Created by Simpo PDF Creator Pro (unregistered version)
http://www.simpopdf.com

Tap chi KHOA HOC BHSP TP HCM 86 24 nim 2010

NGHIEM MANH CUA PHUONG TRINH VI TiCH PHAN
VOI POI SO LECH

LE HOAN HOA *, NGUYEN NGOC TRONG , LE THI KIM ANH™

TOM TAT
Trong bai bdo nay, chung toi nghién cuu sw ton tai nghiém manh cua mot dang
phwong trinh vi tich phan voi doi so léch. Cong cu s dung la dinh ly diem bat dong cua
toan tir U + C, trong do U la toan tu Hoa-Schmitt co va C la todan tir compact.

ABSTRACT
The strong solution of the retarded integro-differential equation

In this paper, we study the existence of a strong solution of one form of retarded
integro-differential equation by using The fixed point Theorem of the operator U + C,
whereas U is a Hoa-Schmitt operator and C is a compact operator.

1. Cac két qua dwoc sir dung
Cho X 1a khong gian 16i dia phuong va P 13 mot ho nira chuan tach trén X, D
lamottdp concua X va U:D — X .Véibatky a € X, tadinh nghia
U,:D— X boi U, (x)=U(x)+a.
Toantor U : D — X dugc goi la Hoa-Schmitt co trén tdp con 2 cia X néu
1) Véibatky aeQ:U, (D)< D.

2) Véi bat ky aeQ va peP, ton tai k, € véi tinh chatVe >0,3re ~ va
35 >0 sao cho Vx,y e D théa a’ (x,y) <& +5 thi af(U;(x),U’(y))<g.

a

(a2 (x,3) =max{ p(UL(x)=UL () 11,/ =002,k 5 ={0.1,2,005 " ={1,2,..}]
Dinh Iy L[1]

Cho X 1a khong gian 16i dia phuwong day du theo diy véi ho nira chuan tach P
vagiasu U,C latoan tir trén X sao cho

1) U la Hoa-Schmitt co trén X .
ii) Véibatky p e P,3k, 20 (k, phy thugc vao p)sao cho:

p(U(x)—U(y))Skpp(x—y) Vx,yeX.

;PGS TS, Khoa Toan — Tin hoc Trwong Pai hoc Sw pham TP HCM
_Hoc vién Cao hoc Truc‘)’ng DPai hoc Sw pham TP HCM
ThS, Trwdng Pai hoc Tien Giang
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iii) Ton tai X, € X voi tinh chit: Vpe P,3re ~ vadl e[O,l) (r,A phu thudc
vao p) sao cho p(U;O (x) U, (y)) < ﬂ,p(x—y); Vx,ye X.

iv) C la anh xa compact va p(C(A)) <o voi ACX,p(A) <.

trong d6 p(A4)= sup{p(x) xe A}.

v) lim r(C(v))
p(x)—>0 p(x)
Khi d6 U +C c6 diém bat dong trén X.
Dinh Iy 2. 2]
Ky higu , =[0,00). Gid sa X, = C(

tuctr | vao £ va 4 latipconcua X.

=0; VxelX,VpeP.

LE ) la khong gian Frechet cac ham lién

Véimdi ne 7, giasa X, = C([O,n] ,E) 12 khong gian Banach gom céc ham sb
lién tyc u:[0,n] — E véi chuan |u|n = sup{‘u(t)‘:te[o,n]} )

bit 4, :{xho’n] X € A} . Khi do taco :

Tap A4 1a compact tuong ddi trong X, ©(Vne *,An dang lién tuc trong X,
va v6i bat ky s €[0,n] thp hop 4, (s)= {x(s) X e An} compact twong dbi trong E )
< (Vne 7, A, dang lién tyc trong X, va tap hop {x(t) :xed, te [O,n]} compact
tuong ddi trong E ).

2. Két qua chinh
Cho r > 0.Taky hi¢u | | 1a chudn ctia khong gian Banach E .
C = C([—r,O],E) v6i chuan | x| = sup{‘x(t)‘:te [—r,O]} .

