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CAC BIEU DIEN
CUA NHOM HEISENBERG TONG QUAT g™

Nguyén Viét Hai !

1. Mé dau

Nam 1960, A.A. Kirillov [7] da dua ra phuong phap qui dao déi v6i nhom
Lie lu§ linh thuc. Cong trinh dé ctia ong dugde tong quat hod sang céc nhém
gidi dugc kiéu I béi L. Auslander va B. Kostant [1] vAo nam 1970 véi cach lam
doc ddo. Phép chiing minh ctia hai nha toan hoc nay duya trén si ton tai ctia
phan cuc phic thod man cac diéu kién nao dé.

Cach lam ctia Kirillov d6i v6i nhém Lie luj linh thyc ciing da duge mé
rong sang cac nhom giai duge exponential dic trung béi 4nh xa exp tit dai s6
g = Lie(G) sang nhom Lie G tung v6i n6, 1a mot vi phoi. Doéi véi loai nhém nay
ta c6 song anh gitta cac K-qui dao va cac biéu dién, dong thdi c6 thé sit dung
biéu dién cam sinh bing cach xay dung tudng minh mot phan cyc nhu déi véi
nhém Lie luy linh thuc. Trong cac bai [3], [4], [5], [6] ching toi da thu duge
cac két qua day du va tuong minh déi véi loai nhém nay. Mic dit li thuyét cia
Kirillov 1& nhu vay nhung trong nhiéu trusng hop cu thé, nhat 1a cac truong
hop s6 chiéu 16n, viec tinh cac K-qui dao va cac biéu dién tuong tng con rat
kh6 khian. Trong bai bdo nay chiing toi nghién cttu phuong phap qui dao doi
v6i nhom Heisenberg tdng quat H[g“’“’ (truong hop 3 chiéu da duge trinh bay
trong [5]) theo cach chi ra cac phan cyc ctia nhém dé xay dung céac biéu dién
unita bat kha qui.

Bai béo dugce sap xép nhu sau: ¢ $1 ching toi gidi thieu cac khai niem phan

cuc va tuong ing Kirillov ; $2 danh cho viéc tinh cac K-qui dao cua nhém
Heisenberg H]%{m’n). Cudi cuing, trong $3, ching toi tim cac phan cyc, mo ta cac
biéu dién unita, bat kha qui ctia nhom ting véi cac K-qui dao qua tuong Gng
Kirillov.
K7 hiéu. Nhu thong thuong, Sp(n, R) ki hiéu nhom symplectic thuc bac n. Ching
toi goi R™™ 1a tap tat cd cic ma tran ¢d m x n véi cac phan ti thuoc vanh
giao hoan R. V4i mdi A € R(™™) | Tr(A) ki higu vét ctia A. Ma tran dong nhat
cap m dugce ki hieu béi E,,.

ITS, Khoa Toan Truong DH HAai Phong.
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2. Phan cuc va tuong tng Kirillov

Chiing toi nhic lai cac két qua ciia Kirillov vé bicu dién unita ctia nhom
Lie luy linh thuc (xem [8],[2]). Goi G la nhom Lie lién thong, don lién va dai s6
Lie ctia n6, g = Lie(G), la khong gian tiép xtc tai don vi e. Dé thay mdi phan
tit g € G c6 thé xac dinh mot anh xa A(g) : G — G,z — gxg~! ¢ dinh phan
tit e € G. Tit d6 ton tai mot anh xa tiép xic tuong ing

Alg)s:9—9

d
X egr —geptX)g o € 9.

Anh xa nay xéac dinh mot tac dong, thudng ki hieu béi Adg, clia nhém G trong
dai s6 Lie(G). bat K = Ady : G — GL(g*) xac dinh bdi (K(g)F, X) =
(F,Adg(g7H)X), véi moi F € g*, X € g, g € G. K dudc goi 1a biéu dién doi
phu hop hay K -biéu dién ctia nhém G. Ta ki hieu qui dao déi phu hop hay K-qui
dao cua G trong g*, di qua I’ bédi

Op = K(G)F := {K(g)F|g € G}.

Dé thay, khong gian déi ngau g* dugc phan tich thanh hop 19i rac cac K-qui
dao. Véi moi F € g*, ta xac dinh dang song tuyén tinh B trén g béi

Br(X,Y)=<[X,Y],F > X,Ye€g. (1)

Dinh nghia 2.1.

(1) Dai s6 Lie con by cia g dudc goi la phu thuoc F € g* néu Br|yxpy = 0.

(2) Dai s6 Lie con b clia g phu thuoc F € g* duge goi la mot phan cuc clia
g doi vdi F néu b co tinh chat: néu P la khong gian véc-to con cia g chita b va
Brlpxp =0 thih = P.

