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NHUNG CHUONG NGAI, KHO KHAN
TRONG DAY HQC KHAI NIEM XAC SUAT

LE TH| HOAI CHAU

TOM TAT
Ciing vé6i Thong ké, Xac sudt la mét trong nhitng ngi dung todn hoc cé tic déng hau
nhw dén moi linh viee cua khoa hoc va cudc séng. Thé nhung, viéc chiém linh khai niém
xdc sudt va sir dung né trong thuwc té luén phai dwong dau véi nhiéu khé khan khdc nhau.
Bai bdo nay phén tich cdc khé khan d6, chi ré nguon goc ciia ching, véi mong muén mang
lai cho cdc nha nghién ciru va gido vién mét s6 yéu té khéng thé khéong tinh dén trong day
hoc xac sudt. Nhitng kho khan do dén tir nhiéu phia: tw chinh dac trung khoa hoc lugn cua
tri thire, tir quan niém cia gido vién va tir quan niém ciia hoc sinh. Két qua trinh bay trong
bai bdo ciing cho phép ta dat ra mét dau héi vé dao tao gido vién ¢ cdc triweong sw pham.
ABSTRACT
Difficulties and obstacles in teaching probability concepts
Together with Statistics, Probability is one of mathematic branches influencing
virtually all areas of science and life. However, mastering probability concept and using it
in reality is always a challenge in various difficult ways. This article analyzes those
difficulties and traces their roots with the aim of making teachers and researchers aware
of indispensible factors in teaching probability. Those difficulties come from various
sources: characteristics of epistemology of knowledge, teachers’ and students’ viewpoints.
The results in the article also raise a question about teacher training quality in training

teachers’ colleges.

Mot sb nghién ciru & nude ngoai da
cho théy viéc day hoc xac suét luon phai
d6i dién véi nhidu chudéng ngai, kho
khan, du & bac hoc nao, ¢ dat nudc nao.
Hoc sinh gap nhiing 1ap ludn theo mot
kiéu la 1dm vi kiéu ho biét tir trude, con
gido vién thi bdi réi vi phan nay khong
“dé chiu” nhu nhitng phan khac cua
chuong trinh.

Céc chudng ngai, kho khan nay co
nhidu ngudn gbc. Chang t6i s& chi rd
dudi day nhiing chudng ngai, khé khan
duoc rat ra tr mot sb nghién ctru tri thuc

" PGS TS, Khoa Toan - Tin hoc Trwong
BPai hoc Sw pham TP HCM

luan va thyc té day hoc ma khuon khd co
han cta bai bao khong cho phép trinh bay
chi tiét.

Trudce khi phan tich cac kho khan,
chuéng ngai ma viéc day hoc xac suét
phai dwong dau, ching toi s& trinh bay
mot sy phan bi¢t hai khai niém kho khdan
va chwong ngai.

Theo Tir dién tiéng Viét, khé khan
la dieu gdy tré ngai cho mét hoat dong
nao dé. Chang han, quan niém xem “tiép
tuyén cua duong tron 1a duong thang co
mot diém chung duy nhat v6i dudng tron
d6” gdy kho khan cho viéc hiéu khdi
niém tiép tuyén cua dudng cong theo
nghia tong quat hon; hay viéc phai tuan
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thii cac rang budc vé thoi gian 1a mot kho
khan trong day hoc nhiing ndi dung phurc
tap.

Thuat nglt chuwong ngai duoc céc
nha nghién ctru didactic st dung theo mot
nghia hep hon: khong phéai moi kho khan
déu duoc xem 1a chudng ngai. Cuy thé,
cac dac trung cua chudng ngai da duoc
Brousseau xac dinh 18 qua nhimng diém
sau:

- Mot chuong ngai 1a mot kién thire,
mdt quan ni€ém chir khong phai 1a mot sy
thiéu kién thirc.

- Kién thiec, quan niém nay tao ra
nhiing cdu tra 161 phu hgp trong mét tinh
hudng nao d6 ma ta thudng hay gap.