X,=C ( HE ) la khong gian Frechet cac ham lién tuc tt |, vao E voéi ho nura

chuén{| |n}n duoc dinh nghia nhu sau: |x|n = sup{‘x(t)‘ ite [O,n]} N E
Cho X = C([-r,),E) 1a khong gian céc ham lién tyc tir [—r,o0) vao E .
Véimoi xe X va ¢ >0 dat x, € C. dinh nghia boi
x,(0)=x(t+0),0e[-r,0].
Xét phuong trinh
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X(t) = A(t) x()+ L(t) x, + V(1,x(2)) +jK(t,S,x(s),xs)dS+f(t); t>0. )

0
X=peC, .
Trong d6 {4(¢)} _ 1d ho todn tir tuyén tinh lién tuc tir £ vao E ,{L(r)} laho
toan tir tuyen tinh lién tuc tr C, vao E, f: | — E lién tuc.
Xét phuong trinh (1 ) v6i cac diéu kién sau
1) t+> A(t) lién tuc va ¢+ L(¢) lién tyc.
2Q)V: xE->FE lién tuc va ton tai ham lién tuc o . —> . saocho

; Vx,ye E,Nte .

‘V(t,x) - V(t,y)‘ < a)(t)|x—y
3) K: [0,00)2 x ExC, — E 1a 4nh xa compact sao cho

K(t,.,.,.) :IxAxB — E lién tuc déu theo ¢ trén mdi doan bi chin tuy y ctua
[0,00), véi bat ky céc tap con bi chin 1 <[0,%0), tdp con bj chin A E, thp con bj
chin B < C,, nghia la:

Trén mdi doan bi chan tuy y J cﬁa[O,oo) , véimoi € >0, ton tai & >0, sao cho
v6i moi £,,¢, cing thude J va |t, —1,|< S thi

‘K(tl,s,x,y) —K(tz,s,x,y)‘ <e, ‘v’(s,x,y) elxAxB.

) ‘K(t,s,x,u)‘

Dinh Iy 3. Néu cac diéu kién 1),2),3),4) dugc thoa min thi bai toan (1) voi peC,

=0 déu theo (t,s) trén mdi doan bi chin tiy ¥ clia [0,00)2.

[l >o |x| + |u
cho trude c¢6 nghiém x: [—r,OO) —>FE.
Chirng minh.

bit g: ,xC —>E véi g(t,x) = A(t)x(0)+L(r)x.Vay (1) dugc viét lai 1a

t

x'(t) = g(t,x,) + V(t,x(t)) +IK(t,S,x(s),xs)ds +f(t); t>0.

0
X, = Q.

(1 ) teong duong véi phuong trinh tich phan sau
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t

x(t) = J‘g(s,xs )ds+‘IV(s,x(s))ds+If(s) ds+j;[IK(s,0',x(0) ,xd) dO'st+(p(0); t>0.

0
X, = Q.

Vé6i x € X, hoac X, dat x: [—r,oo) — E dugc dinh nghia nhu sau

()= {x(s) +¢(0)—x(0), s>0.

o(s) , se[-r,0].

Khi d6 x lién tyc trén [—r,o) .

!

Bit H 1 X, — X, voi Hx(r) = [K(6,5.%(s),(¥) |ds, w120,
0 s

Pt U,C: X, — X, xéc dinh boi

t

Ux(t) =;fg(s,(;)s )ds+_(i;V(s,x(s))ds+_:[f(s)ds;Cx(t) = JHx(s)ds +§0(0) .

0
Khidé xe X la diém bat dong ciia U + C néu va chi néu x la nghiém ctua (1) .
Vay van dé tro thanh chimg minh sy ton tai diém béat dong cia U + C .
Ta can cac bo dé sau
Bodé 1. g:[0,0)xC, — E lanh xa lién tuc va

Vne 3k, = sup HA(t)H+ sup HL(t)H thoa
1€]0,n] 1€[0,n]

, Vx,yeC,,Vt e[O,n] .