(3) Cho F € g* va b la phan cuc cia g doi véi F. Goi H la nhém con déng
lien thong, don lién cia G ma Lie(H) = b . Ham xpy zdc dinh nhu sau goi la
dac trung unita cua H:

Xrp(expy(X)) = 2> X e p (2)

trong do, expy : b — H ki hiéu dnh za exponential tu Yy sang H, (expy la mot
toan anh).
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Trong [7], Kirillov d& ching minh duge cac dinh 1i quan trong sau:

Dinh li 2.2. G la nhém Lie lug linh thuc, don lién va g = Lie(G). Néu da cé
biéu dién unita bat khd qui m cia G thi ton tai € € g* va mot phan cuc b ciia g
doi vdi F sao cho 7 = Ind$ixr.y vdi Xry la dic trung unita cia H dc dinh bdi

(2)-

Dinh 1i 2.3. G la nhém Lie lug linh thuc, don lién va g = Lie(G). Néu F € g*
thi ton tai mot phan cuc b cia g doi vdi F sao cho biéu dién don thitc Inngth
la biéu dién bit khd qui. Néu F' la mot phan ti cia g* ma thuoc K-qui dao
K(G) := Ad%(G)F va b/ la mot phan cyc cia g doi vdi F' thy cdc biéu dién don
thic Indgxpyh va Indﬁ,XF/,h/ s€ tuong duong unita, trong dé ki hieu H va H' la
cac nhém con déng don lién, b = Lie(H), b’ = Lie(H'). Nguoc lai, néu b va b’ la
cdc phan cuc cia g doi véi F € g* va F' € g* tuong wng sao cho cac biéu dién
don thic Indg)(p,b va Indg,xplvh/ cia G la tuong duong unita thi F va F' thuoc
cung mot K-qui dao ciua G trong g*.

Cudi cung, vdi moi biéu dién unita bat khd qui T cia G déu ton tai duy nhat
mot K-qui dao Q ciia G trong g* sao cho vdi moi dang tuyén tinh £ € Q va moi

phan cuc by cia g doi vdi F, cic biéu dién T va Indgxg,b déu tuong duong unita.

Dinh nghia 2.4. Song dnh tw khong gian g* /G, cac K-qui dao cia G trong g*,
len doi ngau unita G ciia G cho bdi Dinh Ii 2.8 dugc 9ot la tuong ing Kirillov
cia G.

(m,n)

3. Nhém Heisenberg tong quat Hy
V6i hai s6 nguyén duong bat ki m va n, ta xét nhom Heisenberg (xem [9])
H"" = {(A,B,C)| A,BeR™™ ¢ eR™ C+ BA' d6i xing }
v6i qui tac nhan
(A,B,C)o (A,B,C")=(A+ A", B+ B',C +(C"+ AB" — BA").

Nhém nay duge nhing vao nhém symplectic Sp(m + n, R) nhd anh xa

E, 0 0 B

. A E, B C
H]gg ) 5 (A, B,C) — 0 o0 E A € Sp(m + n, R).

0O 0 0 E,
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Ta di tim cac K-qui dao ctia nhém Heisenberg Hﬁgm’n) va mo ta mdi lien he gitta

cac K-qui dao va dbi ngéu unita ctia HI™™ mot cach tudng minh.
Dé cho gon ta ki hieu G := H]%m’n), g = Lie(G) va g* 1a khong gian ddi ngau
ciia g. Chi ¥ ring c6 thé xem g 1 dai s6 con gom tat ci cAc ma tran thuc cd

(m+n) x (m+n) c6 dang

0 B
/8 ’y n,m n,n
X(a,8,7) = 0 , @, € Ry =4t e RO
0

t

o o o O
o O o O

0

ctia dai s6 Li sp(m + n,R) = Lie(Sp(m + n, R)). Véi cac tinh toan don gian ta
cO:

(X (a, 8,7), X(d,€,8)] = X(a, 3,7)X(d,€,§) — X(6, €6, §) X (e, B,7) =
= X(0,0,a'e + 'a — 36 — 6'f3). (3)

Khong gian déi ngdu g* clia g c6 thé dong nhat v6i khong gian véc-to gom céc

ma tran thuc ¢d (m +n) x (m+n) c¢é dang

0a 0 0
00 0 0
F(a,b,c) = L a,be R =t e R gao cho
0 b 0
b ¢ —a 0

< F(a,b,¢), X(a, 3,7) >= Tr(F(a,b,c) X(a, 8,7)) = 2Tr(c’a+b'3) + Tr(cy).

