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CAU TRUC TAP NGHIEM
CUA MOQT LOP BAT PANG THUC BIEN PHAN

NGUYEN BiCH HUY"

TOM TAT

Trong bai bdo ching t6i sit dung phwong phdp bdc t6pé dé nghién ciru mét I6p bt
dang thirc bién phdn va chimg minh rang tdp nghiém cia né la nhanh lién tuc khong bi
chan, xudt phat tir 6.

ABSTRACT
Structure of the solution set for a class of variational inequalities

In the present paper we use the topological degree method to study a class of
variational inequalities and prove that its solution set is an unbounded continuous branch,
emanating from 0.

1. Mé¢ dau

Béc topo 1a mot cong cyu manh va hiru hi¢u dé nghién cliu sy ton tai nghiém va
cAu trac tap nghiém cuia phuong trinh phi tuyén tong quéat. Phuong phap bac topd da
duoc 4p dung cho cac phuong trinh vi phan tir nhitng nam 1930 va dugc cac nha toan
hoc quan tdm nghién ctru dé hoan thién va mé rong cho dén tan ngay nay. Trong khi
d6, phuong phap bac t6po lai chi dugce ap dung cho cac bat dang thirc vi phan kha
mudn, vao nhitng nam 1980 [4,5] va cho dén nay ciing méi chi ing dung cho mot sd
16p twong ddi hep céc bat dang thirc. Viéc hoan thién va mé rong pham vi ung dung
ctia phuong phap béc topd cho cac bat dang thirc vi phan 14 can thiét va hira hen nhiéu
két qua thi vi.

Trong bai bao nay, ching t6i s& ding mot két qua ciia phuong phap béc topod dé
nghién ciru cau trac tap nghiém cua bat dang thirc bién phan sau:

uek, f(A,x,u)e L'(Q), uf(A,x,u)eLl(Q)

) (Au,v—u)ZJ.f(l,x,u)(v—u)dx Vve KNL(Q)

trong d6: Qc Y 14 mién mé, c6 bién tron, Au= diV(|Vu|P_2 Vu),
K= {u eW,P(Q):u> 0} , (A, x,u)=h(A,x,u)—g(x,u),Ae [O,oo) 13 tham sd, h,g la cac
ham Caratheodory. Trong [3] chung t6i di xét (1) khi f khéng phu thudc tham s A,
g,h 1a cac ham ting va da dung mot dinh 1i diém bat dong cua anh xa ting dé chimng
minh bai toan c6 nghiém. O ddy, chung toi s& chi ra rang vi cac gia thiét thich hop thi
tap nghiém cua (1) la nhanh lién tuc, khong bi chan xuat phat tir 6.
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2. Cac khai niém va két qua bo tro
Phwong trinh trong khong gian c6 thir tw
Cho (X,]|.]) 1a khong gian Banach v6i thir ty "<" sinh béi nén K < X. Cho anh

xa F: _xK — K, taxétbai toan tim cdp (1,x)e ,xK sao cho

x=F(4,x) (2)
Taki hiéu S={xeK\{0}:31>0,x=F(4,x)}.
Dinh nghia.

Tanéi S 1a nhanh lién tuc, khong bi chan xuét phat tir & néu voi moi tap ma, bi
chin G chtra 0 thi SN6G khac rong.
Dinh li A [2]

Gid st F: _ xK — K la hoan toan lién tuc va ton tai anh xa tang G: K - K,
ham ¢: ., —> | saocho

F(4,x)>G(p(A).x) V(A,x)e ,xK
hon nita, gia st ton tai phan tir u, € K\{0} vacac s6 duong a,b sao cho:

1) G(tu,) 2 atu, V't €[0,b]

ii) }1_1){10 P(L) =0, }1_13 | G(tu,) ||,= o, trong do ||.]|, 1a mot chuan trén X c6 tinh
chét

