Tap chi KHOA HOC BHSP TP HCM Sé 21 nam 2010

BAI TOAN DIRICHLET
CHO PHUONG TRINH SONG KIRCHHOFF
PHI TUYEN TRONG KHONG GIAN SOBOLEV CO TRONG

LE THI PHUONG NGOC *, NGUYEN TUAN DUY ~

TOM TAT
Trong bai bao nay, bang mét thudt gidi lap cdp hai, ching téi thiét ldp nghiém yéu
duy nhat cua mét bai toan Dirichlet cho phwong trinh séng Kirchhoff phi tuyén trong
khéng gian Sobolev cé trong. Hon nita, danh gia toc dé héi tu cap hai cua thudt giai ciing

diepe cho. Két qua thu dwoc ¢ ddy twong doi tong qudt hon cdc két qua tiwong iimg trong [2,
11, 14, 20].

ABSTRACT

On a Dirichlet problem for a nonlinear Kirchhoff wave equation in the Sobolev spaces
with weight

In this paper, a second-order iterative scheme is established in order to get a unique
weak solution of a Dirichlet problem for a nonlinear Kirchhoff wave equation in the
Sobolev spaces with weight. What’s more, the evaluation of the second-order convergent
speed of the scheme is given. This result is more relatively generalized than the
corresponding results in [2, 11, 14, 20].

1.  Gioi thiéu

Trong bai b&o nay, ching téi xét bai toan sau:

U —B(lu B)(u. +1u)=f(r,u), 0<r<i 0<t<T,
r
(1.1) | lim Jru (rt)] <+, u(,t)=0,

u(r,0) = Gy (r), u,(r,0) =0y (r),

trong d6 cac ham s B, f,0,,0; 1a cho trudc. Trong phuong trinh (1.1);, s6 hang
Kirchhoff B(||u, |?) phu thudc vao tich phén |u, || = Jj ru?.(r,t)dr. Lién quan dén bai

toan (1.1) 14 bai toan sau ddy ma nhiéu cong trinh nghién ctru d& dé cap, chang han
trong [4 -6, 9, 10, 12 - 20]:

" TS, Khoa Gido duc Tiéu hoc, Trwdng Cao dang Sw pham Nha Trang
CN, Khoa Co ban, Trwdng Bai hoc Tai chinh — Marketing
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Ve = B(IVVIF)AV = f,(x,v), (1) €Q,x(0,T),
(1.2) v=0, (x,t) € 6Q), x(0,T),
v(x,0) =V,(x), v,(x,0) =V,(X), XeQ,,

G day [ V[P= [Ivv(xt)fdx =" [v(xt)dx, @ 1a mot mién bi chan trong 01"
(o} )

Vi bién 6Q, du tron va v 1a vécto phap tuyén don vi trén bién oQ,, huéng ra phia
ngoai.

V6i N =1va Q =(0,L), phuong trinh (1.2); Xuat phét tir bai todn mo ta dao
dong phi tuyén ctia mot day dan hoi [6].

Eh (L ov ) ~
phv, —{Po-i-z jo |E(y,t)| dijxx =0,0<x<L, 0<t<T,

& day v 1a 6 vong, x la bién khong gian, t 1a bién thoi gian, p 1a khoi luong
riéng, h 1a thiét dién, L 1a chiéu dai soi day & luc ban dau, E 1a moédun Young va
Py la luc cang luc ban dau.

Trong [3], Carrier ciing da thiét 1ap mot bai toan c6 dang

o= (P + R [, vy, Oy v, =0
trong d6 P, va B, la cac hang so.
Truong hop Q; 14 qua ciu don vi mé trong [V va cac ham v, f,V,,% phu thudc vao
x thong qua r vai r=|x|= XN, x?, ta dat:

v(x,t) =u(|x|.t), f,(x,t)=f(x|t), Vo(x)=0(Ix]), v,(x)=0(]x]),
thi

2 Lo y /4 _

B,(| YV IP)Av = —B(Iour(r,t)r o|r)(urr L), y=N-1
& day B(y) = B (wyn) VOi @y dién tich mat cau don vi trong V. Khi d6 (1.2) viét
lai nhu sau

