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Tap chi KHOA HOC BHSP TP HCM Lé Vian Hoang va tgk

MO RONG PON CUC DIRAC VA YANG
CHO KHONG GIAN 9 CHIEU

LE VAN HOANG', NGUYEN THANH SON™

TOM TAT
Sir dung phép bién doi Hurwitz mé réng ching t6i tim ra moi lién hé twong dwong
gitta dao dong tr diéu hoa 16 chiéu va nguyén tir dong dang hydro 9 chiéu trong truong
dinh chudn SO(8). Dia trén phdt hién nay, ching t6i ¢é cich don gidn dé xdy dung mot
don cuec trong khong gian 9 chiéu, chinh la mé rong ciia don cuc Dirac (1931) cho khéng
gian 3 chiéu ciing nhw ciia don cuee Yang (1978) cho khéong gian 5 chiéu.
ABSTRACT
Generalization of Dirac and Yang monopoles for 9-dimension space
Using the generalized Hurwitz transformation, we find an equivalent correlation
between a 16-dimension harmonic oscillator and a 9-dimension hydrogen-like atom in the
SO (8) gauge field. Based on this finding, we propose a simple method to establish a
monopole in a 9-dimension space which is really a generalization of Dirac monopole
(1931) for 3-dimension space as well as of Yang monopole (1978) for 5-dimension space.

1. Mé diu [9-10]. Tuy nhién, cho dén nay chua c6

Nam 1978, Yang Chen Ning da mo
rong don cuc tir Dirac cho khong gian 5
chiéu qua mo hinh tuong tac gilra truong
dinh chuan SU(2) v6i hat c6 isospin [10].
Tinh chét co ban cua truong don cuc
SU(2) 1a (1) thong lugng qua mot mat kin
trong khong gian 5 chiéu chtra don cyc 1a
khac khong; (ii) truong c6 ddi ximg cau
O(5). Mot hat don cuc nhu vay déng thoi
co6 dién tich nguoi ta goi la don cuc
Yang-Coulomb, dugc nghién cuu tuong
d61 nhiéu [6-8].

T két qua cua Yang, viéc xay
dung don cyc tir cho khong gian nhiéu
chiéu khéc 1a mot nhu cau ty nhién va da
duoc tién hanh trong mot s6 cong trinh
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két qua nao thao luan vé viéc mo rong
don cuc tir theo 16-gic cuia Yang khi phat
trién tir don cuc tr Dirac 3 chidu lén
khong gian 5 chiéu. O diy, mot tinh chat
rdt quan trong cia don cyc Dirac ciing
nhu Yang 1a khi két hop véi dién tich nd
khong pha v& cac tinh chét ddi xtng cia
bai toan Coulomb. Cu thé nhu su cb mit
cia don cuc Dirac khong lam thay dbi
dbi xtmg O(4) va van ton tai mot bét bién
1a véc-to Runge-Lenz ciing nhu ddi xtmg
dong luc SO(4,2) [2]. Tuong ty nhu vay
véi don cyc Yang thi bai toan Coulomb 5
chiéu van bao toan déi xtimg O(6) [6], dbi
xtng dong luc SO(6,2) [8]. Chung ta s€
goi mot don cuc la mo rong tryc tiép cua
don cuc Dirac va don cuc Yang néu nhu
n6 ¢6 nhirng tinh chat twong ty nhu vay.
Trong cong trinh [3], ching t61 da
mé rong phép bién d6éi Hurwitz va dya
vao d6 dé xay dung mdi lién hé giira bai
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toan dao dong tir 16 chiéu véi bai toan
Coulomb 9 chiéu véi sy c6 mit mot
truong dinh chuan twong tac voi hat co
cac tinh chit dugc dic trung bang mot
dai s6 kin bao gdm 28 vi tir. Piéu nay goi
y cho mot cach khai quat hoa don cuc
Yang 1én khong gian 9 chiéu tr mot
huéng tiép cén hoan toan mai lién quan
dén mdi lién hé gitra dao dong tr diéu
hoa n chiéu va bai toan Coulomb N
chiéu. Cho dén nay mbi lién hé nay dugc
xdy dung cho cac truong hop sb chiéu
n—> N nhusau: 2—>2,3—>4,5—>8va
916 [4]. Mot tinh chat rat quan trong
cia mbi lién hé nay l1a khi bai toan
Coulomb duogc thém don cuc tir thi mbi
lién hé voi dao dong tir diéu hoa van ton
tai. Trong truong hop 3—>4 ta cd don
cuc tu Dirac [5], con trong truong hop
5—8 d6 la don cuc Yang [6-8]. Cau hdi
dat ra la don cuc nao cho truong hgp
9 — 16 khi thém vao bai toan Coulomb 9
chiéu ma van khong pha v& mbi lién hé
v6i dao dong tir diéu hoa 16 chiéu?
Trong cong trinh nay, tra 161 cho
cau hoi trén mot cach tron ven, ching toi
xday dung don cuc trong khong gian 9
chiéu theo mé hinh dai s6 SO(8) sao cho
bai toan Coulomb véi su ¢ mat cia don
cuc nay tré thanh dao dong tir diéu hoa
16 chiéu qua phép bién d6i Hurwirz mo
rong [3]. O day tir 9 chiéu sang bai toan
16 chiéu c6 xuét hién 7 chiéu khong gian
moi trong cac biéu thirc twdng minh cia
28 vi tir cua dai s6 SO(8). Cac bién sd
mdi nay dugc dua vao thong qua phép
bién d6i Hurwitz mo rong. Nhu vdy don
cuc dugc xay dung tuong minh nay céd

