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ABSTRACT

In this paper, we establish some existence theorems for vector quasiequilibrium problems in
real locally convex Hausdorff topological vector spaces by using Kakutani-Fan-Glicksberg fixed-
point theorem. Moreover, we also discuss the closedness of the solution sets for these problems.
The results presented in the paper are new and improve some main results in the literature.

Keywords: vector quasiequilibrium problems, Kakutani-Fan-Glicksberg fixed-point theorem,
closedness.
TOM TAT

S ton tai nghiém cho bai toan twa cén bang vecto

Trong bai béo nay, ching toi thiét lap mét s dinh Ii ton tai nghiém cho bai toén tua cdn
bang vecto trong khdng gian tdpd Hausdorff thue 16 dia phirong bang cdach sir dung dinh Ii diém
bat déng Kakutani-Fan-Glicksberg. Ngoai ra, ching t0i Ciing thdo ludn tinh dong cia cdc tdp
nghiém ciia bai todn ndy. Kér qua trong bai bao 1a méi va cdi thién mét sé két qua chinh trong tai
liéu tham khao.

Tir khéa: cAc bai todn tya can bang vecto, dinh li diém bat dong Kakutani-Fan-Glicksberg,
tinh déng.

1. Introduction

The equilibrium problem was named by Blum and Oettli [2] as a generalization of
the variational inequality and optimization problems. This model has been proved to
contain also other important problems related to optimization, namely, optimization
problems, Nash equilibrium, fixed-point and coincidence-point problems, traffic network
problems, etc. During the last two decades, there have been many papers devoted to
equilibrium and related problems. The most important topic is the existence conditions for
this class of problems (see, e.g., [3-5], and the references therein).
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In 2008, Long et al. [7] introduced generalized strong vector quasi-equilibrium
problems (for short, (GSVQEP)). Let X, Y and Z be real locally convex Hausdorff
topological vector spaces, Ac X and BcY are nonempty compact convex subsets, and
Ccz is a nonempty closed convex cone, and let S:A—2*T:A—>2°,

F:AxBxA— 2% be set-valued mappings.
(GSVQEP): Find X € A and y € T(X) such that X € S(X) and
F(X,y¥,x) cC,VxeS(X),

where X is a strong solution of (GSVQEP).

Very recently, Yang and Pu [9] established the system of strong vector quasi-
equilibrium problems in locally convex Hausdorff topological vector spaces and discussed
some existence results and stability of solutions for these problems. Motivated by research
works mentioned above, in this paper, we introduce two the generalized quasiequilibrium
problems in real locally convex Hausdorff topological vector spaces. We also establish
existence conditions for these problems. Our results improve and extend from main results
of Long et al in [7] and Yang-Pu in [9]. Let X, Y, Z be real locally convex Hausdorff
topological vector spaces, Ac X and BcY are nonempty compact convex subset and

C < Z is a nonempty closed convex cone. Let K,:A—2*, K,:A—2", T:A— 2% and
F:AxBxA—2° be multifunctions. We consider the following generalized
quasiequilibrium problems (in short, (QVEP,) and (QVEP,)), respectively.

(QVEP,): Find X € A such that X € K,(X) and 37 e T(X) satisfying

F(X,Z,y)nC =J,Vy e K, (X)
and

(QVEP,): Find X € A such that X € K;(X) and 37 e T(X) satisfying

F(X,Z,y) cC,Vy e K,(X).

We denote that S,(F) and S,(F) are the solution sets of (QVEP,) and (QVEP,),

respectively.

The structure of our paper is as follows. In the remaining part of this section we
recall definitions for later uses. Section 3, we establish some existence theorems by using
Kakutani-Fan-Glicksberg fixed-point theorem for vector quasiequilibrium problems with
set-valued mappings in real locally convex Hausdorff topological vector spaces.
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2. Preliminaries
In this section, we recall some basic definitions and their some properties.