‘g(t,x) —g(t,y)‘ <k, ||x—y
Chitng minh b6 dé 1.

Str dung gia thiét 7 > A(r) lién tuc va ¢ > L(¢) lién tyc tacd g lién tyc.

Vx,yeC. , Vte [O,n] :‘g(t,x) —g(t,y)‘ = ‘A(t)(x(O) —y(O)) +L(t)(x—y)‘

< sup [4(6) =+ sup [L(0)-be = =, A

Bé dé 2. Vs e[O,n],Vx,y e X, tacod

().,
Chitng minh b6 dé 2 .
Str dung dinh nghia ta c6 ngay bd dé 2.

<2 <2

n

el

X e (;_c)s X

)_c—; 32|x—y X

32|x—yn, s ,
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. s . |Hx
Bode3. H:X,— X, laanh xa compact va ‘1‘1m ||—|”:0.
Xn—>30 x

Chirng minh b6 dé 3 .
Ta chimg minh H : X, — X la anh xa lién tyc.

Liy x, € X, va (x,), < X, ma lim x; = x;.
Khi @6 Bz{xk ok =O,l,2,...} la tap compact trong X, .
bat Gz{;(s) :y€eB,s e[O,n]}Vé Fz{(;) :yeB,se[O,n]}.

Khi d6 G,F 1a cac tdp compact. Ldy &£>0. Do K lién tuc trén tdp compact
[O,n]szxF nén ton tai &8>0  sao choVx,ye G;Vu,ve I’ ma

|x—y|<5,

u—v||<5 thi ‘K(t,s,x,u)—K(t,s,y,v)‘<£;Vs,te[O,n].
n
Ma limx, = x, trong X, nénton tai k, € ~ sao cho Vk >k, :|x—y|n <§.

(%), ~(x),

Vay ‘x_k(s) —x_o(s)‘ < 2|xk —x0|n <0;

‘S 2|xk —x0|n <0;Vs e[O,n].

Do d6 V¢ e[0,n];Vk >k, :

t

‘ka (t) — Hx, (t)‘ < j

0 K(t,s,g(s),(g)s) —K(t,s,x_O(S),(x_o)S)

Suy ra |ka —Hx0|n <ég,Vk2>k,. Vay H lién tuc trén X,.

t
£ &t
ds < —I ds=—=<¢
ny n
Lay Q 14 tap con bi chan ciia X, o- Taphdi chimg to rang Vn €

i) Tap hop 4, = dang lién tuc trén X, .

(Hx)‘[o’n] ixeQ

ii) Vi moi ¢ €[0,n], tap hop 4, (7) :={Hx(t) :er} compact tuong ddi trong E.
biat P ={;(S) xeQ,s e[O,n]}Vé o, 2{(;) xel,s e[O,n]} . Do Q bi chin

nén P.,0, bi chan. ViK 1a anh xa compact nén K([o,n]2 x P Qn) bi chn.

K(t,s,;(s),(x)s)

Vi K (t,.,.,.) lién tuc déu theo ¢ trén [0,n]" x P,xQ, nénVe > 0,35 >0,

Vay ton tai M , >0 sao cho

SMn;Vt,se[O,n],Ver.
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5 <ﬁ,wl,t2 e[0,n]:|s,—1,|< &S thi

n

<Z. WxeQ,Vs e[0,n].
4n

K (5:506).(3) ) =& 035 (5)

Vay Vx e Q, Vi1, €[0,n],t, <t,:|t, =] <5 taco

t

J& (o) (5) s jK(r S5 s
(t s.1(s):(x), s

‘Hx(tl)—Hx(tz)‘ =

]

<

0

K(1:5.%(s),(%) )= K (5. %(5).(%) )

S%+Mﬂ§ <§<€.D0 d6 A, dang lién tuc trén X, .

Pit = E[K([O,n]2 x P, x Qn)} . Do K([O,n]2 x P, x Qn) compact twong dbi
trong khong gian Banach F nén [ 1a tap compact. Ma V¢ e [O,n] (A, (t) ctl.
Do do A4, (t) compact twong d6i trong E véi moi ¢ € [O,n].
Vay theo dinh ly 2 tacd H (Q) la tap compact twong dbi trong X, .