- Nhung khi vuot khoi tinh hudng ay
thi n6 sdn sinh ra nhitng cau tra 101 sai.
Pé c6 ciu tra 1oi dung cho mot (hay
nhiing) tinh hudng tong quat hon can c6
su thay doi dang ké trong kién thuc hay
quan niém. Noi cach khac, viéc loai bo
kién thuc, quan ni¢m éy 1a can thiét, 1a
yéu t6 ciu thanh nén tri thirc méi.

- Thé nhung, kién thirc, quan ni¢m
nay lai can tré sy thiét lap mot kién thirc
hoan thién hon.

- Hon thé, ngay ca khi chu thé di y
thire dugc sy khong chinh xac cua kién
thirc hay quan niém 4y, né van tiép tuc
xudt hién dai dang trong nhitng tinh
hudng moi.

Céc chuong ngai dugc Brousseau
(1976) phan loai theo ngudn gbc cua
chung. Chudng ngai sinh ra tir sy chuyén
héa su pham goi 1a chwong ngai suw
pham. Chwong ngai khoa hoc ludn la
chuéng ngai gan lién véi tri thirc, va do
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d6 ma viéc day hoc khong thé tranh khoi,
du v6i cach chuyén hoa su pham nao.

Du¢i day chung t6i s€ phan tich
nhitng chuong ngai, khé khan gdp phai
trong day hoc xac suét & bac trung hoc.

1. Chudéng ngai khoa hgc luin gfm
lién v6i khai niém xdc sudt

e Chuéng ngai dau tién lién quan
dén khai niém ngdu nhién.

Lam viéc voi cac dai luong ngiu
nhién khong phai 1a don gian. Trudc hét
phai thtra nhan sy tdn tai cua ngau nhién.
Thé nhung, lich su toan hoc da cho théy
sy ton tai d6 khong phai 1a hién nhién ddi
v6i moi nguoi. Chang han, Poincare cho
rang:

“Sy ngau nhién thé hién & chd nguoi ta
khong thé noi truée duge diéu gi trong
cac tinh hudng phu thudc rat nhiéu vao
nhitng diéu kién “nhay cam” ban déu,
nghia 1a mot thay doi kho nhan thiy cua
mét diéu kién ban dau co thé gdy nén sy
khac nhau rat 16n trong tinh trang cudi.”
(J-C. Girard, tr. 216)

Laplace ciing c6 cung quan diém:
ngau nhién “chi 12 hé qué cta viéc khong
biét” vé cai ma ching ta quan sat, “ta
phai xem xét tinh trang hién tai ctua thé
gi6é1 nhu 1a hé qua cua tinh trang trudc
day cia n6 va la nguyén nhan cua tinh
trang tiép theo”.

Nguoi ta dd tham do ¥ kién cua mot
s6 sinh vién Phap bang cau hoi:

“Trong sb ba cAu sau, ciu nao tuong

(g voi quan diém cua ban ?

- Ngau nhién chi 1a hé qua cua sy khong
biét ciia chung ta.

- Ngau nhién che ddy ménh 1énh cua than
thanh.
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- Ngau nhién da tao ra thé gidi theo trat tu
ma ta dang nhin thy.”

Hon nira sb sinh vién chon cau thi
nhat. Lap luan cha yéu cua ho 13 “moi cdi
déu phai ¢6 nguyén nhéin cia né”. Non
ntra chon cau thtr ba. Nhiing sinh vién
nay nghi ring sy ngiu nhién thuc su 13 co
ton tai trong nhitng cai gi d6 va nguoi ta
s& khong thé biét hoic tinh toan duoc
moi diéu. Ho d3 nhic dén ly thuyét cua
Mendel, Darwin dé minh hoa cho ¥ kién
cta minh. Chi ¢6 vai nguoi “diing cam”
chon cau thir hai (tham khao J-C. Girard,
tr. 216).

