Tap chi KHOA HOC DHSP TP. HCM Lé Hoan Héa, D6 Hoai Vi, Lé Thj Kim Anh

CAU TRUC TOPO CUA TAP NGHIEM CUA PHUONG TRINH
TICH PHAN TRONG KHONG GIAN FRECHET
Le Hoan Hoa®, No Hoai Vu?, Le Thi Kim Anh?
1. Gidi thieu
Trong bai béo nay chung toi xet sé ton tai nghiem va tinh chit compact,
lien thong cua tap nghiem cua phd6ng trinh tich phan phi tuyen co dang
(1) s (1)
x(t) = ¢(t) + j £(t,s,x(0,(s)))ds + j K (t,5)(9 (s, x(6,(s))))ds, t=0. (1)
0 0
Trong  fio 1,6 [0,0) >[0,0), =12, f:[0,0)°xE—E,
g:[0,0)xE —>E, K .[O,oo) — L(E,E). E khong gian Banach thdc vdi
chuan | | L(E,E) la khong gian cac toan t6 tuyen tinh lien tuc to/ E vao E.

Phoong trinh dang (1) fia fiooc kha nhieu nha toan hoc quan tam, ben canh
viec chéng minh sd' ton tai nghiem viec khao sat cau trac cua tap nghiem cung
AGAC dé cap ching han nhu:

Trodng hop E = R va ham f (t,s,X(S)) =V(s,t)x(6,(s)) , Avramescu [1]
fia chdng minh sd ton tai nghiem cua phédng trinh

1, (1) Hy (1)
KO=90+ | VEIX@ENS+ [ KE9)gsxO(Nds, 120
0 0

Troéng hép E la khong glan Banach thoc Hoa Ngoc [3] fia chdng minh tap
nghiem cua phdong trlnh j (s, x(s))ds +I G(ts x(s))ds, 30, la khac
rong, compact, lien thong.

Véi cac ky thuat va y tudng tuong ty nhu trong [2], [3] chiing t6i s€ chiing
minh tap nghiém ctia phuong trinh (1) khac rong, compact va lién thdng voi cac gia
thiét caa cadc ham f, g nhe hon trong [1], [2], [3]. K&t qua chinh cua bai bao dugc

trinh bay ¢ Pinh 1y 2.1. Céc dinh 1y dung dé ching minh cac két qua ctia bai bao nay
bao gom nhirng dinh 1y sau:

Nonh ly 1.1 [2]
Cho (E . |) la khong gian Banach thdc, D la tap mé b chan voi bien 6D

va bao fiong D. T:D — E latoan t5 hoan toan lien tuc thoa cac gia thiet:
(i) T khong co fiiem co fionh tren oD va deg(l —T,D,0) #0.

1 PGS. TS. - Truong DHSP TP. HCM
2 ThS. - Truong PHCN TP. HCM
¥ ThS. — Truong PH Tién Giang
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(i) Voimoi &> 0 ton tai toan t6 hoan toan lien tuc T, thoa:

|T (x)-T, (X)| <g, VxeD vavéi moi h(t)eE sao cho |h| < & phoodng
trinh  T.(X)+h=X co nhieu nhat mot nghiem tren D. Khi fio tap
N(l —T,D) gom cac nghiem cua phddng trinh x = T(x) la khac rong, compact,
lien thong .

Nonh ly 1.2 [2]

Cho E, F la hai khong gian Banach, D la tap con mé cua E va anh xa lien
tucf :D— F. Khi fio v6i moi &>0 ton tai anh xa Lipschitz fita phédng
f,:D—F sao cho: |f(x)—f,(X)|<e, VxeD va f,(D)ccof (D) véi
cof (D) la bao loi cua D .

Nonh ly 1.3 [2]

Cho M la tap con fiong khac rong cua khong gian metric X, Y la khong
gian fionh chuan, toan t6 f:M —Y lien tuc. Khi fio ton tai anh xa lien tuc
g: X =Y sao cho:

()  g(X)ccof (M).

(i) g(x)="f(x), VxeM.