1 2 ¥ }/ _
u, — B J.Our(r,t)r dr)(u,+=u,)=f(r,u), 0O<r<1, 0<t<T,
r

(1.3) u@,t)=0, 0<t<T,

u(r,0) =d,(r), u(r,0)=0a,(r), O<r<1.
V6i N =2, (1.1); 1a phuong trinh séng phi tuyén hai chiéu mé ta dao dong cila
mang don vi Q; ={(x,y): x2 +y? <1}. Trong qua trinh dao dong, bé mit ciia mang
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Q, va stic cang tai cac diém khac nhau trén d6 thay doi theo thoi gian. Diéu kién
trén bién (1.1), tai r=1 mo ta duwong bién cua mang tron (chu vi cua Q;) dugc gilr
¢ dinh. Piéu kién bién (1.1),tai r =0 hién nhién s& duoc thoa man néu u 1a mot
nghiém ¢ dién ciia bai toan (1.1), chang han nhu u e CY(Qx[0,T]) NC?(Qx(0,T)).
Diéu kién nay thuong dugc sir dung trong sy lién hé véi cac khong gian Sobolev c6
trong r [2, 8, 11, 14].

Truong hop phuong trinh (1.3); khong chira s6 hang (y/r)u, (y =0), thi (1.3),
O dang

(1.4) U, — B(I: uf(r,t)dr)urr = f(r,u).

Khi f =0, bai toan Cauchy hay bai toan hdn hop (1.4) d4 dugc nhiéu tic gia
nghién clru; xem [4, 5] va céc tai liéu tham khao duoc néu trong d6. Téng quan cic
két qua thudc vé linh vuc Toan hoc cia mé hinh Kirchhoff c6 thé dugc tim thay
trong céc tai liu [17, 18]. Mederios [16] cling d& nghién ctru bai toan (1.1) trén mot
tap m& va bi chan Q cua 0° véi f =f(u)=-bu?, b>0 la hiang so cho trudc.
Hosoya va Yamada [5] d& nghién ctu bai toan (1.4) - (1.3)34 Voi
f=f()==5|ul*u, trongd6 & >0, >0 lacac hang s6 cho trudc. Trong [9, 10],
C4c tAc gia cling d4 nghién ctru sy ton tai va duy nhat nghiém cia phuong trinh
(1.5) u, + AAu-B(|Vu|P)Au+e|u, [ u, =F(x,1), xeQ, t>0,
6day 1>0, £€>0, 0<a <1, Q lamottdp md va bi chan cua [°.

Truong hop c6 thanh phan (1/r)u, xuét hién trong phuong trinh (1.1), ta phai
khir bo hé s6 1/r bang cach sir dung cac khong gian Sobolev c6 trong thich hop [2,
8,11, 14].

Trong bai béo nay, bai toan (1.1) duoc lién két vai thuat giai xac dinh bai mot
day quy nap {u,} nhu sau

o%u

10( ou
1.6 m _B(IVu. |P)=—=| r=—m
w8 Clos(vu, b} ar[

or

j= (ruy ) + (U~ Uy D, F (U ),

0<r<1, 0<t<T, véi u_ thoa (1.1),34 Va s6 hang dau tién dugc chon 1a u, =0.
Véi feC’([01x0) va BeC'(1,), b,<B(z)<d,1+z°), |B(z)|<d,1+2z""),
vz >0, trong d6 b, >0, p>1, d,, d, >0 la cac hang s6 cho trudce, cling v&i mot sb
di’éu kién khac, ching t6i ching minh ‘rﬁng bai toan (1.1) c6 duy nhat mot nghiém
yéu va day lap {u,} hoi tu bac hai vé nghiém yéu ndy. Két qua thu duoc & day
tuong ddi tong quat hon cac két qua twong tmg trong [2, 11, 14, 21].
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2. Céc khong gian ham va két qua chuin bi

Pit Q=(0,1). Ta bo qua dinh nghia cac khong gian ham théng dung C™(Q),
LP(Q), H™(Q) va W™P(Q) (xem [1]). Vi mdi ham vecC®(Q), ta dinh nghia
||v||0=( [} ruz(r,t)dr)m Va V, la ddy dii hod ciia khong gian C°(Q3) dbi véi chuan
-1l -