Cac tinh hubng chira tinh ngau
nhién, bép bénh hau nhu rét it xuat hién
& bac Tiéu hoc va Trung hoc co so.
Piéu d6é cang khién cho hoc sinh kho
chép nhan sy ngiu nhién. Ciing vi thé
ma mdt s6 nha nghién ctru cho 13 trude
khi dé cap khai niém Xac suét nén dua
vao vai hoat dong nham chi ra ring co6
nhitng céi khong phai bao gido ciing
chic chén xdy ra va trong moi hi¢n
tuong — xa hoi, vat ly hoc, sinh hoc, di
truyén hoc, ... déu ton tai mot su bién
d6i ngau nhién.

e Chuong ngai thtr hai chinh 1a ban
than khéi niém xdc sudt.

“0 déy ciing thé, trudc hét 1 phai thira

nhan su ton tai cia nd (xac suét).” (J-C.
Girard, tr. 216)

Mé dau cho cudn sach Tinh todn
xdc sudt cia minh xudt ban nam 1908,
Poincare vao chuong thir nhat véi cau:
“Hau nhw nguwoi ta khéng thé dwa ra mot
dinh nghia hodan hdo cho xdc sudt”. Tat
nhién 1a trudc d6 chua c6 dinh nghia theo
tien dé cua Kolmogorov (1933). Thé

nhung, ngay ca vao nam 1970, khi ma
dinh nghia tién dé da duoc Kolmogorov
dua ra, Finetti van viét (bang chit in)
trong 10i d& twa cho cudn sach vé Ly
thuyét xac sudt cua ong rang “KHONG
TON TAI XAC SUAT”.

Hiéu khai niém xac suat khong phai
la dé.

Phai ching xic suat 1a mot phan
ctia nhitng d6i twong vat chat cu thé ma
ngudi ta ¢6 thé cAm ndm? Hién nhién 1a
khong. D6 1a mot khai niém dé giai thich
cho diéu “nhan thirc” hay “tri gidc” dugc.
O day Emile BOREL di luu y ring “phdi
xem xdc sudt twong tu nhu s6 do cdc dai
lwong vdt Iy, nghia la khong bao gio co
thé biét né mét cach chinh xdac ma chi véi
mot sy xdp xi nao do”.

Nhu vay, khong thé nghi mot cach
don gian rang khai niém xac suat ma ta sé
day cho hoc sinh khong can di xa hon
cach tiép can cua dai s6 t6 hop, bao gdm
viée liét ké cac co hoi xuét hién mot bién
¢ ngay sau khi cho rang cac bién cb la
dong kha ning xay ra. Va nhu thé thi
cang khong thé nghi 1a viéc day hoc xéac
suat khong c6 van dé gi.

2. Khé6 khiin cia sw chuyén héa sw
pham: thé khong 15i thoat

Trinh bay khai niém xac suat nhu
thé nao cho hoc sinh phd thoéng ? Duong
nhu cac nha 1ap chuong trinh va tac gia
viét sach gido khoa chua c6 dugc ciu tra
161 thoéa dang. Chung t6i n6i day 1a mot
kho khan chir khong phai 1a chuwong ngai,
vi van dé nam & thé khong 16i thoat trong
viéc chon cach dua khai niém xdc sudt
vao truong phd thong chtr khong phai 1a
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mot kién thire hay quan niém can tré sy
xay dung kién thirc méi & hoc sinh.

e Nhiéu chuong trinh (ching han
cac chuong trinh bac Trung hoc 4p dung
tr nam 1991 & Phap) wu tién cach tiép
can tan sb.

Liéu diéu d6 c6 tu nhién, co thoa
dang khong?

Trude hét, cach tiép can nay chi ap
dung dugc cho nhimg bién c¢b c6 thé lap
lai.