[xlhscllx||vxeX; @<x<y=|x|<|lyll

Khi d6 tap nghi¢m § cua phuong trinh (1) 1a nhénh lién tuc khong bi chan xuat
phat tur ‘0. o ] )

Vé mot bat dang thirc bieén phan bo tr¢

Ta xét cac khong gian 17 (Q),W,”(Q) thong thuong véi chuén ki hiéu 1a 111,111l
W, (Q) 1a khong gian lién hop cua W7 (Q) véi %+% =1, Qc " 1a mién bi chin,
¢6 bién tron , p < N. Duéi ddy néu khong noéi rd thém thi ta hiéu tich phén lay trén Q.
Dinh li B [1]

Cho u, e W, (Q), u la dd do Radon duong, % € L'(Q) thda man:

u+heW, " (Q), u, >0, hu, >veL(Q).

Khi d6 hu, € L'(Q), u, € L'(Q, 1) vatacod

<u+h,u0> =Iu0du+jhuodx.
Dinh li C [1]

Gia st K={veW,"(Q):vz0},zeW,"(Q) va g:Qx — la ham

Caratheodory thoa min céac diéu kién sau:
1) g(x,0)=0, g(x,.) 1a ham tang,
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i) V¢ >0 ton tai ham £, € L'(Q) sao cho sup|g(x,u)| <A, (x).

MS[
Khi d6 bai toan
uek, glx,u)eL(Q), ug(x,u)eLl(Q)
ON (u=zv—u)+ [gru)v-u)dr =0 wweKNL'(Q)

¢6 duy nhat nghiém » théa man dang thirc
<Au —z,v—u> + .[g(x,u)udx =0 (4

Hon nita, néu u,u, 1a nghiém cua (3) v6i z thay bdi z,z, thi
ug(x,u,) e L'(Q), u,g(x,u,) e L'(Q) vatacod
(Aul—Auz,ul—u2>+j[g(x,ul)—g(x,u2)](ul—uz)dxs<zl—zz,u1—u2>. (5)

Bi dé 1.

Gid st u langhiém cua (3) va ve K. Khi do tacod

1) <Au —z,(tu —v)+>+jg(x,u)(tu —v)'dx <0, V>0,

2) (Au-z,(tv-u)")+ j g(x,u)(tv—u) dx >0 néu ve(x,u) e L'(Q),

3) <Au —z,v—u> + Ig(x,u)(v—u)dx >0 néu vg(x,u) e L' (Q).

Churng minh:

Ta s€ ap dung dinh 1i C cho u= Au—z+g(x,u), h=-g(x,u) con u, dugc chon
thich hop cho méi trudmg hop.

1) Chon u, =tu—(tu—v)" =min{mu,v| taco

hu, = —g(x,u)min{tu,v} > —g(x,u)tu € L'(Q).

Ap dung dinh i C ta dugc

<Au —z,tu—(tu —v)+>+J.g(x,u)[tu —(tu —v)+]dx >0. (6)

Nhan (4) v6i ¢ 16i trir cho (5) ta 6 dpem.

2) Chon uy=u+(tv—u)" vadat Q ={u>w}, Q, ={u<w} tacd hu,=—g(x,u)u
trén Q,, hu, =—g(x,u)tv trén Q,. Do d6 hu, 16n hon mot ham thude L'(Q). Ap dung
dinh 1i B ta co

<Au—z,u+(tv—u)+>+Ig(x,u)[u+(tv—u)+}dxZ 0.

Két hop v6i (4) ta c6 dpem.
3) Chon u, =v vali luan tuong tu hai truong hop trén.