Gia thiet 1.4 (Gia thiet (A) [2])

Cho X la khong gian vec t6 topo loi fita phédng, P la ho tach cac nda
chuan tren X. Nat D la tap con cua X va U : D — X, v6i moi a e X fionh nghta
U,(x)= U(x)+a la: mot anh xa t0 D vao X. Toan t6/ U goi la thoa gia thiet (A) tren
tap con Q cua X neu

(A1) Véimoi aeQ, U, (D) D.

(A2) Voi moi aeQ, peP Ton tai k,eZ+ co tinh chat
Ve>0,areN,56>0: af(x,y)<e+5=alUL(X),Ui(y))<e trong fio
aap(x,y):rmx{ p(u;(x)—ug(y)),i,j:o,Lz,...,ka}, N={12,3..},Z+=Nu{0}.

Nonh ly 1.5 [2]

Cho X la day khong gian fiay fiu, loi fita ph6dng voi ho tach cac nda chuan
P. U ,C la cac toan td tren X sao cho:

(1) U thoa gia thiet (A).

(i) VoI p tuy y thuoc P ton tai k > 0 (fioc lap véi p) sao cho
pP(UX)—U(Y)) <K p(x—y) voi moi x,y € X .

(iii) Ton tai X;€ X co tinh chat: Voi p tuy y thuoc P ton tai
reN,2€[0.9) (r,4 phu thuoc véi p) sao cho p(Uy (x) —U, (y)) <Ap(x-Y).
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(iv) C hoan toan lien tuc va p(C(A)) < khi p(A) <o, Ac X.
v lim PEX) o uxex

p()oe  P(X)
Khi fio U + C co fliem co fionh.

2. Ket qua chinh
Nat BC([0,0),R) la khong gian cac ham lién tuc, bi chin

f :[0,+0) - R va LP([0,00)) la khong gian cac ham do dugc f :[0,+0) — R

sao cho I|f(t)|pdt<w.Trén BC([0,),R), LP([0,%)) lan lugt xét hai chuén

1
+00 P
1= 39 100 11, Frcora|
te[0,00) P 0

Nat X, =C([O,oo); E) la khong gian gom tat ca cac ham lien tuc to
[0,+90) vao E. Véi mdi sé ty nhién n dat @ = max {N,0,(s),6,(s)} trén X, xét ho
se[0,n]

nira chuan p, (X) = sup { |X(t) } ta co X, la khdng gian Fréchet voi metric
te[0,a]

_ . -n pa(x_Y) .
1N =2 2" 5 oy

bat X, = C ([0,a] , E) la khong gian Banach cua tat ca cac ham lien tuc to
[0, a] vao E. Tren X, xet hai chuan

t
I, = sup {|x(t)|} va x|, = [p]{ e Ox(t)} o day K(® = [k(s) ds, N
te]0,a

las hing so théic dédng (s& chon sau).
Cha y:

a.  Chuan |x|_toong ficong voi chuan [x]| .

b. Tap con S cua X, la compact t6éng fioi neu va chz neu voi moi
ne N, S lien tuc fiong bac trong X, va tap { x(t):xe S ,te[0,a]} la compact
to6ng foi trong E .

Xet phddng trinh (1) voi cac gia thiet sau:

V2.1 1,0, :[0,00) - [0,0) laicac ham lien tuc thoa:
)<t eM)<t, i=12.

V2.2 ;6 :[0,00) - [0,0) la cac ham lien tuc thoa:
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w(t) < %‘ i=12.

V23 K :[0,0)?> - L(E,E) lién tuc.
V2.4 f:[0,00)> xE — E lien tuc théa diéu kién:

Ton tai ham ¢ : [0,+w) — (0,40) lien tuc va ¢(r) <r sao cho:
[f(ts,x)— f(t,s,y)| < k(h(s) g(]x—y|) & day h,k: [0,+00) —[0,+c0),
h(s) e BC([0,), R) va k(t) thoa mot trong hai diéu sau:

i) k() el}0,) .

(ii) k(t) e LP[0,00), pe(l ).