Tuong ty, v6i mdi ham ve CY(Q), ta dinh nghta v = (IvIE +]lv, IE) "~ va v,
la day du hoa cia C}(Q) ddi v6i chuan |-|,. Ta chi y rang cac chuan |-||, va |-
c6 thé duoc dinh nghia 1an luot tir cac tich vo hudng <U'V>=I: ru(r)v(r)dr va
(u,v) +(u’,v"y. D& dang chirng minh duoc rang V, va V, la cac khdng gian Hilbert
Vdi céac tich vo hudng tuong ung nhu trén. Mat khac, V; dugc nhing lién tuc va
nam trl mat trong V,. Dong nhit V, véi V. (d6i ngiu cia V,), ta co
V; =V, =V, -V, Taciing ding ky hiéu (-,-) dé chi cap tich d6i ngau giira V; va v/’
Ta c6 bo dé sau day:

Bo dé 2.1 ([2])

Ton tai hai hang sé dwong K, va K, sao cho véi moi v e CH(Q), ta co:

M v B+ =vE,

(i) V@ I<K VL

(i) Vrv(r) <K, ||V, VreQ.

Pit V, ={veV,:v(1) =0}, khi d6 ta chimg minh khong khé khan rang V, la
khong gian con dong cua V; nén ciing 1a mot khong gian Hilbert doi voi cung mot
tich vo hudng trén V,. Mat khac, ta cling co:

Bo dé 2.2
(i) Phépnhing V, = V, la compact.
(i) Trén V,, hai chudn V||V, ||,;v V]|, 12 hai chudn teong dwong.

Chting minh bd d& 2.2 duoc suy tir bd dé 2.1, (i). Tir doan ndy tro di ta s& sir dung
chuan trén V, 12 vi=>| v, ||, -

Dinh nghia toén tir a(,-) nhu sau:

(2.1) a(u,v):I:rur(r)vr(r)dr, u,vev.
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Khi d6 ta c6 cac bo dé.
Bé dé 2.3

Dang song tuyén tinh doi xvmg a(.-) xdc dinh boi (2.1) 1a lién tuc trén V, xV,
va cudng birc trén V,, nghia [a:

@0 la(uv) < lluglblve llo.

(i) fav)[>]lv, Il

Voi moi u,v 6\71.
Tir Bo dé 2.3, ta co duy nhat mot toan tir tuyén tinh lién tuc A:V, — (V,)' sao cho

a(u,v) = (Au,v) Vu,veV,.
Hon nita Au= _—1(rur)r trong (V,)’ va ngoai ra ta con ¢ bd dé sau day noéi 1én sy ton
r

tai cAc ham riéng cua toan tir A tao thanh mot co s¢ ctia V, va vV, :
Bé dé 2.4

Ton tai mét co sé truc chuan Hilbert {W,} cua V, gom cdc ham riéng W,
twong 1rng voi cdc gid tri riéng A; sao cho

(i) 0<A <2;T+o khi j— o,

(i) a(W,,v)=2,(W,v), VeV, Vjel.

Hon nita, h¢ {W; /\/)Tj} ciing la co so triee chuan Hilbert ciia V, tuong img vai
tich v6 hudmg a(.,-). Mdt khac ham W; ciing théa man bai toan gia tri bién:

AW, = _E(rvvjr)r = A;W;, trong Q,
r

| Jim Jrw ()] <+o,  W,(1)=0.

Chting minh ctia b6 dé 2.4 ¢6 thé tim thy trong [22: trang 87, dinh 1y 7.7].
Tiép theo, voi mdi v e C3(Q) ={v e C3(Q): v(1) = 0}, ta dinh nghia:
(2.2) IV 1= (v, 16+ 1 Av [5)"
va dinh nghia V, la day du hoa cia khong gian C2(Q) d6i vé6i chuan ||-|,. Chay
rang V, cling 1a khong gian Hilbert d61 véi tich vo hudng:
(2.3) (u,,v,)+(Au, Av).

Mt khéc ta ciing c6 thé dinh nghia V, nhu 1a V, ={veV, : AveV,}.
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Lién quan giita cac khong gian V,, V, va V, ta c6 cac bo dé sau day ma chimg minh
ctia chiing c6 thé tim thay trong [2].
Bé dé 2.5
Cé&c phép nhing Vv, =V, =V, la compact.
Bé dé 2.6
Véimoi veV,,
0 MV e =< FH AV,
W) 11V, o <3 1 AV,
(iii) ||V||fx(Q)S(2||V||o+%IIAVIIO)IIVIIO-
Bé dé 2.7

Véi moi ueV, va veV,, ta co:

(u|v] <

iLLLL

V6i mot khong gian Banach X, ta s& ky hiéu chuan trén X la -1, va X" la
dbi nglu cia X. Ky hiéu LP(0,T;X), 1< p <o, la khdng gian Banach gom tat ca
cac ham do duogc u:(0,T) — X, sao cho

T Y .
||u||L,](OVT;X)=(j0 lu [ dt) <o, VOIl<p<on,

[/~ eséstsgpll ull,, Vol p=o.
Ta ky hiéu u(t) u(t) = u’(t) =u (t) U(t)= u"(t) =u,(t), u,(t), u,(t) dé lan luot
chi u(r,t), (r t), (r t), (r t), (r t).

