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BO PE FARKAS VA UNG DUNG
TRONG THI TRUONG TAI CHINH

NGUYEN CHi LONG’

TOM TAT
) B6 dé Farkas da hon 100 téi. Pdy 1a két qud gcin ban doi véi hé bat phirong trinh
tuyén tinh va la cong cu quan trong trong Iy thuyét toi vu. Trén co s& y tuwong cua A. Dax
va K. Svanberg [5], [10], ching t0i gidi thi¢u cach chimg minh Bé6 dé Farkas chi sir dung
cong Cu cua dai so tuyén tinh so cap ma khong dung tinh chdt ciia Iy thuyét tip hop hay
tinh chdt ciia s6 thiee va sé hitu ti. Muc dich cia bai bao nay 1a giGi thiéu dp dung ciia Bo
dé Farkas dé chitng minh mét nguyén ly quan trong trong thi truong i chinh: Thi trwong
tai chinh la day du khi va chi khi ton tai diung mét do do xdc sudt rii ro trung tinh.
ABSTRACT
Farkas lemma and its applications in financial market
Farkas lemma has existed over a hundred years old. It is a fundamental result for the
system of linear inequalities and an important tool in optimization theory. Based on A. Dax
and K.Svanberg’s ideas [5], [10], we present the proof of the Farkas lemma by only uses
the tools of elementary linear algebra, but neither any properties of the set theory nor any
of the real and rational numbers. The article is about presenting the applications of Farkas
lemma to prove an important principle in financial market: “The financial market is
complete if and only if there exists exactly one neutral risk probability measure.”

Bé dé Farkas

Cho ma trdn m hang, n cét A va b 1a vécto m chiéu, thi chi cé diing mét trong
2hé (1) va (2) sau co nghlem

Ax=Db ; 0 (1)

b'y <0 ; ATy >0 (2)

Viéc chimg minh Bo6 dé Farkas c6 lién quan dén két qua vé nghiém cua cac bai
toan toi uu sau:

Xét ham f xac dinh trén R":

|\/

f(x):%”Ax—b|2:%(Ax-b)T(Ax-b)

Bai toan: (P) min f(x), x € R"
(P™) min f(x), véi rang buoc x >0.

" TS Khoa Toan — Tin hoc Trwdng Dai hoc Sw pham TP HCM
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Ta s& sir dung két qua cia ménh dé sau dé chimg minh B6 dé Farkas.
Ménh dé I
1) R langhiém cia (P) < ATA % = ATb. ©)
2)  (P) c6 nghiém duy nhdt X <> Cac vécto cot ciia A la doc \dp tuyén tinh.
3) g langhiém cia (PY) < 3 diéu (a), (b), (c) sau diing
(@ x =20
(b) AT (A% -b)> 0
(c) X AT(AX -b)=0.
4)  (P") lubn ludn cé nghiém.
Chitng minh Bé dé Farkas:
Gia st % la nghiém cua (1), ta can chtng minh (2) v nghiém.
Vi X la nghiém ctua (1) nén AX =b, do do
b'y=(A%)'y= %" (ATy)yman6se>0 khiATy>0
Vay hé (2) khong thé co nghiém.
Bay gio ta gia sir hé (1) vO nghiém, ta can ching minh (2) ¢6 nghiém.
Do Ménh dé 1.4), bai toan (P*) c6 nghiém. Goi X la nghiém cuia (P*) va dat
y:=AX-bthi §y #0(do X khdng phai 1a nghiém cua (1)).
Do Ménh dé 1.3) thi X > 0; ATy >0va x'A'§ =0
Suyrab'y=(A% - §)'§ =R"AT§-§'§=0-]§|*<0
Vay y la mot nghiém cua (2).
Viéc con lai 1a chimng minh ménh dé I.
Chitng minh ménh dé I:
1) Giasu % thoa (3), ta can chimg minh £ la nghiém ciia (P) nghia 1a
f(x) - f(X) >0, ¥ e R".
Taco:

1 1
f(x +d) =5 [| AR +d)-b[*=5[| AR -b+Ad|f*
:% (A% —bJf + (A% —b)" Ad + (Ad)" (AX—b)+|Ad]’)
- %"(Af(—b)”z +%(A§(—b)T Ad +%(Ad)T (A%—b) +%||Ad||2
Ldy d = x - &, thi khai trién trén tré thanh
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f(x) = f(X) + (x - %)'A" (A% - b) +%IIA(X- II*
hay

f(x) - f(%) = (x - %)'AT(AR - b) +%||A(x- 2)I1?

T o~ L4 .
=(x-%)" § +5 [|A(KX - )II° (4)
Vi §:=AT(A% - b) (5)
Tu (3)tacd §=0 vatir (4)taco f(x) - f(x) >0, vx eR".

Pé chimg minh chiéu nguoc lai, bay gio gia st X khong thoa (3) va can ching
minh X khong thé 1a nghiém cua (P).

Vi % khong thoa (3), suy ra A'A% = A'b hay §= 0, do d6 ||§|[> > 0. Vi ta c6

.. . 1 . A,
thé tim dugc s6 thuc kha bé t> 0 sao cho 5 t [JAg|* nho tly ¥, nénco t >0
1 . A
saocho  StlIAGI*<[I§I’

, 1
trong (4), lay x = % -t thi f(X - td) - f(X) =t(- | §|I° + 5 tlIAGII) <O.

Do d6, & khéng thé 1a nghiém cua (P).
2)  Néu cac vecto cot ctia A 1a doc 1ap tuyén tinh thi phuong trinh Ax = b ¢6
nghiém duy nhat X va nguoc lai; do d6 theo Ménh d¢ 1.1. thi 2) dung.
3) Giasu X thoa ca 3 diéu kién a, b, ¢. V6i cach dat § nhu trong (5) thi
£>0;=0vax'g=0 (6)
T (4) ta co:
1
f6) -f(%)=x" g - KT g+ 5 Alx- Q)|

1
=x'§ + 5 1A - )|)? >x"§ >0 voi moi x >0.
Vay X langhiém cia (P”).
Bay gio ta chi can chtimg minh mot trong 3 diéu kién (a), (b), (c) khiém khuyét
thi & khong thé 1a nghiém cua (P*).
i) Néu diéu kién (a) khiém khuyét thi X khong nam trong mién chap nhan
cua (P™) nén khong thé 1a nghiém cua (P™).
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i) Gia st X > 0 nhung § khong théa mén diéu kién § > 0, nghia 1a chi sb
X . L 1 .
K N&0 do sao cho §, <0, thico t>0voist lJAe > < - § «
trong d6 e, = (0, ..., 0, 1,0, ..., 0) véi s6 1 & vi tri thtr .
Taco: X +te,>0vatur (4)
1
f(% +te) - f(R) =t (G.+5t]|Aed|) <O.
Diédu nay chimg t6 & khong thé 1a nghiém cia (P*).
iii) Gia st X >0, § > 0 nhung khong c6 diéu kién X' § = 0, nghia 1a c6 chi
s6 « nao d6 sao cho £, >0va §,.>0.
1
Suyraco tvoi0<t< g vajtlAed* < § .
Tacoé: X -te, >0 vatheo (4).
1
f(% -ted -f(R) =t (- G+ tllAedl) <O.

Chung to X khdng thé 1a nghiém cia (P*).