thé xem 13 mot dang m& rong cua don

cuc tu Dirac cling nhu don cyc Yang:

Dimension :3=2"+1— Dirac monopole
:5=2%+1— SU(2) Yang monopole
:9=2"+1-S0(8) monapole

2. Phép bién ddi Hurwitz mé rong

Trong phan nay ching t6i s& viét lai
phép bién d6i Hurwitz mé rong, duogc
cong bd trong cong trinh [3], dong thoi
dua ra mot s6 cong thuc méi, tudng
minh, thuan loi cho viéc st dung trong
cac tinh toan tiép theo trong cong trinh
nay.

Phép bién ddi binh phuong cho
truong hop bién doi giita khong gian 9
chiéu (x,x,,..,x,) va khong gian 16
chidu (u,uy,...,ug,v,,v,,...,v,) Xay dung
dau tién trong cong trinh [4] sao cho diéu
kién Euler:

FENX, SUU AV, (1
duoc thoa man. Méi day trong cong trinh
[3] phép bién d6i nay duoc dua ra dudi
dang tuong minh nhu sau:

x, =2, ), uy, 2
Xy =UU —V.V,.

O day, cac ma tran ', c6 dang:

r [P0 p _[pam 0]
0p 0 PBoa,
[a3 0} {Oh 0 }
F} = 5 1—‘4 = D
0 a, 0 -
0 — 0 =
2 ) o 2 )
i, 0 iy, 0

et o
poy 0 o 0
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, 10 0o, | .. ,

trong d6 B = , o, = la cac
0-1 o, 0
ma tran Dirac; o, 1a cdc ma tran Pauli.
Trong biéu thuc (2) va tiép theo trong
suot cong trinh nay, sy 1ap lai cac chi so
c6 nghia la lay tong theo toan mién thay
ddi cua no: s,t=1,2,....8. O day, céc chi
s6 cuia bién sb x, dugc ky hiéu theo mau
tw Hy Lap s€ co gid tri: 1=1,2,...,9. Tuy
nhién, trong mot s6 truong hop ta s& can
tach riéng bién s x,, khi d6 cac bién sb
con lai ¢ chi sb ky hiéu theo chitr La-tin
x;, j=12,..8.

Céac ma tran ', hodc la dbi xung
hoac phan dbi xtmg, cu thé tacé T} =T,
v6oi k=1,3,4,7,8 trong khi I'; =-T', v6i
k=256 (ky hitu mi T dé chi phép
chuyén vi ma tran). Ngoai ra né con thoa
mén tinh chét sau :

r'r,+T'r, =25,1, 4)
véi 0, la cac ky hiéu delta Kroneker.
Diéu nay c6 nghia 14 tich bat ky hai ma
tran (3) nao khac nhau déu 1a ma trén
phan doi xtimg.

Trong cong trinh [3], lan dau tién
phép bién doi Hurwitz m¢ rong dugc xay
dung dudi dang (2) va ngoai ra con dinh
nghia thém 7 bién sb phu ¢,.4,.45,
a,,a,,a;,a,. Tiu diy phép bién doi
nguoc da duoc xay dung dudi dang
tuong minh nhu sau :

=\/”2"" b (dar),

xj ~
v, =mh’sj(¢a)- (%)

O day cac ham sb b (o) chi phy thudce
vao cac bién s goc:

b, =cos(¢,/2)cos(¢, / 2)cos e, ,

b, =cos(¢, /2)cos(¢, /2)sine,,

by =cos(¢, /2)sin(¢, / 2)cosa, ,

b, =cos(¢, /2)sin(¢, / 2)sina,,

by =sin(¢, / 2)cos(¢, / 2)cosa;,

b, =sin(¢, / 2)cos(¢, / 2)sina;,

b, =sin(¢, / 2)sin(¢, / 2)cosa,,

b, =sin(¢, / 2)sin(¢, / 2)sine,.