‘K tsxu)‘
Taco lIim ———=

et =0

=0 déu theo (z,5) trén mdi doan bi chin tiy y cla

[0,00)2. Lay £>0,3>0,Vxe E,VueC, ma |x|+||u|| > [ thi

);V(t,s) e[O,n]z.

Do K compact nén ton tai p >0 sao cho Vx € E,Vu € C, ma |x| + ||u|| < B thi

‘K(t,s,x,u)‘ < %(M + ||u

‘K(t,s,x,u)‘ <p, Vt,se [O,n].

), Vt,s€[0,n],VxeEVueC, .

). }zs

Vay ‘K(t,s,x,u)‘ <p +%(|x| +||u

Khi @6 V't e[O n] ta co

|Hx ()| I (tsx ()S)ds

< HP-FE( (s)‘+”(;
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, & & &
Do d6 |Hx| <np +E(4 ):np +Z n+§||(p||.
. np & e|o| {8 }
Vay < +—+—7=".Chon u, > max
T, | T, 4T,
] |Hx |Hx
Khi |x| >, thi Bl 2,882 e Véay lim =0;Vne
" X 8 4 8 2 oo o

n

Bé dé 4. Xét H: X, — X, xac dinh boi Hx(t jK(tsx( ), (x) )ds.

N

Khi d6 H 1a anh xa compact trén khong gian Banach X .
Chitng minh bo dé 4.

Tuong ty chirng minh bé dé 3.
Bodé5. Tacovsimdi ne ~vabitkyze X, tadit

d, =max{w(s):s €0, n]}ve‘lc =2k +d,. Khidé taco

(o)-ul(v), <k )
Chirng minh b6 dé 5 .
Ta ching minh rang

(3)(0) -0 () ()< L o] vje . @)

]l
Ta s€ chirng minh (2) bang quy nap theo ;.

t

Vi j=1.Vi U,(x)(1) =U (x)(0) + 2(0) = g s() Jas

0

+IV(S,x(S))ds+jf(s)ds+z(t); Vt >0 nén Vte[O,n] ta co

(o)) {5)Jor i o)
- ;)S }ds+j).a)(s)‘x(s)_y s
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<2k, |x—y|n jds +dnj‘x(s) —y(s)}ds <2k, |x—y|n jds+dn |x—y|n jds
0 0 0 0

<nc, |x —y|” .

Véy (2) dang véi j=1.Giasir (2) dang véi j 21, tacod

U ()0 -U 2 ()o)< le((0709) - (s(070)

ds

Jvuvﬂmu»4«ug@mm@

-zjww&—@ﬂﬂl

Theo gia thiét quy nap ta co

U (3)(5) -0/ ) (5) = 2 s v o vy e

V6i mdi s €[0,n] va 0 e[-r,0] tacod
(/(x) (0)-(U/(»)) (0)
:{UZ’(x)(s+0)—Uj(y)(s+9)—[Uzj(x)(O)—Uzj(y)(O)], s+0>0.

0 ,s+9€[—r,0].

Véi s+62=20

(U70) (0)-(U70) (o)<

x)(s+0)-U!(y) s+9‘+‘U'i (x) O)—UZ(y)(O)‘

(sc,)

J‘ |x_y|n'

[s+0 [Oc

Hxﬂ

[exoel) .
(do gia thiét quy nap va 0<s+ (9 < s)

(EREDJew{5H$U59ﬂ=OS“jﬁﬂx-ﬂf

Véi s+0<0:
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e . (se,)’
vy [0Z()) -(v70]) | < Sl wsefon] (4)

Két hop (3)Va‘1 (4) ta co

0t

) 0-u o)

Do d6 (2) ding véi j +1. Vay theo quy nap ta cé (2) thda.