4)  Xét J la tap con cua tap hop chi sd {1; 2; ...; n} goi |J] la s6 phan tir ciia
J; A; la ma tran m hang, [J| cot {a;};;; trong do6 a; la cot thir j cua ma trén A va x; la
vecto |J| chiéu cé cac thanh phan {X;} ;o (cung thtr tur chi s6 nhu vécto cot trong
A;). Ta dinh nghia cidc mién con cua R" nhu sau:

X,={X € R" 1 X = (Xg, Xp, ..., Xo)' Vi x; =0 khij ¢ J}
va X;={xe X;:voix;>0khij e J}

Xét c4c bai toan t6i wu (Py) va (P;), thu hep ciia (P) trén X; va X7 :

1
(P3): min f(x); f(x) = > IA% - b||* véi rang budc x € X;

(P,"): min f(x); f(x) :%”A)‘( - b|* v&i rang bude x € X .

Néu J =@ thi X;=X;={0}valacdo % =0 langhiém cua ca (P;) va (P;).

Néu J # @ thi (P;) c6 nghiém duy nhat khi va chi khi cac vécto cot cua A; la
doc 1ap tuyen tinh (do két qua Ménh de. 1.2).
Dinh nghia:

1) Tap g’hi s6 con J cua {1, 2, ..., n} dwoc goi 13 tdp dwec chon néu (P)) c6
nghiém duy nhat X va X € X;.
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Trong truong hop ndy X dwoc goi [a diém chon twong iing véi J.

2)  Trong truong hop (Py) khdng c6 nghiém duy nhdt hay (P;) c6 nghiém duy
nhdat X nhung X X!, thi J dwoc goi 14 tdp hop chi so khong ding quan tim,
trong truong hop nay khéng cé diém chon ndo twong g véi J.

3) Piém chon R dwoc goi 1A diém chon tot nhét (doi véi bai ban t6i wu
(P™)) néu f(x) < f(x) véi moi diém chon x.

Trudce tién ta ching minh b6 dé phu sau:

Bé dé phu

1)  Gid sir rang J Iatdp chi so con dwee chon va % 1a diém chon ticong vmg
voi J thi X la nghiém cua (P;").

2)  Gid sir rang J 1a tdp chi sé con khéng ding quan tém, thi véi mét diém
cho trueée nao do x € X, lubn cd mot tap chi s6 con thiee sie cua J, ghi 1a J , Véi
J cJad = J),vamgtdiém X € X:sao cho f(X) < f(x).

3) Néu %X |a diém chon tét nhdt va J 12 tdp hop chi s6 con c6 thé Ia tip
dwoc chon hay tip khong ding quan tim, thi ta ludn co :

f(x) <f(x), "x € X7.
Chitng minh bé dé phu:
1)  Néu Jlatap chi sé dugc chon va X 1a diém chon tuong ing véi J thi
f(x) <f(x), ¥x € X;.

Suyraf(Xx) <f(x), Yx € X (Vi X; X))

Do d6 x la nghiém cua (P;").

2) Gia st rang J 1a tap hop khong ding quan tam, ta xét hai truong hop
khac nhau cua ma tran A;, d6 1a truong hop cac vécto cot cua A; la phu thude tuyen
tinh va cac vécto cot cia A; la doc 1ap tuyén tinh.

i) Khi cac vécto cot ctia A; 1a phu thudc tuyén tinh: c6 d e X; voi it nhét
mot thanh phan 1a &m, sao cho Ad = 0.

Véix € X cho trude, dat
a: = min; {x; /(-d;) : d; <0} thi a. > 0;
Taco:x+td e X; khite [0, a).

vax+ad e XI véi J<J(dox + adj= 0 véi it nhét mot chi s j).

1
Mt khac, f(x+td):% I Ax=b +tAd 2 =5 || Ax=b | = f(x), vt
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Do d6, néu ldy X =x + ad thi f(X) =f(x) va X e XI véi J < J.

i) Khi cac vécto cot cua A; la doc 1ap tuyén tinh: Theo dinh nghia cia tap
chi so kh@ng dang quan tam Yé Ménh dé 1.2, ton tai nghiém X cua (P;) va co0 it nhat
mot chi so j sao cho thanh phan th j, Xjcua X la<0.

Vo1 x € X; cho trude, dat :

a:=min{X/(X- X)) :%>X;}thia (0, 1].