Trong Cac muc sau chung t6i s& xét bai toan gid tri bién va ban dau (1.1) voi
cac gia thiét sau
(H,) G, eV,, 0,.eV,
(H,) BeC!(U,), sao cho cac hangsb b, >0, p>1, va d,, d, >0 thoa

(i) b,<B(z)<d,1+2z"), Vz>0,

(i) |B(z)|<d,(1+z""), vz>0,

(H,) feC?(0,1]x) sao cho f(1,0)=0.
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Cho trudc M >0 vavéi f thoa gia thiét (H,) ta dat
Ko =Kyo(M, f)=sup |f(r,u)l,

(r,u)eA

24 o 74
(24) Ki=K(M,f)= 3 K(M,DrDyf),
71+7252
~ B 71+72
6day A=AM)={(r,u):0<r<1|uK M\/2+1/\/§ }, D'D/*f = ;rnau]; :

Cho truéc M >0 va T >0, ta dat

WM, T)={vel”(0,T}V,):ve L°°(O,T;\71), Ve LZ(O,T;VO),

IV D M IV e g M Doy < M3,

W, (M, T)={veW(M,T):VeL”(,T;V,)}

Pé chimg minh su t6n tai n‘ghién? ctia bai toan (1.1), trudc hét ta xay dung mot
day {u,}<W,(M,T), véi cac hang s0 M >0, T >0 thich hgp s& dugc chon sau,
batlng phuong phap quy nap. D@y quy nap nay s€ dugc chirng minh héi tu vé nghiém
yeu cua bai toén (1.1).

3. Sw hgi tu cdp hai

Xét ddy quy nap (phi tuyén) {u_} dugc xay dung boi thuat giai sau:

Cho trudc uy =0 Va gia sir rang
(3.1) Uy g €Wy(M,T).

Ta lién két bai toan (1.1) vai bai toan bién phan: Tim u, eW;(M,T) (m>1) sao cho
(Ui, (£),v) + B(ll VU, (1) IlD) a(u, (1), v) = (F (r,u,,.),v)
(3.2) +{(u, —u_)D,f(r,u )V, YveV,
u,(0) =10, u,(0)=0a.
Khi do ta c6 dinh 1y sau.
Dinh Iy 3.1
Gia sir (H,)—(H,) diing. Khi dé6 ton tai cdc hang sé6 M >0, T >0 sao cho
V6i Uy =0, ton tai mét ddy quy nap {u, } =W, (M,T) xdc dinh béi (3.1), (3.2).
Chd thich 1:
Trong [2] thuat giai (3.2) dd dugce xét voi B=1, f = f(u).

Chitng minh dinh Iy 3.1: Chung t6i sir dung phuong phap xap xi Galerkin dugc gidi
thiéu boi Lions [7], va tién hanh qua nhicu budc dudi day.
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Buwéc 1: Xdp xi Galerkin.
Xét co s6 tryc chuén {w;}, v6i w; =W, /,[A; nhu trong b6 dé 2.4. D3t

(33 =Y cOmw,

trong do c{ (t) thoa mén hé phuong trinh vi phén thuong sau

(3.4) (U8 (8), ;) + bl (Da(ul’ (1), w;) = (F (1), w)), 1< j <k,
| US(0) = Uy, U (0) = 0y,
o day
k
(35) by (t) = B(I VUl (1) I5) = B[lefl,- |5 (t) Izj,
. =
Fa(r,t) = f(ru, )+ (Ul —u, )D,f(r,u,,),
k
(3.6) Uy =Y a®w; >0, trong V, manh,
j=1
k ~
(3.7) U, =Y. B“w, -0, trongV, manh.
j=1

