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DUNG LUONG TRONG KHONG GIAN TOPO

Pau Thé Cap', Biii Dinh Thing?
1. Md dau

L{ thuyét dung lugng duge dua ra béi G.Choquet [1] va duge tiép tuc phat
trién bdi nhidu tac gid (xem tai ligu tham khao).

Dung lugng da dugc xét trong khong gian do duge bat ki nhu 14 mot khai
quét ctia do do va gan day 1a trong IR™ v6i o-dai s6 Borel. Trong bai nay chiing
toi dua ra khai niem dung luong trong khong gian topo Hausdorff tong quat.
Sau dé ching toi da khao sat kha triet dé truong hop dung lugng c6 gia la tap
rdi rac. Trong R" ciing mdéi xét trudng hgp dung lugng c¢6 gid hitu han (xem
[9]), do d6 két qua ctia ching t6i 14 mdi ca trong truong hgp khong gian 1a R".

2. Dung lugng trong khong gian t6po

Trong sudt bai nay ta ki hieu X 1a mot khong gian topo Hausdorff. IC(X),
F(X), G(X), B(X) theo thit tu 1a ho cac tap con compact, tap con déng, tap

con md va tap con Borel ciia X. Ta c6
K(X)cCF(X)CF(X)UgGX) C B(X)

Dinh nghia 2.1. Ham tap T : B(X) — [0;400) goi la mot dung lugng trén X

néu thoa man cdic diéeu kién sau

(C1) T(0)=0.
(Cy) T dan dau cap hitu han, tic la vdi cac tap Ay, Ag, ..., A, € B(X), n > 2,
deu co .
Ty < 3 (~u#T (1)
i=1 1€T(n) i€l
trong d6 Z(n) = {I: I C {1,...,n}, I # 0}, #I la s6 phan ti cia tap
I.

(C5) T(A) =sup{T(C): CeK(X), CC A} vdi moi A e B(X).
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(Cy) T(A)=inf{T(G): GeG(X), G>C} vdimoiCeK(X).
Ky hieu M 1a mot o-dai s6 trén X.

Bo dé 2.1. Cho pi : M+ [0; +00) la mot ham tap théa man diéu kién sau day:
Voi moi A,B € M

(AN B) = pu(A) + u(B) — n(AU B). (2.2)
Khi dé vdi moi ho cdc tap Ai,..., A, € M, n> 2 ta déu cé
M(UAi) = Z (_1)#I+1M(UA1')- (2.3)
i=1 1€Z(n) i€l

Chiing minh. Ta chting minh bang qui nap theo n. Theo gia thiét (2.2) ta c6
(2.3) ding v6i n = 2. Gia sit (2.3) ding v6i n > 2, ta sé chiing minh n6 ding
v6i n + 1. Ki hiéu

In+1)=Z(n)U{n+1}U(Z,,n+1),
6 day (Z,,n+1)={IU{n+1}: I €Z(n)}. Dat A= ) A;. Theo gia thiét qui

i=1
nap ta cé

n+1

1( ﬂ A) = M(AﬂAnH)

= plA) + p(Ansr) = pl(A JAnn)

= M(A) +M n+1 ( ﬂ UAn—i—l)
—)

= Z #Hl UA Ani) Z(_l)#IHM(UAi)

1€Z(n) iel I€Z(n) i€l
= > ) JA) + p(An)

I€Z(n) i€l

+ > (=P A

I'e(Z(n),n+1) icl’
= > (=nHTu(J4a,

I€eZ(n+1) iel
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trong d6 I’ =T U{n+ 1}, I € Z(n). Vay (2.3) ding véi n + 1. O

Dinh nghia 2.2. Mot do do u trén B(X) goi la do do Borel chinh qui néu vdi
moi E € B(X) deu cé

1. w(E)=inf{u(U): UegG(X), UDLE};

2. w(E) =sup{p(C): CeK(X), CCE}.

Tt bo dé 2.1 va tinh chinh qui ctia do do Lebesgue trén R™ ta co
Dinh 1i 2.1.

a) Ham tap p : B(X) — [0,400) thod man (Cy), (Cs), (Cy) va (2.2) la mot
dung lugng trén X.

b) Moi do do chinh qui trén B(X) deu la dung luong trén X. Dac biet do do
Lebesgue m tren B(IR") la dung lugng trén R".

Dinh nghia 2.3. Ham tap T : B(X) — [0, +00) goi la cuc dai néu
T(AU B) = max{T(A), T(B)}
vdi moi A, B € M.