Cac yéu t6 ma tran [—NI_/.S (pax) cling
chi phu thudc vao bién sb goc nhu vy va
c6 thé biéu dién qua b (¢cr) . Dang tuong
minh cia ma tran H(¢a) dugc dua ra
trong [3] c6 dang ciia ma tran Hurwitz,
chat:  det H(¢a)=1,
H' :I:{’l. Tinh chét nay cung véi cong
thirc bién doi nguogc (5) cl}o phép ta tinh
toan ‘[huél}l lgi trong cac phan sau.

3. ‘ Thé don cwc trong khong gian 9
chiéu o ')

Str dung phép bién doi (5) ta co thé
chung minh cong thic sau:

v&él  cac tinh

o (
= }"(—iai - I;ik (r)Q/g/ (¢O£)]
X .

J

trong do: 4, = #ﬁr%) . (7)

Cac toan tur Qk/ chi phu thudc vao bién s
goc (pp), dang tuong minh co thé dé
dang thu nhan dugc trong cong trinh [3].
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H¢ céc toan tr Q,g 1a phan d6i xtmg theo
chi sd (jk), va cb tat ca 28 toan tu.
Chung tao thanh mot dai s6 kin SO(8)
theo cac hé thuc giao hoan sau:
0,0, 18,0, -6,0,+i8,0,,~i8,0,, (8)
Bay gio chung ta quay lai voi cac
toan tir (6). Néu khong tinh thira s6 r thi
vé phai chinh 1a cac toan tir xung lugng
trong khong gian thyc 9 chiéu:

. .0 = A
;= a_ - Ak (r)ij (¢O{) >
Y
. 0
Ty =—1—. 9
9 1 o, )
Xét thanh phan twong tac 4, (r)QAkj (gcx)
trong biéu thirc xung luong (9) ta thiy co
tat ca 7 toan tir SO(8). Diéu nay goi ¥ cho
ta dinh nghia mot bo bay cac thé véc-to
nhu sau:

(10)

Khi d6 toan tir xung lugng trong

khong gian 9 chiéu c6 thé viét lai dudi
dang:

. .0
77.']- = —lg—lja (¢a)Aa](r) .

J

(11)

Trong biéu thirc (11), chung ta c6 dau ~
trén chi s6 j dé chi rang khong co lay

tong theo chi sO nay, con cac toan tu

[,($a)véi chi sb  a=12..,7 va

j=12,..,8 van chinh 1a cac cac toan tur
Q,q v6i cac ddu + khac nhau. Dang cu
thé cua /,(ga)cd thé tim thay trong
cong trinh trudc day cua chung t6i [3].
Quay lai voi bo bay cac thé véc to
(10) ta d& dang kiém tra céc tinh chat sau:
r—X
x, 4, =0, A, A, =6, ——>—
2k a4k, g2 (r+x9)
(12)
hoan toan twong tur tinh chét ciia thé véc-
to don cuc tr Dirac trong khong gian 3
chiéu:

1
A =———(x,x,0), x,4, =0,
3 2r(r+x3)( 2>%,0), X, 4,
r—x
A4, =——. 13
A 4r*(r+x;) (13)
cling nhu tinh chét ctia bo ba thé véc-to
don cuc Yang SU(2):
1
A, =—(-x,,x,x,,—x,,0) ,
1,4 2}"(}"—x5)( 2 1 4 3 )
1
= —(x,%,,—X ,—X,,0),
AZ,/I 27’(1”—)65)( 39 1 2 )
1
= Xy ™5,%, 90 s 14
4, 2r(r—x5)(4 %,%,%,0),  (14)
cho khong gian 5 chiéu:
r—X;
X, 4, =0, 4,4,
R 4y (r+x )
(15)

Nhu vay, ta vira xay dung mét dang
thé véc-to theo mé hinh SO(8) cho khong
gian 9 chiéu 1a mo rong truc tiép cua thé
don cuc Dirac cho khong gian 3 chiéu va
thé don cuc Yang theo mo hinh SU(2)
cho khong gian 5 chiéu. Trong phan tiép
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theo sau ta s& xy dung mdi lién hé giira
bai toan dao dong tir diéu hoa 16 chiéu
v6i nguyén tir hydro 9 chiéu véi sy co
mat cua don cyc SO(8). Su tdn tai cia
mdi lién hé nay ciing 1a mot biéu hién cia
su khai quat hoa tir don cuc Dirac, don
cuc Yang lén don cyc SO(8).