Véi gia sir u__, thoa (3.1), bd dé sau day cho ta sy ton tai nghiém ul (t) cta hé (3.4).
Bé dé 3.2
Gia sir (H,)—(H,) ding. Khi d6 véi cdc hang s6 M >0,T >0 ¢o dinh, hé

phurong trinh (3.4) — (3.5) ¢6 duy nhat mét nghiém u® (t) trén doan [0,T*]<=[0,T].
Chitng minh bé dé 3.2: Hé (3.4) — (3.7) duoc viét lai dudi dang
(3.8) Ee (1) = =408 (el (©) + (F (1), w;), 1< j <Kk,

| chy (0)=a{”(0), ¢ (0) = B}".
Hé phuong trinh nay tuong duong véi hé phuong trinh tich phan co dang
(3.9) ¢y = Hlcy 1,

o day
HIe®] = (HLe®],... H,[c¥]), ¥ =(c%....c%),
t T K
H [e810) = a, () + [ de [ > (D, (r,u, ), (s)ds
(3.10)

t f K
—4 Io dTIO B {;& lch () |2]C,(nkj’(5)ds,

q,(t) =a® + g%t +j;drjof (F (U, )= Uy D, F(r,u, ), w)ds, 1< j<k.
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Véi mdi T e(0,T] va p>0 (s& duoc chon sau), ta dit Y =C°([0,T®];0%),
5 A k y . .
S={ceY:|c|y<p} Oday|cl,= sup zj:1|cj(t) | v&imoi ¢=(c,...c,)eY.

0<t<T R
RG rang S la tap con dong khac rong ctia Y vatacotodnta H:Y - Y.

Chon p > sup Z:(J gt |=lql, vasaudé chon T e(0,T] sao cho
0<t<T -

0<T® S\/p%(p—”q l;), trongdé D, =D, (p,k,M,m) =kK, + 4d,(1+ 2 p*").

o
Chon nell sao cho szﬁ(\/ﬁipT)Z”< 1, trong do 5p=ij(p,k,M,m)
=D, +2p°22d,(1+ 47 7p?*?). Khi d6

(i) H anhxa S vao chinh ng,

(i) IH"e’1-H " Tl < kg lley? —di? Il vey?,dy” es.

Nhu thé H":S — S 13 anh xa co va do d6, H ¢6 mot diém bat dong duy nht.
Suy ra hé phuong trinh (3.4), (3.5) ¢6 duy nhat mot nghiém u®(t) trén doan
[0,T%]<=[0,T]. Bb dé 3.2 dugc chimg minh.

Céc ude lugng sau cho phép ta lay TH =T.
Buwdéc 2: Danh gia tién nghiém. Dat
(B11) S = XM +Y (1) +_|.(: 1687 (s) I ds,
o day
(3.12) {

XE(t) = [lug? (®) 5 +h57 (1) I Vug () I,
Yo (1) = | Vag? (©) 5 +ba” () | AuS () [ -
Tu (3.4), tasuyra

SE(t) = S0 + [ B [IVUL (5) 6 + | Aul(s) [ Jds
(3.13) +2[ (F9(s),0())ds + 2 a(F I (5), 0% (5))ds

~ [0 ()AL (5), 1 (s))ds + [ (F(s), 0% (5)yds.
Trude hét, ta co cac bd dé sau.
B4 dé 3.3
Ton tai cac hang s6 D, =D,(M)>0, D, = D,(M) >0, sao cho
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i) IFCO1,< DML+ ).
(i) IVEP® b= B(M)(1+5P0)

Vdimoi m ke, 0<t<TW<T,
Bé dé 3.4
Ton tai hang s6 D, =D,(M)> 0, sao cho

(314) sV <2590)+ B[} [L+(SP(9)* Jds

Vi moi m kell, 0<t<TM<T.

Chung minh hai b6 dé nay dugc thuc hién vai cac phép tinh va cac danh gia
rat co ban nhung kha dai, sau khi sap xép lai, cac hang sé6 D,, D,, D, ¢ trén dugc
tinh nhu sau:

D, =D, (M) = K(

N f j
= f)(M+ J—)}
s

(3.15) D,=D,(M)=K ( +(3+

D, = D,(M) =4d,(1+b;%") + —A=(1+0 ") +8(D, + D,) + 8D?.