. t, X
V25 0:[0,0)xE — E la anh xa hoan toan lién tuc tho,a:‘ I‘lm |g(|x| )| =0
X|—>00

déu véi t thuge tap con bi chan ciia [0, +0).

Nonh ly 2.1

Neu cac gia thiet V2.1, V2.3, V2.4 i, V2.5 (hoac V2.2, V2.3, V2.4 ii, V2.5)
thoa thi tap nghiém cua phddng trinh (1) khéc rdng, compact va lién thong. Dé
chimg minh dinh 1y 2.1 can chimg minh cac bd dé sau: Nat

my (1)
U@ =¢®+ [ fts,x@(s))ds VO =20+ VX0
0

Chon hing s N trong || . ”N thoaN> H = ||h||Oo

Bofie 1
Neu f(t,s,x(t)) thoa gia thiet V2.4 i va y,6;,u, ,6, thoa V2.1 thi
U, : X, = X, laanh xaico ¥z e X, (Vv6i chuan ||| ).

Chitng minh
Ta co:
u, (1) uy(t)
[ ftsix@smds— [ f(ts,y(0:())ds
0 0
a1y (1)

< [ KNS (x(@ (1) - y(02(5))])ds

0

U, (O -V, ()=

uy (1)

< _[ k(s)h(s)[x(0,(s))) - y(0,(s))[ds
0

Tuong duong
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(1)

e O, (0O -U, (M) < e™O j k(e)h(s)e AV AN x(6 (s)) - y(@ ().
0

IN

t
. NK (s)
ﬁe NK(t)J.h(S)(dedS jx - yHN ds
0

B t
%e NK(t)(eNK(S))OX_ yHN :%Hx— yHN ,Vte[0,a]

IA

Vay

U0 -u Wy < Sl =yl

Piéu nay suy ra dugc U, la anh xa co hon nita H, N khéng phu thudc vao a
do Aol U,(x) thoa (i), (ii), (iii) cua fionh ly 1.5.

Bofie 2
Neu f(t,s,x(t)) thoa gia thiet V2.4iiva 1y, 6, , u, , 6, thoa V2.2 thi
m m (H HkHP aE) trong fio la hai sol
reg-urm| <3—L—2—|x-y|,, vmen tongnop, glahaiso
n (m1)e
thécthoa 1< p,q<o, %+%:1.

Chirng minh

Ta co:

Hy (1) 4 (1)

j f(t,s,x(0,(s)))ds — j f(t,s,y(6,(s)))ds
0 0

,U1(t)

U, 001 =U, (y)(1)]=

IA

k($)h(s)¢ (|x(6:(5))) - y(61(s))[)ds

~ O t———y

IN
SR —

k(s)h(s)[x(01(s))) - y(81(s))[ds

t
Hx—y], | k(s)ds
0

IA

1 1

t p(t q
B Ik(s)pds] Uds]
0

0
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< H[K| t* [x-y],, vte[o,a].

V& U, (0-U, ()], < HK|, t*[x-y],. vt[o,a].
Dung phé6ng phap quy nap ta co

(1) Hy (1)

j f(t,5,UM(x))ds — I f(t,5,UM(y))ds
0

0
Jo

T OO U, (U ()W) =

(1)

[ konse(ur

0

t
Ik(s)h(s)
0

HU.(k(s))pdst{t mix)y—um quJq
< H K, J{ (=) ) -y J

m+1 L
H [ a)

q
< {( [(m +P1)!] ] Hx—yHn, Vtel0,a].