Ta co:

X+t(x-x)e X;, vt €[0, )

Vax+o (% -x) e X:voi JcJ(dox; +a(R-x%)=0Vaiit nhat mot chi sd )

Mit khac, ¢b dinh x va X thi ham theo mot bién t.

f(x +t (% -x)) dat cuc tiéu duy nhat tai t = 1.

Do do, f(x + t (X - X)) < f(x), ¥t € (0,1].

bac biét  f(x + a (X - X)) < f(x).

Vaynéu ldy X =x+ a (% -x) thi f(X) <f(x) va X € X, véi J .

3)

i) Goi J Ia tap chi s6 duogc chon vax € X, thi theo b6 dé phu 1, ¢6 diém
chon X € X; twongtng véi J vaf(x) <f(x), ¥x e X;
i) Goi J 12 tap hop chi s6 khong dang quan tim vax € X :

Theo bé d& phu 2,¢6 X € X: (J < J) sao cho f(X) <f(x)

Chay riang|J|<|J]|- 1, nén sé thanh phin dwong cua X it hon s6 thanh phén
duong cua X.

Néu J 1a tap duoc chon, thi nhu d& biét & trén

f(x) <f(x) <f(x)

‘ Néu J latap khong Siémg quan tam thi ta !aflp lai 1y l}lén nhu trén, thay vi kh{yi
dau véix € Xj,takhdidau véi X e X;. Viso thanh phan duong trong vécto bién
t6i da 1a n, nén cd nhiéu 1am la n budc 1ap dé co duoc tap hop chi sé dugc chon (chu
ylaJ=g cling 1a tap hop ghi‘sé dugc chon) va khi c6 dugc tép hop chi s6 duge
chon, str dung két qua cua Bo dé phu 31i) trén ta dugc két qua can ching minh.
Chitng minh ménh dé 14: Bai toan toi wu (P*) ludn c6 nghiém.
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L4y & 1a diém chon tt nhat va x > 0; thi c6 duy nhat mot tap chi s con J sao
cho X € X;.Ca hai truong hop J la tdp dugc chon hay la tap khong dang quan tam
thi theo Bo dé phu 3: (%) <f(x)

Do d6, % la nghiém cua (P).

Ghichu 1:

Tir B6 dé Farkas ta cé thé kiém chimg dé dang rang néu hé (1) vé nghiém thi
ton tai y € R™ sao cho

yA=0vayb>0 (7)
2. Ap dung Bo @ Farkas trong thi trwong tai chinh
2.1. M@t s6 khdi ni¢m, dinh nghia

Xeét mo hinh tai chinh mot chu ky véi thoi gian giao dich T = {0,1}. Thoi diém
t=0 la thoi diém hién tai, bat dau giao dich va thoi diém t =1 la thoi diém déo han,
ket thic giao dich. Thi truong tai chinh gom N+1 tai san nén tang d¢ dau tu, do 1a
tai khoan tin dyng trong ngén hang (hay trai phicu khong rui ro) By, t = 0,1; voi lai
suat co dinh trong mét chu ky 1a r va N chirmg khoan

Isil,i=1,2,..,N;t=0, 1.

Doi voi tai khoan tin dung B, gid thiét By = 1 don vi tién t¢ giri vao ngan hang
tai thoi diém t = 0 va sé c6 duoc By =1+ rdon vi tién t€ khit = 1.

Gia ciia N chung khoan tai thoi diém t =0, S, S2, ..., S thi duoc x4c dinh,
nhung gia ching khoan tai thoi diém t = 1 lai phu thudc vao mot trong k trang théi
tai chinh (hay kich ban) @, i =1, ..., kthudc

Q:={w, o, ..., 0}

Gia sir sy xuét hién cfla mdi kich ban @y e £ ¢ X4c Suit Plw)>0,i=1, ...k
Goi F = P(£2) la tap hop tit ca cac tap con cia 2 thi F 1a trudng thdng tin 16n nhat
cta thi trudng tai chinh dang xét. Lic d6 S/, i =1, ..., N |a cac bién ngau nhién xac
dinh trén (Q, F, P) va S/ (w) 1a gia ching khoan thir i tai thoi diém t = 1 khi kich
ban @ € Q xuét hién.