(W
Biéu dién phu hop Ad ctia G dugc cho bdi Adg(g)X = gXg~! véi g € G va
X € g.D6iv6ige Gva F e g, gFg! khong c6 dang F(a,b,c). Ta ki hieu
(9Fg™'). 1a bo phan

0 « 00
0 0 00
0 = 00
* % x 0

clia ma tran gFg~1. Khi d6 dé thay ring K-biéu dién K := Ad, : G — GL(g")
xac dinh béi K(g)F = (gFg™'). véi g € G va F € g*. Cu thé hon,

K(g)F(a,b,c) = F(a+ c¢B,b—cA,c), (5)
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véi g = (A, B,C) € G. Nhu vay, K-qui dao §,, cia G tai F(a,b,0) € g* la
diém don doc
Qup = K(F(a,b,0)) = {F(a,b,0)} (6)

va K-qui dao Q. cia G tai F(0,0,c) € g* v6i c # 0 la
Q.= K(F(0,0,¢)) = {F(a,b,c)|a,b € R™™} = Rwm) 5 ROm) - (7)

Nhu thé, cac K-qui dao ctia G trong g* dugc phan thanh hai 16p:

i. Diém don doc {Q,4|a,b € RO*™} = {F(a,b,0)} trong phiang ¢ = 0.

ii. Phang afin {Q.|c = ¢ € R™" ¢ #£ 0} song song v6i phang thuan nhat
c=0.

Vi G la nhém Li luy linh lién thong va don lién nén theo A. Kirillov (xem [7]
hoc [8] trang 249), déi ngdu unita G ctia G duge cho bdi

~

G= RO x RO TT{z e R |2 =2, 2 #£0}, (8)

trong do, ] ki hiéu hgp rdi rac.

A. Kirillov khéng dinh ring méi K-qui dao la mot da tap symplectic nhung
ong khong dua ra phép chiing minh. Chiing toi sé chiing minh sy kién nay doi
v6i nhom Heisenberg tong quat H]gn’n) mot cach chi tiét. C6 dinh mot phan ti
F clia g*, ta xét dang R-song tuyén tinh By trén g xéc dinh béi

Br(X.Y) =< F,[X,Y] >=< adi(Y)F, X >, X,Y € g, (9)

v6i ady : g9 — End(g*) ki hieu vi phan ctia K-biéu dién K : G — GL(g*). Cu
thé hon, néu F = F(a,b,c), X = X(a,3,7), Y = X(§,¢,€), thi

Bp(X,Y) =Tr(F.[X,Y]) = Tr{c(a'e + e'a — §'6 — §'B)}. (10)
Co dinh F € g*, ta dat
Grp={9 C G|K(9)F = F}

la nhém con 6n dinh ciia tac dong K = Ad* ctia G lén g* tai F. Vi Gp 1a nhém
con déng cia G nén Gp la nhém Li con cia G. Goi gp = Lie(Gp), khi d6 dé

chiing minh dugce
gr = rad(Br) = {X € glady(X)F = 0}. (11)
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Trong d6, rad(By) ki hiéu can clia Br trong g. Ta goi Br 1a dang R-song tuyén
tinh khong suy bién trén khong gian véc-to thuong g/rad(Br) cam sinh tit dang
Br. Vi c¢6 thé ddng nhat khong gian tiép xtic ctia Qp = G/Gp véi g/gr = g/
rad(Br) nén ta thiy khong gian tiép xic ciia Qp tai F' 1a mot khong gian véc-to
symplectic v6i dang symplectic Bp.
Ky hiéu X la truong véc-to nhén trén g* két hgp véi X € g. Dieu d6 nghia
14 v6i moi £ € g*, ta co:
X(0) = ad(X) . (12)

Chung ta xac dinh 2-dang Bg,, trén {2y bdi

Bop (X, V) = Bo, (ady(X)Fady(Y)F) i= Br(X,Y), (13)
vl X, Y € g.
Bé dé 3.1. Dang Bq, khong suy bién.

Chiing minh. Gia su X la truong véc-to nhan g* két hop véi X € g sao cho
B, (X,Y) =0 véi moi Y tng v6i Y € g. Vi Bo,(X,Y) = Bp(X,Y) = 0 véi
moi Y € g, X € gr nén X =0. Do d6 Bq,. khong suy bién.

Bo dé 3.2. Bqg, la dang dong.

Chitng minh. Néu )?/1, ),{27353 € g* la ba truong véc-to nhan két hop véi
Xl, XQ, X3 cg thi

50, 5T ) 0, (5 ) ~ i, (54 ) + o (4 )
_BQF([X17X2]7 Xd) + BQF([X]-’ X3]>X2) - BQF([X27X3]7X1)
= — < F[[ X1, Xo], X3] + [ X2, X5], Xu] + [[ X5, X1], Xo] >=0

(theo dong nhat thitc Jacobi). Do d6 Bg, la dang doéng.

Tom lai, (Qr, Bo,) la da tap symplectic ¢6 chiéu 2mn hoac 0.