IA

IA

ds

IA

(HIK], )"
Vay < —|| -y, ¥vmeN.
(mt)s
1-;
q
Vi (HquHza) _ o Nén ton tai m, (phu thudc vai a) sao cho
m— o [(m+1)1] -
) m+1 i
(M) |
[(m+1)1] <

v6i moi m > m,. Vay U, thoa gia thiét (i), (i), (iii) cua fionh ly 1.5.
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Bofie 3
Neu cac gia thiet V2.1 (hoac V2.2) va V2.5thoathi C : X, — X, cho
i, (1)

C(x)(1) = j K (t,s) (g (s, x(0;(s))))ds
0

tren (Xa,||.||n>.
Chu'y: Néu C hoan toan lien tuc tren (Xa,” ||n) thi cung hoan toan lien

tuc tren (Xa,” ||N )

Chdng minh
Trén  L(E, E) xét chuén

bai la mot toan t6 hoan toan lien tuc

||K||L(E,E):S>’(u_pl{|KX|}’ va - dat
K= su K(t,s -

Ogsgfga{ ( )HL(E’E)}

Bwdce 1: Chirng minh C(x) lien tuc

Xet day {Xm}m trong X, sao cho lim x,=X,. Nat B =

m—oo
{Xm (s):se[0,a],me Z+} thi B la tap compac (xem [2]).
Vi mbi sé & > 0 vi g lién tuc tren tap con compact [0,a]x B nén ton tai sé
0 >0 sao cho:
X)) =y <5 =[g(s,x(s)) - (s, ¥(s))| < i Vs €[0,a].

Vi lim x,, =X, trong Xa nén
m—oo

Amg 1 Vm=my =[x, (s) - x(s)|< S, Vs e[0,a]

=X (0,(5)) = %(0,(5))| < 8, ¥s e[0,a] =[x — x|, <&.
Taco:

1, (1) Ha (1)

COmM-COM|=| [ KES)(a(xn@())ds= [ KEt5)(a(s,%0(05(5)))ds

My (1)
< j K9], (e 6905 % (82(8)) — 9. %0 (65(5)))] ds
< J'K_g _
0
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= |C(xn) —C(xp)|, <& . VayClientuc.

Bwdce 2: Chirng minh C(x)(t) lien tuc fiong bac

Giasd A la mot tap bi chan trong X, khi fio A={x(s):xeA, se[0,a]} la mot
tap bd chan trong E. Vi g la hoan toan lién tuc suy ra g([0,a]x A) la tap b chan
trong E do do Vt,t'e[0,a] : \t—t' <d,XeAtaco

Hy (1) Ha (1)
COO-CONM)=| | K96 xOM)ds— [ K(ti)(alsx(0y(s))ds
0 0
Ho (1) Ho (1)
< I \(K(t,s)—K(t',s))g(s,x(@z(s)))\ds+ I IK(t',5)g(s, x(6,(s)))|ds
0 Hy (1)
a Ha (1)
< jHK(t,s)—K(t‘,s)HL(EE)\g(s,x(@z(s)))\ds+ J. HK(t',s)HL(EYE)\g(s,x(@z(s))))\ds
0 1y (1)

Do s6 lien tuc déu cua ham K(t,s), u,(t) va tap g([0,a]x A)bi chan nen
C(x)(t) lien tuc fiong bac tren [0,a]. Ta co V = 5[9([0,a]>< A)u {0}] la tap
compact trong E suy ra V= E[K(t,s)(V)] la mot tap compact trong E. Vi
K(t,s)(9(s,X(6,(5)))) €Vy, V(t,8) €[0,a]°, xeA

Ho ()
— C()(t) = J' K (t,5)(9(s, X(6,(5))))ds } < y (t)V; , ¥t <[0,a].
0

Vay C(A) compact t6ong fioi tren X, va do fio C la toan t6 hoan toan lien

tuc tren X, va vi thé C cung hoan toan lien tuc tren X,.

Boie 4: lim M:
Ix], > |||,

19(s,x(6,(9)))] _ ¢
<_

|| 2a
|X|25 va véi moi sef0,a]. Vi g la ah xa compact nén khi

X<6= |g(s,x)|<M, Wse[0,a],chon 51:'g|—l<2ia;vXeXn:||x||n251,

dat 1; ={s [0,a]:[x(6,(s))|< 5}, 1, =[0,a]\ I, taco:

Taco Ve>0, 3J6>0 sao cho voi moi x thoa
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coowl 1 [

Il I

K (t,5) (9 (s, x(02(s))))ds

IA
TS

IA

J.HK(t S)HL(E E) 19(s,x(0,(s)))|ds
0
|

K| [lats. (@ (syds + [ 1905102 G 4
n s |2

IA
\x
<
QD
_+_
X
=
|m
QD
N —
N ——

INA
PN
7\
‘z
QO
+
<

X, M(%)J

Ke, Vtel0,a].