Definition 2.1. ( [1]) Let X, Y be two topological vector spaces and A a nonempty subset
of X and let F:A—2" be a set-valued mappings, with CcY is a nonempty closed
compact convex cone.

(i) F is said to be lower semicontinuous (Isc) at x, € A if F(x,)"U = for some
open set UcY implies the existence of a neighborhood N of X, such that
F(X)NU #,vxeN. F is said to be lower semicontinuous in A if it is lower

semicontinuous at all x, € A.

(i) F is said to be upper semicontinuous (usc) at x,€ A if for each open set
U ©G(X,), there is a neighborhood N of X, suchthat U o F(x),vxe N . F is said to be
upper semicontinuous in A if it is upper semicontinuous at all x, € A.

(iif) F issaid to be continuous in A ifit is both Isc and usc in A.

(iv) F is said to be closed at x, if and only if VX, — X,,Vy, >y, such that
y, € F(x,), we have y, € F(X,).

Definition 2.2. ([1]) Let X, Y be two topological vector spaces and A a nonempty subset
of X and let F:A—2" be a set-valued mappings, with CcY is a nonempty closed
compact convex cone.

(i) F is called upper C-continuous at x, € A, if for any neighbourhood U of the

origin in Y, there is a neighbourhood V of X, such that, forall x eV,
F(x) c F(x,)+U +C,vxeV.

(if) F is called lower C -continuous at x, € A, if for any neighbourhood U of the origin

in Y, there is a neighbourhood V of x, such that, forall xeV,
F(x,) c F(x)+U-C,VxeV.

Definition 2.3. ([1]) Let X and Y be two topological vector spaces and A be a nonempty
convex subset of X . A set-valued mapping F:A— 2" is said to be C-convex if for any
X,y €A and te[0,1], one has
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F(tx+(1-t)y) < tF(X)+(1-t)F(y)-C.
F is said to be C-concave is - F is C-convex.

Definition 2.4. ([1]) Let X and Y be two topological vector spaces and A be a nonempty

convex subset of X. A set-valued mapping F:A—2' is said to be properly C-
quasiconvex if forany x,y € A and t €[0,1], we have

either F(x) cF(tx+(1-t)y)+C,
or F(y) cF(tx+(1-t)y)+C.

Lemma 2.1. ([8]) Let X and Z be two Hausdorff topological spaces and A a onempty
subset of X and F: A — 2% be a multifunction.

(i) If F is upper semicontinuous at x, € A with closed values, then F is closed at

X, € A;

(i) If F isclosed at x, € A and F(X) is compact, then F is upper semicontinuous at

X, € A;

(iii) If F has compact values, then F is usc at x, if and only if for each net {x }< A

which converges to x, and for each net {y_}c< F(x,), there are y e F(x) and a subnet
{y,} of {y,} suchthat y, —y.

Lemma 2.2. (Kakutani-Fan-Glickcberg ([6])). Let A be a nonempty compact subset of a

locally convex Hausdorff vector topological space Y. If M:A—2* is upper
semicontinuous and for any x € A,M(x) is nonempty, convex and closed, then there exists

an x e A such that X e M(x).

3. Main Results

In this section, we discuss existence conditions and closedness of the solutions of
vector quasiequilibrium problems by using Kakutani-Fan-Glicksberg fixed-point theorem.

Theorem 3.1. Let X, Y, Z be real locally convex Hausdorff topological vector spaces,
Ac X and BcY be nonempty compact convex subsets and C<Z be a nonempty

closed convex cone. Let K, : A— 2* is upper semicontinuous in A with nonempty convex
closed values, K,:A— 2" is lower semicontinuous in A with nonempty closed values,

T:A—2° is upper semicontinuous in A with nonempty convex compact values. Let
F: AxBx A — 2% be a set-valued mapping satisfy the following conditions:
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(i) forall (x,z) e AxB, F(x,z,K,(x))"nC = J;
(if) for all (x,z) e AxB, theset {acK,(x):F(a,z,y)nC =,y e K,(X)} is convex;
(iii) the set {(x,z,y) e AxBx A:F(x,z,y)nC # J} is closed.
Then, the (QVEP ) has a solution, i.e., there exists X € A such that X € K, (X) and
37 e T(X) satisfying F(X,Z,y)NC =J,Vy e K, (X).
Moreover, the solution set of the (QVEP ,) is closed.
Proof. For all (x,z) € Ax B, define a set-valued mapping: ®: AxB — 2" by
D(x,z) ={te K,(X):F(t,z,y)nC I, Vy e K, (X)}.
I. Show that ®(x,z) is nonempty and convex.