~ * Mot phuong 4n dau tu (viét tat PA) 1a mot cap (X, ¢) trong do X la tong sb
tién dau tu ban dau va ¢ la danh muc chimg khodn dau tw, n6 1a vécto gom N thanh

phan ¢: = (¢ , ) voi ¢' 1a sé don vi c¢b phiéu cta ching khoan thtr i duoc mua
tai thoi diém t = 0 S tién con lai sau khi mua N chimg khoan
O:=x- Zqﬁisg
i=1

s€ duoc gui vao tai khoan tin dung.
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* Qua trinh gia cua PA (x, ¢) la cap (Vo (X, ¢); V1 (X, ¢))
trong d6 Vo (X, @) =X va Vi (X, ¢) 1a bién ngau nhién

N . .
Vi(x ¢) = ¢"Bi + D 4'S]
i=1
* Qua trinh 151 G (X, ¢) ciia PA (X, ¢) 1a bién ngau nhién
N
G(x, ¢) = ¢'r + D §'AS", Vi AS':= S-S
i=1

* Trong truong hop moi hang hoéa trong thi trudng phai chiét khau thi qua
trinh gia chimg khoan da chiét khau la

St =sivas =—. S licdo qua trinh gia d4 chiét khau cta PA (x, ¢)

~ ~ N LA .7 r N
V, (X, 0)=xVvaV, (x, §) = ¢*+ D ¢' S!, vaqua trinh 1oi d& chiét khéu 1a
i=1

G (X, §)= D ¢'AS", VGiAS'= S| - S
i=1
* Tu cac khai niém trén ta co:
Vi (X, ) = Vo (X, 9) + G (X, )
A 1 A A -
V, = B—.Vt;(t=0;1)V&V1 X, 0) =V, (X, 0) + G (X, )

1

* Thi truong tai chinh khong c6 co hdi chénh Igch thi gia, hay néi van tat, thi
truong khong cé co lgi, hay thi tr:lr(‘)'ng lanh manh, néu trong thi truong khong ton
tai PA (x, ¢) nao théa mén ca 3 diéu kién sau:

(1) x=Vo(x, ¢ =0

(2) Va(x, ¢) >0 (hodc G (x, ¢) >0)

(3) Fw e 2:Vi(x, ¢)() >0 (hoic G (X, ¢)(w) > 0).

* Mot do do xac suét Q trén Q dugc goi 12 @ do xAc suit rii ro trung tinh
(hay d¢ do xac suat trung hoa rii ro) néu

(1) Q(w)>0, Vo e 2 (Mbi kich ban xay ra voi Xac suat duong) va

(2) Eq[AS']=0 (Ky vong cia s6 gia chimg khoan da chiét khau 14y theo d6
do Q thi bang 0).

* Mot san pham phai sinh (hay mot quyén phai sinh) hay la quyén tai
chinh (a contigent claim) la mot san pham c6 dang h(S,), trong d6 h: R — R la ham
S0 sao cho h(S;) ciing 1a mgt bién ngau nhién trén (2, F, P). Chang han h(S;): =
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max (S; — K; 0); trong d6 Sy la gia ching khoén tai thoi diém dédo hant=1va Kla
gia thuc thi cua hop dong quyén chon mua (hop dong ma nguoi mua co quyén,
nhung khong bat budc, mua ching khoan véi gia thuc thi K tai thoi diém t = 1 khi
gla chimg khoén S; cao hon K, va c6 thé khong thyc hién khi gia chimg khoan S,
thap hon K) 1a mét loai quyén pha1 sinh, ¢6 tén 1a quyén mua kiéu Chau Au.

