mot phuong an dau tw ma loi tire ciia né 1a nghiém cua bai todan
1 vé trung binh phuong sai, twong vwng voi mot tham so loi tiecc trung binh p. Thi
nghiém ciia bai todn trung binh phirong sai twong ing véi mét tham sé loi tire trung
binh khac, co thé tim duwoc bang mot phuong an dau tw bao gom sy dau tw vao tai
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khoan tiét kiém ngdn hang (hay trdi phiéu khong riii ro) va phwong dn dau tw c6 dinh
ban dau.

Dé 1am rd hon tir mé hinh dinh gid tai sdn tw ban, ta xét mot quyén tai chinh co
gia X tai thoi diém déo han ¢ = 1, ma ta muon dinh gid cua quyén tai chinh nay tai thoi
diém ¢ = 0. Gia sir li tec R 1a nghiém cua bai toan 1 vé trung binh phuong sai. Theo

dinh nghia, lgi tic cta quyén tai chinh X'1a R = X-x , thay vao (20), ta duoc
X

E[X]-x  _ Cov(X,R) (ELR]- 1)
X Var(f?)

~ Giai phuong trinh nay ta dugc nghiém x, chinh la cua quyén tai chinh tai thoi
diém ¢ = 0:
E[X]
1+r+M(E[fz]—r)
Var(R)

Vay tir R ngudi ta co thé xac dinh gia ciia mot tai san tu ban X.

X =
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