Tiép theo, ta danh gia tién nghiém.
Do (3.6) — (3.7), ta ludn ludn chon duoc s6 M >0, khong phu thudc vao k,m sao
cho

(316)  S¥(0) =Ty [ +1I Vi [} +B Vo 1) (Il Vi [ + 1| A [} s%M 2,
véimoi m, k ell. Két hop (3.14), (3.16) ta ¢ bd dé sau
Bo dé 3.5
Ton tai mot hang so T >0 khong phu thuéc vao k, m sao cho
(3.17) S¥{t)y<M?, Vte[0,T], vdimoi kva m.
Chting minh b6 dé 3.5: Két hop (3.14), (3.16) ta c6
(3.18)  SW(v) S%M 2+TD,(M) +D,(M )j; (S4(s))?Pds, 0<t<T!<T.

Ta chon T >0 sao cho
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(3.19) (%MZJrTf)Z(M)J_ p ~(2p+1)TD,(M)> M ™.

Pt
(3.20) S(t):%MZJrTDZ(M)Jr B,(M)[ (S(9)?"ds, 0<t<TV<T.
Hién nhién ta c6

S(t) >0, 0<SM(t) < S(t), S'(t) < D,(M)S*(t),

(3:21) 3(0)=%M2+TDZ(M).

Pit Z(t) =S 2P (t), lay tich phan cua (3.21),, ta co
(3.22) Z(t)=Z(0)-(2p+1D,(M)=Z(0)-(2p +1TD,(M) > M *?,
0<t<TH<T.

Do (3.21), (3.22), ta dugc

1 2

<M*, 0<t<T
2007 (t)

Tir day, ta c6 thé ldy T =T, véi moi k,m.

W <T,

(
S

0<SY(t)<S(t) =

B6 dé 3.5 duoc chimg minh.
Do bd dé 3.5 ta suy ra
u) eW,(M,T), v&i moi k,m,

Va do do, tir day {u®} ta c6 thé trich ra mot day con {u’} sao cho

(k

u®) —u_ trong L*(0,T;V,), Yéu *,

U —u_ trong L”(0,T;V,), Yéu *,

0% -1 trong L2(0,T;V,), Yéu,

u, eW(M,T).
Chuyén qua giéi han trong (3.4), ta ¢c6 u_ thoa man (3.2) trong L2(0,T), yéu. Mat
khac, boi (3.1) - (3.2); va u, eW(M,T), tacod

i, =-B(|Vu, [B)Au, + f(r,u. )+, —u )D,f(ru, )eLl*(0T;V,).

Suyra u, e W,(M,T). Dinh 1y 3.1 dugc chiing minh.

Két qua sau day cho ta sy hoi tu cap hai ciia ddy {u_} vé nghiém yéu cua bai toan
(1.2).
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Dinh Iy 3.6

Gid sir (H,)—(H,) ding. Khi dé ton tai cic hang sé M >0, T >0 sao cho

(i) Baitoan (1.1) ¢ duy nhdt mét nghiém yéu u e W, (M,T).

(i) Day qui ngp {u,} xdc dinh boi (3.4) — (3.5) hgi tu cap hai manh vé
nghiém  yéu u  cua  bai  toan  (1.1) trong  khéng  gian
W,(T)={vel”(0,T;V,): Vel"(0,T;V,)} theo nghia
(323)  |lu,—Ulhy<C B WM,

o day 0< B, <1, C, 1a cac hang sé déc lap véi m.
Cha thich 2:

Truong hop phuong trinh (1.1) khéng chira sé hang (1/r)u,,trong [21] ciing
thu dugc két qua hoi tu cép hai nhu dinh 1y 3.6 ndy. Mt khac cho du phuong trinh
(1.1) c6 chira s6 hang (1/r)u,, két qua cia ching t6i van tong quat hon trudng hop
B=1 f = f(u) da xéttrong [2].

Chung minh dinh 1y 3.6:
)  Sw ton tai nghiém cia bai toan (1.1): Trudc hét ta chu y rang W,(T) 1a khdng
gian Banach ddi véi chuan [|v |}, ;,= V|| oy TV leorag - (07D
Ta s€ ching minh {u_,} la day Cauchy trong W, (T).
Giastr v, =u,, —u,. Khidé v, thoa man bai toan bién phan sau
(U (8), W) + by, (D) @V, (8), W) + (b, (1) = by, (8) (A, (1)), W)
(3.24) =(F, ()= F, (t),w), YweV,,
Vn(0) =V, (0) =0,
trong do
Fra(t) = Fo(t) = v, D, T (r,u,) + Vi DI (1, 4,),
(3.25) Ag =U,,+6v,,, (056<1),
by, (1) =, (1) = B Vu,.. (1) [5) — Bl Vu, (0) [5).
Thay w=v,, trong (3.24), sau d6 lay tich phan theo t, ta thu duoc