Bo dé 2.
1) Gidstr z, <z, va u,,u, la nghiém cta (3) voi z thay bang z,,z,. Khi d6 u, <u,.
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2) Gia sir cac ham g,,g,:Qx —  ¢6 cac tinh chat nhu ham g néi trong dinh
li Cva g (x,u)>g,(x,u) V(x,u) e Qx . Goi u, la nghiém cua (3) véi g thay bang g
thitaco u, <u,.
Chung mznh o

1) Ap dungbo dé 1 tacod

(A, =z, =10,)" ) + [ e, oty —u,) " dx <0,

<Au2 —z,,(u, —uz)+>JrJ.g(x,uz)(u1 —u,) dx2>0.

Tu day ta co

<Au1 — Au,, (u, _“2)+>+ I [g(x’ul)_g(xauz)] (u, _uz)dx+<zz -z, (u, _”2)+> <0, (7)

Q

trong 46 Q ={u,>u,}. Cac sb hang tht 2 va th 3 trong (7) khong am nén
<Au1 - Au,,(u, —u2)+>s 0. Do d6 (1, —u,)" =0 hay u, <u, hkn.

2) Ap dungbo de 1 tacod

<Au1 —z,(u, —u,)" > + .[gl (x,u,)(u, —u,) dx <0,

<Au2 —z,(u, —u2)+>+J.g2(x,u2)(ul —u,) dx2>0.

Do do

<Au1 —Au,, (u, —u2)+>+ I [gl(x,ul)—gz(x,uz)] (u, —u,)dx <0,

Q

voi Q ={u, >u,}. Trén Q, ta c6 g (x,u)> g (x,u,)>g,(x,u,) nén ta suy ra
(Au, = Au,, (u, —u,)") <0 va do d6 u, <u, hkn.
Bé dé 3.

Goi P la 4nh xa dit twong tng ze W " (Q) véi nghiém u cua (3). Thé thi P 1a
anh xa tir L7 (Q) vao W,"(Q) va ¢ cac tinh chat sau:

1) P laanh xa ting, nghia la néu z, <z, thi P(z,)< P(z,)

2) Néu M 1a tap bi chan thi P(M) 1a tap bi chan.

3) P laanh xa lién tuc néu p =2 hoac g thoa man thém diéu kién

g(x,u)<a(x)+bu’, (8)

v6i a(x) e L7 (Q) va f< p*-1.
Churng minh:

Tacoé W7 (Q)c I’ (Q) nén L7(Q)c W7 (Q).

1) Suy ra tir bo dé 2. o

2) Dat u=P(z). Do ug(x,u)>0 nén tir (4) va bat dang thirc Holder ta co:

lullf, = (Ausu) <l 2 ey < Collaelly, N2 ey -
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Tir day ta c6 diéu khang dinh.
3) Khi p>2taco
C.IP(z)—P(z,) |’ < <A(P(Z1)) —A(P(Zz)),P(Zl)—P(ZZ».
Str dung (5) va chll y g(x,u) 12 ham ting theo bién u, ta cd
|| P(Z1)_P(Zz) ||pS C. || P(Zl)_P(Zz) || . || 2171, ||(p*)’7
diéu nay ching minh tinh lién tuc cua P.
Bay gid ta xét truong hop ham g thoa man (8). Bé chimg minh P lién tyc tai

diém z ta chi can ching minh néu limz, = z trong 1" (Q) thi diy u, = P(z,) c6 day
con hdi tu v& u=P(z) trong W,”(Q). Thét vay, ddy {u,} bi chin trong ¥,”(Q) nén
c6 ddy con ma ta van ki hiéu 1a {u,} sao cho:

u, —>u yéu trong W,””(Q) va hkn,

u, > u trong L' vo1 y < p*.