4.  Moi lién hé giira dao dong tir diéu
hoa va nguyén tir hydro 9 chiéu véi sy
c6 mat cia don cuc SO(8)

Xét dao dong tir diéu hoa trong
khong gian 16 chiéu thuc (uv), phuong
trinh Schrodinger ctia né dwogc viét nhu
sau:

{—1 [% %}—5 @ (U, +vy )}‘P(u V)

=ZVu,v)
(16)
Trong d6 w,Z la cac s6 thuc
duong, ¢6 ¥ nghia lan luot 1a tan sé goc
va nang luong ciia dao dong tir diéu hoa.
Bay gio ching ta s& chuyén phuong trinh
trén vé khong gian 9 chiéu Xy Xy yees Xy
bang phép bién ddi Hurwitz mé rong (2),
trong d6 7 chiéu du ra s& biéu dién bang
cac goc ¢,.¢,.45,0,,a,,0,,a,. Phuong

trinh thu duoc nhu sau:
1. . 1 - VA

{_”/1 7, +_[2(¢(P)__}W(rs¢a)
2 2r r

=Ey(r,¢a)
trong d6 7, voi cac chi sb chay tir 1 dén

, (17)

9 chinh 14 to4dn tor xung lugng coé dang
nhu cong thuc (9) va (11); toan tuo
I (go) = I}alm giao hoan véi tit ca cac

1

toan tir / E——Ew

Ja’

H¢ vat 1y mo6 ta bdi phuong trinh
(17) chinh 1 nguyén tir ddng dang hydro
trong khong gian 9 chiéu véi sy c6 mit
ciia don cuc SO(8) véi biéu thirc tuong
minh (10). O diy Z déng vai tro 1a dién
tich hat nhan, trong khi £ la nang lugng
trong ving lién két (luén ludn am). Trong
truong hop ham song khong phu thudc
vao cac bién s6 goc ma chi phu thudc vao
9 bién s khéng gian x,,x,,...,x, thi (17)
la phuong trinh Schrodinger cho nguyén
tir hydro 9 chiéu. Trudng hop tong quat
khi ham séng con phu thudc vao 7 bién
SO goc ¢,,0,.05, ta co
truong hop xudt hién tuong tic voi thé
don cuc SO(8). Ta thiy 7 bién sd phu
dung dé mo ta nhiing tinh chat ndi tai ctia
hat biéu dién qua 28 vi tir cia dai sb
SO(8). Bai toan nay con c6 tén goi la bai
toan MIC-Kepler va la mot trong cac bai
toan co ban duoc nghién ctru nhiéu cho
truong hop khong gian 3 chiéu va 5
chiéu. Bai toan MIC-Kepler 9 chiéu véi
mo hinh SO(8) 1an dau tién dua ra trong
cong trinh nay.
5.  Két luin va hwéng phat trién

Nhu vay, chung t6i dd phat trién
phép bién d6i Hurwitz mé rong voi mot
s6 cong thirc twong minh thuan loi trong
tinh todn giai tich. Trén co s¢ do, trong
cong trinh nay lan dau tién dua ra mdi
lién hé giita dao dong tir diéu hoa 16
chiéu véi bai toan nguyén tir hydro 9
chiéu vé6i su co mat caa don cuc SO(8).
Xét don cuc Dirac va don cuc Yang
trong cac mdi lién hé twong ty gitta dao
dong tr diéu hoa v6i nguyén tir hydro
voi sy ¢6 mat cua cac don cuc nay,
chung ta thdy don cuc SO(8) trong

a,0,,0,,0,
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khéng gian 9 chiéu chinh 1a sy mo rong  xdy dung bat bién twong tu véc-to
cua don cyc tor Dirac va don cuc SU(2)  Runge-Lenz.

cia Yang. Trong cong trinh tiép theo, Chung t6i cam on Quy Nghién cilru
chung t6i s€ chung minh doi xtng dong  Khoa hoc Cong ngh¢ cua Bo Gido duc va
hoc SO(10,2) cho bai toan dang xét va  Pao tao da tai tro cho cong trinh nay.

10.
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