Mot cach tong quat, quyén tai chinh 1a mot bién ngau nhién X xac dinh trén
khong gian xac dinh (€2, F,P) biéu dién mdt thu hoach tai thoi diém ddo han t = 1.

* Cho X la mot quyén phai sinh. Mot phuong an dau tu (X, ¢) duoc goi 1a
phwong an dap wng (a replicating strategy) hay mét bao h¢ (hedge) cho X neu V,
(X, #) = X tai thoi diém t = 1.

Ghi chu 2:

Trong md hinh tai chinh lanh manh, néu X la mot quyén fai chinh va (x, ¢) la
phuong an dap vng cho X thi X 1a gié ciua quyén tai chinh X tai thoi diém hién tai
t=0.

* Mot quyén tai chinh X dugc goi 12 dat dwgc (attainable) hay mua ban dwoc
(marketable) néu c6 mot phwong an dau tu (X, ¢) bao ho cho X.

* Thi trudng tai chinh 1a day di néu moi quyén tai chinh X déu co thé tim
duge mot phuong an (X, ¢) bao ho cho X. M0 hinh tai chinh khong c6 tinh chat nay
goi 1a mo hinh tai chinh khong day di.

2.2. Gia ciia quyén tai chinh dat dwoc
Ménh dé I1

Cho X 1a mét quyén tai chinh dat dwoc va Q la dé do xdc sudt riii ro trung tinh
xdc dinh trén Q2 thi gia gia x cua X dwoc dinh nghia nhw gia cia mot phuong dn
dau tw dap ung va c6 thé xac dinh tir cong thirc

X =Eq |~ X @)

Bl
Chitng minh:
Goi (x, ¢) 1a PA dau tu dap tmg cho X, nghia 1a Vy (X, ¢) =
Tir dinh nghia cta qua trinh gia d4 chiét khéu, ta co:
1 -
E.X =V, (X, 9)

1

suyra  Eq {Bi'x} = Eq [Vi(x, ¢)]

=Eq [x+ G (x, ¢)]
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=X+ EQ {i¢IA§I:|
=X+ qu‘ Eo[AS']

=X (Vi Eq[aS'1=0)

Vay ménh dé II da duoc chimg minh.
Ghi cha 3:

Ménh dé II cho ta két qua: doi véi moi dé do xdc sudt rii ro trung tinh xac
dinh trén Q, c&c gia tri ky vong tinh qua céng thirc (8) 14 bang nhau.
2.3. Nguyén ly mgt gid trong thi trwong tai chinh day di

Trong [2], ching t6i da gidi thi¢u va chimg minh mot nguyén ly: Thi trwong
tai chinh 1a lanh manh (nghia la khong co co lgi hay khong c6 PA kinh doanh
kiem loi dwoc ma khdng bé von) khi va chi khi ton tai mét dé do xdc sudt rii ro
trung tinh.

Sau day ching ta ap dung Bo dé Farkas dé chimg minh mot nguyén ly quan
trong khac cua thi truong tai chinh.

Dinh Iy

Gia sur thi truong tai chinh dang xét la lanh manh thi thi truong tai chinh la
day du khi va chi khi ton tai duy nhat mét do do xdc suat rii ro trung tinh.
Chutng minh:

(=) Gia st thi trudong tai chinh 1a 1anh manh va day du. Theo nguyén Iy cin
ban dinh gia tai san [2], thi ton tai mot do do xac suat riii ro trung tinh. Dé ching
minh tinh duy nhét, gia str c¢6 2 do do xac suét rui ro trung tinh Q;, Q; xac dinh trén
0, ta can chimg minh Q; = Q,.

V6imdii=1,2, ..., k taxét quyén tai chinh c6 dang

i IB; khi 0= o

XA =30 noi khac

thi X' 1a quyén tai chinh dat duoc, suyravéimdii=1,2, ..., k.