Chon y = B.(p*) thido f<p*—1tacod y<p*. Tu (8) va dinh li Krasnoselskii
vé tinh lién tuc ctia 4nh xa Nemyskii u — g(x,u) ta co

lim g(x,u,) = g(x,u) trong L7 va wr', 9)

Taco

(e, 1177 =177 (et =M ]]) < ( A, = Auyu, =)

=<Aun -z,,U, —u>+<zn,u” —u>—<Au,un —u>

< —J.g(x,un)(un —u)dx+<zn,un —u>—<Au,un —u>. (10)

Trong (10) ta c¢6 lim j gx,u)u, —u)dx=0 do (9) va u —u yéu,

n—o0

lim(Au,u, —u)=0, lim(z,,u, —u)=lim((z, —z,u, —u)+(z,u, —u)) =0. Do d6 tir (10)
ta c6 lim||u, ||=|u||. Két hop v&i u, —»u yéu va W’ 1a khong gian 16i déu ta c6

limu, =u trong W,*”. Ta con phai chimg minh u = P(z). That vy, ta c6

n—>0

(Au, —Zn,v—un>+jg(x,un)(v—un)dx20 YveKNL". (11)
Do u, —>u trong W,””, Au,—z, — Au—z trong W ™" nén

lim(Aun —zn,v—un>=<Au—z,v—u> Vve KNL",

con tur (9) ta dugc
limfg(x, u,)(v—u,)dx = Ig(x, u)v—-u)dx VYveKL".

n—»0

Do d6 qua gi61 han trong (1) ta ¢6 (3 hay u = P(z).
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3. Két qua chinh

Ta tr& lai xét bai toan (1). Ta dit cac gia thiét sau day lén cac ham
h(A,x,u), g(x,u)

(H1) Him x A(A,x,u) do dugc V(A,u)e ,x ., ham (4,u)— h(A,x,u) lién
tuc véi moi x e Q va tdn tai ham m(x) e L'(Q), cac s6 a,a >0 sao cho:

Am(x)u® <h(A,x,u) < l[m(x)u“ + a};
hon nita, ton tai tap mo Q' c Q, s6 m, >0 sao cho:

m(x)>m, Vxe Q).

(H2) Ham g:Qx thoa diéu kién Caratheodory, g(x,0)=0, ting theo bién
u va ton tai cac sd duong S,b,,b, sao cho:

-

bu’ < g(x,u)<bu’ V(x,u)eQx

(py <40+B)
qga+1+p '
Dinh Ii.

(H3) a<B<p-1,

Néu cac gia thiét (H1), (H2) va (H3) duoc thoa man thi tip nghiém cua (1) 1a
nhanh lién tuc, khong bi chan, Xuét phat tur 6.

Churng minh:

Buée 1. Pua bai toan (1) vé phuong trinh dang (2).

C6 dinh u € K, ta xét bai toan tim ham w thoa man

weK,g(x,w)eL',wg(x,w)e L,
12
<Aw—h(/l,x,u),v—w>+Ig(x,w)(v—w)dxZO Vve KNL". a2)

Viuel” <L nén m(x)u” el voi t= M Do d6 tir cac diéu kién (H1),
qa+1+p
(H3) ta c6 h(A,x,u)e L?” c W™ Ti gia thiét (H2) ta thdy ham g théa man cac diéu
kién cua dinh 1i C, do d6 (12) c6 duy nhat nghiém w = PoN(A,u), trong d6 P 1a 4nh xa
noi trong bd d& 3 va N(A,u) 1a anh xa Nemyskii twong tng véi ham A(A,x,u) nghia la
N, u)(x) = (A, x,u(x)). D& théy rﬁng, u la nghiém cua (1) khi va chi khi ta c6
u=PoN(A,u). 13)
Nhu da chi ra & trén, 4nh xa Nemyskii N tac dong tr _ xL™* vao L nén
theo dinh 1i Krasnoselskii n6 lién tuc. Vi 1+ 8 < p* nén phép nhang W,” — L’ 1a
compic. Tir ddy va bo dé 3 ta suy ra anh xa PoN : W,"” — W” 1a hoan toan lién tuc.