IA

C(x : C(x
Suy ra M < Keg. Vay |lim M:0, vxe X,.
x| P00 Pa(X)

Chong minh fionh ly 2.1

Buéc 1: Tap nghiém cta phuong trinh (1) trén [0, a] khac rong, compact,
lién thong.

Do bo fie 1 (hoic 2), 3, 4 suy ra U, C thoa man gia thiet cua Nonh ly 1.5 vi
vay toan tur (I-U)™ lién tuc déu trén X, hon nira ton tai tdp m& bi chian D voi bién
oD va bao déng D sao cho (1 —U)_1C<D)c D va (I -U)C c¢6 diém cb
dinh trong D (nhung khdng nam trén bién 6D ). D& thiy D Ia tap con 16i, dong va
bi chén trong X,

Pat T =(1 —U)*C, nhu thé diém cé dinh trén cia T trén D ciing 12 diém
¢b dinh cua U + C va chinh la nghiém cua phwong trinh (1) trong D.

Do T la toan tir hoan toan lién tuc trén X,, T khong co diém cb dinh oD,
T(D)<= D, Dlatap I6i nén deg(l —T,D,0) =1.

bat A:{X(S):Se[O,a], XEB} khi d6 A 1a tap bj chin trong E theo

Nonh ly 1.3 ton tai ham lién tuc g" 12 mé rong cua g|[0 a]thrén [0,a] % E sao cho

9*([0, a]x E)ccog ([O, a] x /K)
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Theo Nonh ly 1.2 ton tai ham Lipschitz fita phodng g, (s, X) tre’;n[O,a]x E
9,(s,X) -9 (s, x)‘ < ZaLK va
9. ([0,a]x E)c cog™([0,a]x E)  cog ([0, a]x K)

do d6 g, hoan toan lién tuc.

sao choVse[0,a], VxekE taco:

i, (1)
Nat C,: X, — X, Véi C_(x)(t) = J K (s,1)g, (5, X(8,(s)))ds tir bo
0
fier3taco T, =(I —U)_ng hoan toan lien tuc, hon nita vi (I —U ) lién tuc déu
nén:

M, (1) My (1)

C.00M-COM|=| [ K(s:0g. (s x(0,(M)ds = [ K(s,0)g(s.x(0(s))ds

Ho (1)

< [ KG9 X660~ " (s, x(G (1)) 05
0
Kao

< ZaLK<5

= [T.(x)-TX)| <e.

Tiép theo ta chéng minh: Véi mdi h sao cho ||h||n <& phobng trinh
X =T,(X) + h conhieu nhat mot nghiem tren D.

Gia sd x(t), y(t) la hai nghiem cua phéong trinh (1). Do g4 (t), w, (t) thoa
gia thiét V2.1( hoic V2.1 ) nén suy ra x(0)=y(0)=h(0). Nat
b=sup{a €[0,a]: x(t) = y(t),0<t<a} dé thiyb €[0,a]. Ta can chdng minh
b=a.

Gia s0 ngooc lai b <avi g, Lipschitz fiva phéong nen ton tai soi thdc r>0
sao cho @, Lipschitz vdi hang so m tren [0,a]xB, trong fio
B, = {Z eE :|Z — X(b)| < r}. Do tinh lien tuc cua x, 'y
=35>0:b+5<a, x(t),yt)eB, véi moi te[b,b+5]. Cha y rang
[b,b+ 5] < [0,a] nén véi moi t e[b,b+ 5] taco:
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t
(1) - y(1)] < _[\f(t,S,X(t%(S)))— f(s.t,y(0:(s)))|ds
b

t
+ J K (t,8)9, (s,x(0,(5))) - K(s,1)g, (s, y(0,(s)))|ds
b

t
< [(k(IN(s) + K)[x(82 () = ¥ (02 (s))]ds
b
Nat o(s) =k(s)h(s) + K thi @ e LP([0,a]) nén ¢ e L}([0,a]) vatacs
t
X(t) - y(t)|<0 I(k(s)h(s)+K)ds —0 Vte[0,b+45]
b

(Bat fiang thoc Bellman)

Mau thuan vai gia thiet. Vay b = a hay x(t) = y(t), Vt €[0,a].