B6 dé 2.2. Néu T la ham tap cuc dai thy moi ho Ay, ..., A, € M ta déu cé

> (=P JA) = min{T(4;) : 1 < i < n}

I€Z(n) iel
Chatng minh. Ta ching minh bang qui nap theo n. V6i moi A;, Ay € M ta c6

T(Al) + T(Ag) — T(A1 U Ag) = T(Al) + T(AQ) - maX{T(Al), T(AQ)}
min{7'(A;),T(As)},

tiic 14 khang dinh ding v6i n = 2. Gia sit khang dinh ding véi n > 2. V6i moi
ho Ay, ..., A, € M, khong mat tong quét ta cé thé gia thiét

T(A) =min{T(4;):1<i<n+1}

T(Apy1) =max{T(4;) : 1 <i<n+1}.
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Bdi gia thiét qui nap ta co

Y. nFHT(Ja) = Y (DFHT(JA) + T4

I€T(n+1) iel I€1( iel

n)
+ ) (=T Ay

I'€(Tp n+1) iel’

- T(Al) + T(An+1)
H(=Co 4+ Cp =+ (=1)"C)T(Anta)
— T+ (1= 1) T ()
= T(Ay).
Vay khang dinh ding véi n + 1. O

Dinh nghia 2.4. Ham tap T : B(X) — [0, +00) goi la do do cuc dai néu né
la ham tap cuc dai va théa man cac dieu kién (Cy), (Cs), (Cy).

Tu bo dé 2.2 ta ¢6 dinh 1f sau
Dinh 1i 2.2. Moi do do cuc dai trén X la dung lugng trén X.
Dinh li 2.3. Cho T la mot dung luong tréen X. Khi do
a) T la ham tap khong giam, tic la moi A, B € B(X), AC BthiT(A) <T(B).
b) Véi moi A, B€ B(X), ANB =0 déu cé

T(A)+T(B)>T(AUB).

Chiing minh.
a) Theo (C3)
T(A) = sup{T(C): CC A, CeK(X)}

sup{T(C): C C B, CeK(X)}
T(B).

IN

b) 0=T(ANB)<T(A)+T(B)—-T(AUB,).
Do d6 T(A)+T(B) > T(AU B).
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Hé qua 2.1. Néu A, B € B(X) va T(A) =0 thy T(AU B) = T(B).

Dinh nghia 2.5. Ta goi gid ciua dung lugng T, ki hiéu supp T la tap dong S
nhé nhat cia X sao cho
T(X\S)=0.

Heé qua 2.2. Vdi moi dung luong T trén X ta co
a) T(supp 1) > T(B) VB € B(X)

b) T(supp T) = T(X).

Chiing minh.

a) bat A = B\ supp T, tac6 A C X \supp T nén T(A) = 0. Vi B =
AU (BnNsupp T) nén theo hé qua 2.1

T(B)=T(Bnsupp T') < T(supp T).
b) Theo a) ta ¢6 T'(supp T') > T'(X) va do tinh khong gidm nén T'(supp T') <
T(X). Vay T'(supp T') = T'(X).
O
Dinh nghia 2.6. Mot dung luong T tréen X goi la dung lugng xdc suat néu
T(supp T) =T(X) = 1.
3. Dung lugng c6 gia rdi rac

Dinh nghia 3.1. Tdp con D cia X goi la 791 rac néu moi x € D, ton tai lan

can md U, cia x trong X sao cho DNU, = {z}.

Bé6 dé 3.1. Cho D la tap con déng, roi rac cia X. Khi dé

a) Moi tap con cia D dong trong X .

b) Tap con cia D la compact néu va chi néu nd la tap con hitu han.
Chiing minh.

a) A C D thi A dong trong D. Vi D déng trong X nén A déng trong X.
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b) Néu C la tap con vo han ctia D thi C khong compact trong D do d6 cling
khong compact trong X.

]

Dinh nghia 3.2. Ho s6 thuc khong am {t;}, i € Igoi la khd tong va cé tong

bang s neu

Zti:sup{Zti, J C ],#J<+oo} =5 < +00.

iel icJ

Bo dé 3.2. Néu .., t; < oo thitip Iy = {i € I : t; > 0} la dém duoc.

el

1
Chiing minh. Dat A, ={i€ ly: t; > —}. Tacod
n

L= JAx
n=1
Néu I khong dém duge thi ton tai ng sao cho Ano vo han. Khi dé
SURD SUED S
il il i€An,
]
B6 dé 3.3. Néu - B(X) — [0,400) la dung lugng do do, cé gia la tap roi rac
D thi D la tap dém duoc.
Chiing minh. Moi x € D déu ¢6 pu({xz}) > 0 vi néu ton tai x € D, p({z}) =0
thi D' = D\ {x} la tap déng (b6 dé 3.1) va u(X \ D’) = 0, mau thuin v6i D
13 tap déng nhé nhat c6 tinh chat nay. Moi tap hitu han A € D

w(A) = pl{z}) < (D) < +oo

z€A

nén Y p({x}) < +oo. Tit d6 theo bd dé 3.2, D dém dugc. O
€D
Dinh nghia 3.3. Cho T la mot dung luong trén X co gid la tap roi rac D. Dat
t. =T({x}) vdi moix € D, ta goi Ty, va Ty la cic ham trén B(X) zdc dinh bdi
sup{t,: € AND} néu AND#D