Mit khéc, lam thé nao dé hiéu dugc
nghia ciia “gidi han” trong cach tiép can
nay: né khong phai 1a sy hoi ty thuan tiy
(ctia ddy s6), né co thé khong phai 1a duy
nhit theo nghia c¢6 dién ma hoc sinh di
biét trong Giai tich, va van co thé xay ra
hién tugng sau: voi Nj, N, ..., Ny (kha
16n) phép thir, nguoi ta thiy tan suét dao
dong trong mot lan can ban kinh ¢ cho
trude cua mot gia tri p nao do, nhung khi
thyc hién thém mot sb phép thir nira thi
tan suét lai vuot ra khoi 1an cén nay.

““Cudi cung, dinh nghia iy (ndi lién

gitra tan sut quan sat dugc véi xac suét ly
thuyét) dya trén viéc hiéu mot cach tryc
gic vé luat s6 16n ma mudn chimg minh
thi lai phai dung dinh nghia cta Laplace
vé xé4c sudt. Mot vong tron ludn quan !’
((J-C. Girard, tr. 216)

e Mot dinh nghia khac dya trén
nguyén tic d6i ximg — d6 1a “hinh hoc
ciia sy ngau nhién” — theo cach néi cua
Pascal. Vé&i cach lap luan ddi ximg thi
tung mdt con suc sic 6 mit, mdi mit co
x4c suét xuét hi¢n 1a 1/6.

“Nhung, tiéc ring mot con xic sic

hoan toan can ddi lai khong tn tai, cling
nhu khong ¢ con kién dai 18 mét, khong
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c6 nhitng tam gidc vudng thuc sy. Mat
khac, 1am sao dé biét 1a c6 thé xem rang
con siic sac hoan toan can déi néu nhu
khong thuc hién mot sb 16n lan tung va
quan sat xem c phai 14 tin suat xuét hién
mdi mat déu xap xi véi 1/6 hay khong ?
Lai mot vong luin quan khac.” (J-C.
Girard, tr. 217)

Hai cach tiép can khai niém xac
suat néu trén duoc goi 1a khdch quan theo
nghia nguoi ta gia dinh rang ton tai mot
x4c suét gin lién v6i phép thtr ngdu nhién
va hoan toan ddc 1ap vdi nguodi quan sat.
Nhung diéu nday khoéng phii dé dang
dugc moi nguoi chap nhan.

e D6i véi nhitng nguoi khong thira
nhén sy tOn tai cia xac suét khach quan
thi c6 thé dua ra mot dinh nghia khac, goi
1a xac sudt chu quan: xac suit ciia mot
bién cb 1a s6 do su chic chin ma ta co
khi thuc hi¢n phép tht. Dinh nghia nay
kéo xac suat lai gan voi mot udc luong
ma ngudi ta c6 thé “doan” trude khi thyc
hién phép thir. Va nhu thé thi co thé xéac
dinh x4c sudt cia mot bién cd ma khong
nhit thiét phai chap nhan viéc lap lai
phép thrr.

Ching han, trong Kinh té hoc,
ngudi ta gan cho cac bién sb so cip mot
xac suat tién nghiém rdi dung cac dinh Iy
c¢d dién dé tinh xéac suat cua cac bién cb
khac, tir 46 dua ra quyét dinh trén nhiing
co s dugc xem 1a it bip bénh.

“Phuong phap nay khién ta lién tuong
té1 dinh nghia cia Emil Borel: “muc dich
chinh cta tinh todn xac sudt la tim xac
suat ciia mot bién ¢d phuc tap tiy theo
X4c suat cua nhitng hién twong don gian
hon ma ta gia dinh 1a da biét”.
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Kho khin nim & chd 1a gan s6 ndo cho
xac suit tién nghiém cia cac bién ¢ so
cAp? Dua vao dau?” (J-C. Girard, tr. 218)

e Cach dinh nghia cubi cing - bang
tién dé - cho phép xac dinh mot sb quy
tac toan hoc gian b véi nhau va khong co
mau thuan.