Buoc 2. Chimng minh tap nghiém cta (13) 1a nhéanh lién tuc nho dinh 1i A.
Goi u = B(z) lala nghiém cua bai toan
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ueKufel,

(Au—z,v—u>+.|.b2uﬂ(v—u)dx2 0 VveKNL”
thi do diéu kién (H2) va bd d& 2 ta co P(z)>P(z). Pat N,(u)="b.m(x)u",
G(u)=PoN,(u) tacd G la anh xa tang va

PoN(A,u) > Po(AN,(u)) > PoN,(A"“u) = G(1""u).

Goi u, 1a vecto riéng twong (mg véi gia tri riéng dau cia bai toan —Au= Au?™!
trong Q', u=0 trén 8Q va u, =cu, trén Q', u, =0 trén Q\Q'. Thé thi khi ¢ >0 du
nho ta c6 theo [3]

(Auy,p) < J.m(x)u(‘j‘go dc Yo=0,peW,”. (14)

Ta s€ chung minh G(fu,) > tu, khi >0 du nho. That vay, theo dinh nghia cua
G(tu,) vabd dé 1 ta co

(A(G(tuy)) = Bm(x).(tuy ) (1, = G(tuy))" ) > j by(G(tuy))’ (tu, — G(tu,)) dx>0.  (15)
Tur (14) va (15) ta duogc

(A(tuy) - AG(tuy)). (tu, - G(tu,)) )+

j [ Bim(x)(tuy)* =" m(xyug —by(Geuy)) |(tuy = Gty ))dx <0, (16)

Q
trong 6 Q, ={m, > G(tu,)}. Goi f la ham trong déu tich phéan clia bat dang thirc trén.
Trong Q,\Q, tacd f =b,(G(tuy))™” >0, con trén Q, NQ, ta co
2 [ bm(x)(tuy)* =" m(x)ug b, (tuy)” ] (tu, — G(tuy))
= (tu)* [ m(x)(b, =" ) = by ()" |(tu, — G(tuy))
= (tuy)* [ my (b, —t77) = b, (tu, )P~ | (tu, — G(tuy)
Do u, lahambichinva a << p—1tasuyra f >0 trén Q (1Q, khi ¢ du nho.
Do vay tur (16) ta co
(A(tuy) - A(G(tuy)). (tu, - G(tu,)) ) <0
va do vay (tu,—G(tu,))" =0 hay G(tu,)>tu, hkn.
Tiép theo ta chimg minh }gg | G(tuy) || = oo. Pé c6 diéu nay ta s& chimg minh
G(tu ) = ' G(u,) v6i r:il,zn

That vay, do dinh nghia ctia G va bd dé 1 ta co
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(A(G(ary)) —Bm(ee)(tuy)" (¢ Glaty) = Gty ))*) + [ B, (Gley ) (¢ Glaty) = Gty ) ke 20, (16)

(AG(uy)) ~ ym(x)au ) (1" Glty) ~ Gty )Y )+ [ b,(Glau ) (1" Gluy) ~ Glewy)) de 0. (17)

1

Nhan (17) v6i * rdi trir (16) va chu § ring t4(u) = A" u) ta duge
(A Gty )~ AGtu ), (¢ Glatg) ~ Gl ) )+ [ B[ £ (G’ ~(Gltwy))" (¢ Glaty) = Gl ) e <O,

trong d6 Q, ={t'G(u,) 2 G(tu,)} . Trén Q, tacé
t*(Guy)’ —(G(tuy))’ =t*(Gu,)’ -t (Gu,)’ =0
vi rff <a. Vay tadugc
(A(F Guy)) ~ A(G(tuy)). (" G(uy) - Gltuy)) ") <0,
Do vay, G(tu,)>t"G(u,) hkn.
Nhu vay céc diéu kién ciia dinh 1i A dwoc nghiém dung véi |||, =] || - Tasuyra

tap nghiém cua (13) va do d6 tdp nghiém cua (1) 13 nhanh lién tuc khong bi chin, xuat
phat tir 6. Pinh li dugc ching minh day du.
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