TOO(A> =
0 néu AND =0,
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Z t, néu AND#(
Ty(A) = { e€anp

0 néu AND=40.
Dinh li 3.1. Cho T la mot dung lugng trén X co gid la tap roi rac D. Khi do
T la dung lugng trén X va
To(A) <T(A) wvdi moi A€ B(X)
Chiing minh. Hién nhién T, théa man (Cy), (C3).

Véi moi C € K(X), G = ( U Ux) J(X \ D) la tap m6 chia C, T (C) =
To(CND)=T(GND) = T:(C(;fnén c¢6 (Cy). Dé chitng minh T, théa mén
(Cy), theo bd dé 2.2 ta sé chiing minh T, 1& ham cyc dai. That vay, moi A,
B € B(X) déu c6

Tw(AUB) = sup{t,: v € (AUB)N D}
= max{sup{t,: v € AND}, sup{t,: € BND}}
= max{T(4), T(B)}
Cudi cung, moi A € B(X)
Tw(A) = sup{t,: € ANnD}
= sup{T({z}): z€ AnD}
< T(A)
O
Hé qua 3.1. Cho D la mét tap roi rac trong X, moi x € D chon mot gid tri
d, > 0. Vdi moi A € B(X) dat

sup{d,: € AND} néu AND#D
T(A) =
0 néu AND #0.
Khi dé T la dung lugng néu va chi néu sup{d, : © € D} < oo. Vdi dung lugng
nay ta co'l' = Ty.

Dinh 1i 3.2. Cho T la mot dung luong co gia la tap roi rac D. Khi do Ty la

dung luong néu va chi néu D dém duge va Z ty < 0o. Vi moi A € B(X) ta
zeD
co

T(A) < Ti(A).
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Chiing minh. Néu Ty 1a dung lugng thi 71 (D) = Z t, < 0o va theo bo dé 3.2,
zeD

D dém duge. Nguge lai hién nhién Ty théa man (C)), (Cs). V6i moi C' € K(X),

do
( U Ux> U\ b

xeCND

& mé chia C va

nén 7' thoa man (Cy).
Véi moi A, B € B(X) ta ¢

T(AUB) = Y

x€(AUB)ND
= E ty + E ty — E ty
r€AND zeBND € ANBND

= T1(A)+T(B)-Ti(ANB).

Vay T; théa méan (2.1) va do d6 1a mot dung lugng theo dinh 1i 2.1.
Véi moi a, b € D, a # b theo dinh i 2.3 b)

T({a,b}) < T({a}) + T({b})

tir d6 tiép tuc st dung dinh 1f 2.3 b va qui nap theo s6 phan ti ctia C ta c6

C) <) T({z}) =T(C)

zeC

voi moi C' C D, #C < co. Bay gio v6i moi A € B(X) ta ¢6

T(A) = T(AND)
= sup{7(C): C C AnD, C compact} (do Cy)
= sup{T(C): CC AND, #C < oo} (dobodé3.1b)
< sup{Ti(C): CC AND, #C < oo}
= T (AND)
= Ti(A).
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Hé qua 3.2. Néu T la dung luong cé gia D la tap roi rac va ZT({x}) < 00

zeD

thi T, va Ty la cac dung luong va

Too(A) <T(A) <Ti(A)

vdi moi A € B(X).

Hé qua 3.3. Cho D la tap roi rac va déng trong X, véi moi x € D, chon
d, > 0. Voi moi A € B(X) dat

Z d, néu AND#0
T(A) — x€AND
0 néu AND=0.

Khi dé T la dung hiong cé gia D néu va chi néu D dém dudc va Zd‘” < 0.

zeD

Vi dung lugng nay ta co T = T}.
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Tém tat
Dung lugng trong khong gian Topo

Trong bai viét nay, ching toi gidi thiéu khai niém vé capacity trong khong
gian topo Hausdorff, khai niém nay téng quat hoa khai niem capacity

trong IR™. Nhiing capacity c6 gia roi rac cling sé duge khéo sat.
Abstract
The capacities in topological spaces

In this note we introduce a notion of capacities in Hausdorff topological
spaces, that generalizes the notion of capacity in IR". The capacities for

discrete support are investigated.
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