“Luc nay thi ching cin biét x4c suit 1a
gi, ciing khong can biét nd c6 ton tai hay
khong. Giéng nhu ngudi ta khong c6 nhu
cau biét diém 1a gi, c6 ton tai hay khong
khi dwa vao do dé xay dung hinh hoc
Eucilde; hay khong can biét co hay khong
mot tam gidc vudng thuc sy khi chung
minh dinh 1y Pythagore.” (J-C. Girard, tr.
218)

Chi c6 vai y tuong tryc giac ban
dau, con lai 1a mot ly thuyét toan hoc
hinh thrc xay dung theo logic cua toan
hoc. Céach trinh bay nay khong phu hop
v6i hoc sinh pho théng vi qua triru tuong.
3. Chuwéng ngai gin v6i quan niém
cua hgc sinh

e D& dang chip nhan 1a bién cb
trong @ thi co xac sudt xay ra bang 0,
nhung lam sao dé chép nhan 1a mot bién
cd v6i xac sudt bang 0 lai c6 thé xuét
hién?

Mot vi du cho hién tuong nay: néu
mdt bién ngiu nhién lién tuc c6 thé liy
moi gia tri thyc, thi xac suét xuét hién
mdi mot trong cac gia tri nay bang 0, thé
nhung van c6 mot trong cac gia tri xuét
hién trong phép thir ngau nhién !

e Quan niém sai lam tha hai 1a
nguoi ta thuong cé khuynh hudng gan vo
¥ thire mot gia tri kha 16n cho xéac suét
ciia mot bién cb khi hé qua (tich cuc hoac
ti€u cuc) cua viéc nod xuat hién 1a kha

quan trong, chang han nhu xac suét tring
x6 sO hay nguy co cé tai nan may bay
(trong khi theo két qua diéu tra thong ké
thi d6 lai 1a mdt trong nhitng phuong ti¢n
van tai an toan nhét).

e Mot quan niém khac gin lién véi
ban chét cua su ngau nhién. Khi lip lai
cung mot phép thir ngau nhién, nguoi ta
nghi rang mot bién cd di gip nhiéu lan
thi bay gio s& tiép tuc xuat hién, dong
thoi cling muén 1am sao dé tao ra nhing
bién ¢b da tir lau khong thay. Hai quan
niém sai 1am nay vé luat sb 16n hoan toan
mau thuan v&i nhau, nhung ca hai van
dugc nghi dén trong cing mot tinh
hudng. Chang han: khi doan két qua xo
s0, nhiéu ngudi nghi 1a can phai dua vao
nhitng s6 da tir 1au khong tring (vi chung
s& phai xuat hién), dong thoi ca nhing sd
thuong triing trudc do.

e Con cd quan niém sai 1am khac
cho ring mdi bién cb ludn ludn c6 1/2 co
hoi xay ra. Hoc sinh thudng noi: “bao gio
cling c¢6 hai truong hop co thé: bién cb s&
xdy ra hodc khong xay ra”. Khong it
ngudi di dua ra con s6 1/2 khi duge hoi
“xac sudt ngdy mai troi ning 1a bao
nhiéu” voi lap luan rang chi c6 thé 1a
nang hay khong nang.

4. Khé Kkhin gin véi quan niém cia
gido vién

No6i chung la trugc day, trong
truong dai hoc, gido vién da dugc dao tao
vé x4c suét theo quan diém tién dé, mot
cach tiép can khac xa v6i nhiing gi ma ho
can day cho hoc sinh phd thong. Ho cho
ring phan nay cua chwong trinh phd
thong chi doi hoi kién thirc vé& bon phép
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toan va khai niém phan trim — néu cach
tiép can xac suit theo tan sudt duoc wu
tién, hay chi khai thac cac kién thuc cia
dai s6 t6 hop — néu dinh nghia c6 dién
clia xac suat gitr vi tri trung tdm trong
day hoc.

“Mot sb gido vién cho rang khong thé
day xéc sudt mot cach thuc su & trudong
phd thong, vi hoc sinh chua hoc “Ly
thuyét do do”. Nguoi ta da khong tu hoi
lidu co thé day chtirng minh hinh hoc truéc
logic hinh thirc khong, c6 thé day cong sb
nguyén trudc khi biét cac tién dé cua
Piano khong, co thé tinh chu vi cua dudng
tron trudc khi chirng minh tinh siéu viét
cua s6 m khong? Nhirng vi du kiéu nay thi
v0 s0.