Q1 (@) = Eg, {Bi.xi}: Eo, {Bi.xi} = Qz(w).

Viy Q= Q.
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(<) Gia st thi truong tai chinh 12 lanh manh va chi ¢6 duy nhat mot d6 do xéc
suat rui ro trung tinh, ta can ching minh thi truong la day du. Bé chimg minh diéu
nay ta can ket qua cua 2 bo dé sau:

Bo dé 1

Gid sir thi trwong fai chinh 1 lanh manh thi thi trieong nay la day du khi va
chi khi ma trdn k hang N+1 cét A xdc dinh gid tri ciia phwong dan dau tw tai thoi
diem dao han t = 1.

_B]_ Sll(())]_) SlN (0)1)_
B]_ 811(0)2) SlN (0)2)

A=|" phdi co hang [a k.

| B: S;(ax) ... 8" (o)
Chitng minh b6 dé 1I-

Ma tran A c6 hang 1a « khi va chi khi véi mdi X € R*

Phuong trinh AH =X 9)
c6 mot nghiém duy nhat H € RV, trong d6 H ¢6 thé xem nhu mot phuong an dau
tu H= (% ¢, ..., d") va X la quyén tai chinh

X = (Vax, g)(@r),-., Va(x, ¢)(@))".

Diéu nay chimg t6 rang tim mot phuong 4n dép tmg cho mét quyén tai chinh X
la twong duong vai viéc giai hé phuong trinh (9) va do do phat biéu cua bo de 1 1a
dang.

Bo dé 2
Trong thi truong fai chinh lanh manh, quyén tai chinh X la dat dweoc khi va chi

khi Eq {Bi.x} lay cling mét gia tri déi véi moi dg do xac suat rui ro trung tinh Q.
1

Chitng minh bé dé 2:
(=) Gia sir quyén tai chinh X 1a dat dugc thi tir ménh dé II va ghi chu 3 ta co:
1

Eq {B—X} = x (hang sb) d6i voi moi dd do XAC Suat rai ro trung tinh Q.
1

(<) Gia stt quyén tai chinh X 1a khong dat dugc, ta can chirng minh c6 hai
do do xac suat rai ro trung tinh Q; va Q, trén Q ma
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€, {Bix} . E, {Bix} .
‘ Khi X 1a khong dat duoc thi hé (9) 1a khéng c6 nghiém H, theo két qua ctia B6
de Farkas va ghi chu 1 thi co0 mot vécto IT = (I, ... [1k) thoaITA=0valIl X > 0.
Cho trudc mot d6 do xac xuét riii ro trung tinh Q; trén Q
bat Qi(m) := Q1(w;) + AITiBy, va&i A >0 kha bé sao cho:
Qx(m) >0, Vay € Q.
Tir tinh chat TT A =0, ta co:

K K K
ZQZ ((Di) = ZQl ((Di) + )LZHI .B]_ =1
i-1 i-1 i1
Do do, Q, cting 1a d¢ do xac suit trén Q.

Mt khac, Eq, {Bi.x} = _ZK:QZ (mi)[Bi-X(wi)]

1

= EQ{

VIALTIX >0, suyra E, {Bi.x} # EQ{

1

K
=1

Qu (o) X (@) + 2 311, X ()

Hw|H

+AIIX

x}

Bay gio ta chimg minh chiéu nguoc lai cta dinh 1y: ldy mot quyén tai chinh X
bat ky, ta can chtirng minh 1a X dat dugc.

X

m||—\

i
| I

UJ||—\

Vay Bo dé 2 dugc ching minh.

That vay, vi gia thiét chi co duy nhat mot do do xac suat trung tinh Q trong thi

truong nay nén Eq {Bix} c6 mot gia tri duy nhat, vay theo két qua ciia Bo dé 2 thi
1

X1a dat dugc. Vay thi truong tai chinh la dﬁy da. Do @6, dinh ly d& dugc chirng minh.
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