2,() < [ B0 (8) VY, (9) [ ds
(3.26) = 2] [BIVUy.1(8) I8) - B VU, (5) [2) ¢ Au, ).V, () ds

+2[ (v, D, £ (r,U,), Y (8)ds + [ (V2 D2 F(r, 2,).9,,(5))ds.
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trong d6 z,,(t) = [|V,, (t) [ +0, | Vv,, (1) [ -

Twong ty & trén, s dung cac bo dé 2.1 — 2.3, 2.6, 2.7 va gia thiét (H,)—(H,),
ta s& co danh gia tirng s6 hang trong vé phai cia (3.26) va cudi cling ta thu dugc

t
(3.27) z (1)< % KZT ||vm_1|L:1(T) + }’,EAI)J. z,(s)ds,
0

fb:(“ﬁj Ny

Str dung bd dé Gronwall cho (3.27), ta nhan duoc

trong do y{ =1+ d,(1+M?*P?)M?y, +

(328) 7,05 KT, [,

Do d6
(329) IV lhyery <t 1V IE,

oday g =1+ ——) —KZTe”M Tir (3.29), ta c6
\/_

B

(3.30) Uy = U p ) S (=p)

Vvéi moi m va p, trong d6 B =2My, <1. Vay {u,} la day Cauchy trong W,(T) va

do d6 ton tai ueW,(T) sao cho

(3.31) u, —Uu manh trong W, (T).

Chd y 13 u, eW,(M,T). Khi d6 tr day {u,} ta c6 thé lay ra mot day con {u,, } sao

cho

u, —u trong L*(0,T;V,), yéu *,

a, —u trong L”(0,T;V,), yéu *,
li, —U trong L*(0,T:V,), yeu,

ueW(M,T).
Ta lai c6, boi cac bd dé 2.1 — 2.4 va gia thiét (H,)—(H,),

17 b, (DA, (O - B V() ) Au(d,w(v)et

(3.32) <dy(1+ M)y, —u
+ 2&[(1"‘ M 2’:‘_2)|\/| “ um—l -u ”\N1(T)|| u |||_“C(0,T;V~1) “ W

”L*(o,T;\?l) Ilw ”Ll(o,T M)

”B(OJ V)’
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v6i moi we L1(0,T;V,). Tur (3.31), (3.32) ta két luan rang
(3.33) b (t)Au_— B(| Vu(t)|F)Au trong L*(0,T;(V,)"), Yéu *.

Tuong tu ta ciing thu dwoc 6 || f(r,u, )= f(ru)ll. o, <Killu,,—u rang

hetorzy
(3.34) f(r,u,,)— f(r,u) manh trong L*(0,T;V,).

Chuyén qua gi6i han trong (3.2) khi m= m; — oo, ta thu dugc ueW,(M,T) la
nghiém yéu cua bai toan (1.1).
b)  Tinh duy nhdt ciia nghiém. Gia sir u,, u, la hai nghiém yéu cua bai toan (1.1)
V6i u, eW,(M,T),i=12. Khido v=u,—u, thoa man bai toan bién phan sau

(V(t), wy + by (t) a(v(t), w) + by () - b, (1) ) (Au, 1), w)
(3.35) =(f,(t) - f,(t),w), VweV,,
v(0) =v(0) =0,

o day b(t)=B(IVu®[F), fi()="f(ru) i=12

Thay w=v trong (3.35), sau d6 lay tich phén theo t, thyc hién cic danh gia kha dai
ta thu duoc
~ t

(3:36) V()5 +IIVv(t)IIg < Ky IO V() I +11vv(s) g)ds, vte[O0,T],
v6i K, =(1+2) [4d,a+ M?)M? + K, .
Ap dung bo dé Gronwall, ta suyra ||V(t) |} +||Vv(t) [E=0, Vte[0,T], hay u, =u,.
Tinh duy nhét cia nghiém dugc chirmg minh.
c) Danh gia (3.23) trong dinh 1y 3.6 dugc suy ra tir (3.30), (3.31) va do d6 dinh Iy
3.6 dugc ching minh hoan tat.
Chd thich 3:

Mot sd két qua lién quan dén trudng hop phuong trinh (1.1) khéng chira sb
hang (1/r)u, cling dugc xét trong [12, 13, 19].
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