4. Caéc bidu dién unita bat kha qui cia H™"

Dé mo ta cac bicu dién unita bat kha qui ctia G tng véi cac K-qui dao qua
tuong tng Kirillov chiing ta phai x4c dinh ciyc clia g d6i véi dang tuyén tinh
F € g*. Co hai truosng hgp sau:
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4.1. Trudng hgp suy bién

Khi F' = F(a,b,0). Theo (6), Qr = {F(a,b,0)} 1a mot diém don doc. T
(10) ta suy ra Bp(X,Y) =0 v6i moi X,Y € g. Nhu thé g Ia cuc duy nhat cta
g ddi véi F. Tuong tng Kirillov néi ring biéu dién unita bat kha qui 7, cla
G tng v6i K-qui dao QF la

Tap(expX(a, §,7)) = mFXOB7> — eiriTrelatdis) (14)

Nghia 13, 7, 1 biéu dién suy bién mot chiéu cta G.

4.2. Trudng hgp khéng suy bién

Khi F = F(0,0,¢), 0 # ¢ = ¢ € R™. Theo (7), Qp = Q. =
{F(a,b,c)|a,b € R™™} T (10) ta thay

q={X(0,3,7)|3 € R"™ ~ =4t ¢ R} (15)

1a phan cyc ctia g doi véi F, tic 1a q 1a mot dai s6 Li con ctia g phu thuoc
F € g* thod man y (2) trong dinh nghia 1.1. Goi @ 1a nhém Li con don lién
cia G ma Lie(Q) = q. Gia st

Xeyq : @ — Cy
la dac trung unita ctia ) xac dinh theo cong thiic
Xea(expX(0, 3, 7)) = >M<EXOI> = 2HTHO) o = 4t e ROW. - (16)

Tuong ting Kirillov néi réng biéu dién unita bat kha qui 7., cia G tng véi
K-qui dao Qp = Q. dugce cho la

Teq = Indg Xeq- (17)

Tit két qué ctia Kirillov (xem [7]) ta biét ring biéu dién cAm sinh 7. 4, sai khac
mot tuong duong, khong phu thuoc vao cach chon cuc ciia g d6i véi F. Nhu vay,
ta ki higu 16p tuong duong clia 7.4 bdi 7. Biéu dién 7. tac dong trén khong
gian biéu dién L2(R™™) d¢) theo cach sau:

(me(9)f)(€) = ETACHIARER) f(¢ 4 ), (18)
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v6i g = (A, B,C) € G va ¢ € R™™, Cubi cing, sit dung dang thitc

expX(a, 5,7) = (5,7 + 50" — 7'a),

ta thay m. chinh 1a biéu dién Schrodinger U(y,) ciia G cam sinh tit biéu dién
unita mot chiéu . ctia @ cho béi x.((0, B,C)) = e*™ [ xem [9].

Tém lai ta c6 két qua sau:

Dinh li 4.1. Danh sdch cdc biéu dién unita bat khd qui ciia nhom Heisenberg

tong qudt Hﬁgm’n) la:

18

e Vdi F = F(a,b,0) € g*, biéu dién unita bat kha qui 7., ciia Hﬁgm’n) ing

vdi K-qui dao Qp = Q. qua tuong ing Kirillov la biéu dién suy bién cia
H]%m’n) zac dinh bdi

7Ta,b(eXp X(a, 0, 7)) — e47riTr(ata+btﬁ).

Véi F = F(0,0,c) € g ma 0 # ¢ = ¢ € R™ biéu dién unita
bit khd qui (me, LAR™™ d€)) cia HI™ 1ing vdi K-qui dao Qp = €U,
qua tuong ing Kirillov tuong duong unita vdi biéu dién Schrodinger
U(xe), LA(RM™™ d€)) ciia Hﬁ%m’n) cam sinh tir bieu dién unita mot chiéu
Xe cta Q) cho boi

Xe((0, B, C)) = ™M
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Tém tit
(m,n)

Céc biéu dién ctia nhém Heisenberg tong quat Hy

Ching toi tinh cac qui dao d6i phu hop cia nhém Heisenberg Hﬂ%m’n). Tt
do, bang cach xac dinh cac phan cic clia dai sd Lie g, chiing toi thu duge
cac biéu dién unita, bat kha qui theo twong ing Kirillov. Day 1a phuong

phap méi dé xay dung cac biéu dién ctia nhém Heisenberg téng quat.

Abstract
The Representations of Heisenberg Group H]gn’n)

(m,n)

We calculate the Co-adjoint orbits of the general Heisenberg group Hy .
From this, by determination the polarizations of Lie algebra g, we obtain
irreducible unitary representations under Kirillov corespondence. This is

new method for construct representations of the the general Heisenberg

group.
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