Hon nita, gido vién ciling gap kho khin
trong viéc tim nhitng vi du “cu thé” va c6
nguy co bi mét thé dién trude hoc sinh khi
ho lién hé v&i nhitng mén hoc khac ma ho
khong nim vitng nhu toan hoc.” (J-C.
Girard, tr. 221)

Chinh quan niém 4y ctia gido vién
va khoé khan trong viéc tim nhitng vi du
cu thé dang can tr¢ viéc day hoc xac suat
theo diing ban chit cia né. Mot sb gido
vién nghi rang loi ich cua phan x4c suat
nay rat kho chi ra. Ay thé ma, theo J-C.
Girard, kha nang 13p luan theo tu duy
théng ké va xac suit lai 1a mot trong
nhirng biéu hién cua nang luc tri tu¢. That
1a sai 1am khi hoc sinh khong dugc dao
tao vé kha ning nay.

5.  Kh6 khin gin véi van dé mé hinh
héa thue té

Xac suat - Thong ké 1a mot trong
nhitng phan hiém hoi cta toan hoc trong
d6 ngudi ta quan tdm nhiéu dén thuc té.
Trong day hoc, dé hoc sinh hiéu duoc
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nghia cta cac khai ni¢m toan hoc thi can
phai tim mot mo hinh thye té trudc khi di
vao mo hinh toan hoc.

“ Can phai tim mot mo hinh tét nhat dé
ap dung vao thuc té, noi cach khac 1a tim
mdt md hinh cho phép ta nhan thic thuc
té trude khi di vao ap dung toan hoc. Thé
nhung ngudi ta lai khong bao gio chic
rang mot md hinh nao d6 1a thich dang
hay khong. Mdi 1y thuyét chi ap dung
dugc trong mot pham vi xéc dinh (vi thé
ma mdi ¢6 viéc sang tao ra cac Hinh hoc
khac nhau hay Logic mo) va mdt ly
thuyét van dugc xem la tot cho dén tan
khi nguoi ta tim thay diém yéu cia no.”
(J-C. Girard, tr. 222)

Chang han, ta s& gip van dé nay khi
can phai 1am cho hoc sinh hiéu mé hinh
gan v6i thuc nghiém tung hai con suc sic
va nghién ctu téng s6 chdm xuét hién.
Mot sb hoc sinh nghi 1a cac két qua 6 + 5
va 5 + 6 phai dugc xem 1a khac nhau, sb
khac thi lai dong nhéat ching. Su map mo
& day 16n dén ndi hoc sinh co thé nghi
dén 13 co nhiéu thyc té, tiiy theo chd hai
con stic sic cung mau hay khac mau, thé
nhung diéu d6 c6 lam thay d6i téng sb
chiam dau. Nguyén nhan 1a ngudi ta nghi
réng minh dang lam viéc trén thuc té,
nhung thyuc ra thi lai d@ ¢ trong mdt mo
hinh. Nhiéu mé hinh ¢6 thé gan véi thuc
té, nhung chi c6 mdt thuc té thoi. Nhu
thé, ta khong chi 1am viéc véi xac suat
ma con v6i van dé mo hinh hoa.

Pé két luan, chung toi nhéc lai cau
hoi cua J-C. Girard: néu ta gip nhiéu kho
khan dén thé trong day hoc xac sut, phai
ching 1a vi rat kho linh hoi khai niém
ngdu nhién? Phai ching ta dang co
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khuynh huéng danh gia thip nhitng khoé  chiém linh khai niém xac suét can phai
khan lién quan dén quan niém vé sy ngdu  dugc tinh dén khi thiét ké cac tinh hudng
nhién va xac sudt? Bo 1a mot sai 1am. day hoc.

Nhitng chuéng ngai, kho khan cua viéc
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