Nhu vay toan tir T thoa cac gia thiét trong dinh 1y 1.1 nén budc 1 da dugc
chig minh.

Buérc 2 :Tap nghiém cta phwong trinh (1) trén [0,+00) khac rong, compact,
lién thong.

Trude hét chu y rang néu x(t) 12 mot nghiém ciia phwong trinh (1) trén [0,0)
thi X|[0,a] (t) ciing 1a mot nghiém cua (1) trén [0, a]. Nguoc lai véi mdi nghiém X,(t)

cia phuong trinh (1) trén [0, a] déu c6 thé mo rong thanh nghiém trén [0,00).
Tuong ty nhu trong [2], ta ¢6 céc két qua sau:

Dit S 14 tap nghiém ciia (1) trén [0,00) theo [2, Dinh 1y [5] S khéac réng.

bat S, 1a tap nghiém cua (1) trén [0, a] ta c6 S, compact va lién théng trén X,
nén S compact, lién théng trén X,

Vay fionh ly 2.1 fia fidéic chong minh.

TAI LIEU THAM KHAO
[1] C. Avramescu (2006), Some remarks on a fixed point theorem of
Krasnoselskii, Electronic Journal of Qualitative Theorem of Differential Equations,
No.5 pp, 1-14.
[2] Le Hoan Hoa and Klaus Schimtt (1994), Fixed point theorems of
Krasnosel'skii type in locally convex space and applications to integral equation,
Results in Mathematics Vol.25 pp 291-313.
[3] Le Hoan Hoa, Le Thi Phuong Ngoc (2006), The connectivity and
compactness of solution set of an integral equation and weark solution set of an
initial- boundary value problem, Demonstratio Mathematica Vol. XXXIX No 2, pp
357-376.

30



Tap chi KHOA HOC PHSP TP. HCM S6 14 ndm 2008

[4] Leszek Gasi'nski, Nikolaos S.Papageorgiou (2005), Nonlinear Analysis,
Taylor Francis Group, LLC.

[5]  Andrzej Fryszkowski (2004), Fixed point theory for decomposable sets,
Kluwer Academic Publishers.

Tom tat ,

Trong bai bdo nay chung toi xet s ton tai nghiem va cau trac cua tap
nghiem (compac, lien thong) cua phééng trinh tich phan phi tuyen co dang

(1) 1 (1)
X(t) = 4(t) + J' f(t,5,x(0,(s)))ds + J’ K(t,5)(9(s.X(0,(s)))ds ,t=0. (1)
0 0

Trong fio: 1,0, :[0,00) = [0,0), Vi=12, f :[O,oo)sz—>E,
g:[0,0)xE > E, K:[0,0)> > L(E,E), E khong gian Banach thic voi
chuan | | L(E,E) la khong gian cac toan to tuyen tinh lien tuc té E vao E vdi cac
gia thiet cua cac ham f, g iddc md rong hén trong [1] , [2] .[3].

Abstract
Topological structure of solutions set of an intergral equation
in Fréchet Space
In this paper we consider the set of solutions (connectivity and
compactness) to the following intergral equation

(1) (1)
X(t) = p(t) + J' (t, 5, x(61(s)))ds + j K(t,5)(9(s, X(6,(s))))ds ,t>0.
0 0
Where 1,0, :[0,0) > [0,00),  Vi=12, f :[0,00)> xE — E,

g:[0,0)xE - E, K:[0,50)*> = L(E,E). Eis a real Banach space with norm

|.| and L(E,E) the Banach space of continuous linear operator with domain E and
range in E with the conditions for f, g which are more general than that in [1],

[2], [3].
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