(ne,)
]V

Tur d6 \U;’ (x)-U!(y)

e Ta tr¢ lai chiing minh dinh 1y 3

. (ne,)

(nc )'/ _ *
Vi lim~—"-=0néntontai j, € ~ dé
joo gl J!

Vay tir (1) tathdy U thoa cc diéu kién i),ii),iii) ctadinh 1y 1.

<l; Vj=j.

Ta ching minh C lién tuc. Léiy ne “vacddinh n lai.

Ly x, € X, va (xk)k c X, ma ll{imxk =X,.
Khi do B:{xk :k:0,1,2,...} la tap compact trong X, .
Vay Ve >0,36>0:|x—y| <& thi [Hx—Hy| <zi.
n

Do limx, =x, nénton tai k, € ~ sao choVk >k, :|xk —x0|n <90.
k—>0

Vay |ka —Hx0|n <2i. Do do Vit e [O,n] ta co
n

t t
‘ka (¢) —Cxo(t)‘ < .([‘ka (s) —on(s)‘ds < |ka —Hx0|n }[ds < % S% .

Vay |ka —Cx0|n S%< &.Tu dd llci_>r£10|ka —Cx0|n =0,Vne .Vay C lién tuc.
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Léy Q 1atap bi chan ciaX,. Do H 1a 4nh xa compact nén H(Q) bi chin .
Vay ton tai o, >0: |Hx|n <a,;VxeQl.
Do do Vi ,t, € [O,n] 1, 2t,Vx e tacod

< [lne(s s <] (1, —1) < t, (1, 1)

]

THx(s)ds

Vay (C(Q)) dang lién tuc trén X, .

‘Cx(tl)—Cx(tz)‘ =

Ta ¢ H(Q) 1a tdp compact twong ddi nén theo dinh 1y 2 ta c6 tip hop
% ={ xe(H(Q)) ,s€[0 n]} compact tuong déi trong E.
Pit L=co(X,). Taco L 1atap compact trong E .
Taco Vie[0,n]:(C(Q)) (1) ct.L+9(0).
Vi L 1a tap compact nén ¢.L +¢(0) 1a thp compact V7 €[0,n].
Do d6 (C(€2)) (t) compact twong dbi trong £ v&i moi £ €[0,7].

Vay theo dinh ly 2 taco C (Q) 1a tap compact twong ddi trong X, 0

|Cx

‘x -0 |)C|

=0 Vne

|Hx
Taco lim
|, > |x|

=0;, Vne
Liy £ >0,38>0,Vx e X, ma |x|” > [ thi |Hx|n <4i|x|n.
n
Pat ®, ={xe X, :|x|, <} .Khids ®, 1atap bi chan trén X,.
Do H hoan toan lién tyc trén X nénH((Dn) bi chin trong X, .

Do d6 ton tai p >0 sao cho Vx € X, ma |x|n <[ thi |Hx|n <p.

, Vxe X,.Khi d(’)Vte[O,n],VxeXo ta co

3, o+l

Vay |Hx|n < p+%|xn

‘Cx(t)‘SI‘Hx(s)‘ds+‘<p(0)‘S|Hx|njzds+||g0|| <(
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Do d6 |Cx|n <np +£|x|n

VQJC <£B+ +W”

M, 4,

|c

E &€ & &
—+—+—=—<¢
|x|n8482

8np 8le]

Chon p, > max {—,—}
£ £

Khi d6 néu |x| > u thi

|Cx
Vay lim !
AT,

=0 Vne

Ly ne . Tachimgminh véi W < X, ma [IV], <o thi |C(W)| <.
Taco W bi chan trong X . Khi do H(Wn) bi chin trong X, .
Viy ton tai h, >0 sao cho |Hx|n <h,VxeW .Tacod VxeW, Vte [O,n] thi

C(x)(1) < I\Hx(s)pﬁ\q)(o)\ < |, 1+ | (0)] < nhy + [ (0)].

b

Vay ‘C(x)‘” <nh, +‘q0(0)

W)‘n<oo.

Do d6 U, C thoa cac diéu kién ciia dinh 1y 1 nén U + C ¢6 diém bat dong.
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