Indeed, for all (x,z) e AxB, K/(x),K,(x) are nonempty. Thus, by assumption (i),
we have @(x,z)=<. On the other hand, by the condition (ii), we also have ®(x,z) is
convex subset of A.

1. Show that @ is upper semicontinuous in AxB.

Since A is compact, we need only show that @ is a closed mapping. Indeed, Let a
net {(x,,z,)}< AxB suchthat (x,,z,) > (x,z)e AxB, and let t e ®(x_,z,) such that

t, >t,. We now need to show that t, e ®(x,z). Since t, e K,(x,) and K, is upper
semicontinuous with nonempty closed values. Hence K; is closed, thus we have t, € K,(x)
. Suppose to the contrary t, ¢ ¥ (X,z) . Then, there exists Yy, € K,(X) such that

F(t, z,y,)nC=3. (3.1)

By the lower semicontinuity of K,, there is a net {y, } such that y_ eK,(x,),
y, =Y, Since t, e d(x,,z,), we have

F(t,.z,y,)NC=D. (3.2)

By the condition (iii) and (3.2), we have

F(a,. z2,y,)NC=D. (3.3)
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This is a contradiction between (3.1) and (3.3). Thus, t, € ®(X,z). Hence, @ is

upper semicontinuous in AxB.

I11. Now we need to the solutions set S,(F) = .

Define the set-valued mapping H : AxB:— 2*® by
H(x,z2) =(D(X,2),T(x)),V(x,2) € AxB.
Then H is upper semicontinuous and V(x,z) e AxB,H(x,z) is a nonempty closed

convex subset of AxB. By Lemma 1.2, there exists a point (x,z") e AxB such that
(x',2))eH(x',2"), that is

X ed(x',2), 7 eT(X),
which implies that there exist X e A and z eT(x') such that x eK,(x") and
F(X',2,y)nC =, ie, x eS,/(F).

IV. Now we prove that S,(F) is closed. Indeed, let a net {x, ,ael}eS (F):

X, = X,- As X, €S,(F), there exists z, e T(x,) such that
F(x,,z,,y)NC =T, VyeK,(x,).

Since K, is upper semicontinuous with nonempty closed values. Hence K| is closed.
Thus, X, € K,(X,). Since T is upper semicontinuous with nonempty compact values. Thus

T is closed, hence we have z eT(x,) such that z, — z. By the condition (iii), we have
F(x,,2,y)NC =, Vy e K,(X,).
This means that x, € S,(F). Thus S,(F) is closed. 0

Passing to the problem (QVEP, ), we also have the following similar results as that
of Theorem 3.1.

Theorem 3.2. Let X, Y, Z be real locally convex Hausdorff topological vector spaces,
Ac X and BcY be nonempty compact convex subsets and C < Z be a nonempty

closed convex cone. Let K, : A— 2" is upper semicontinuous in A with nonempty convex
closed values, K,:A— 2" is lower semicontinuous in A with nonempty closed values,

T:A— 2% is upper semicontinuous in A with nonempty convex compact values. Let
F:AxBxA— 2% be a set-valued mapping satisfy the following conditions:
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(i) forall (x,z) e AxB, F(x,z,K,(x))cC;
(if) for all (x,z) e AxB, theset {ac K (x):F(a,z,y) cC,VyeK,(x)} is convex;
(iii) the set {(x,z,y) € AxBxA:F(X,z,y) c C} is closed.
Then, the (QVEP,) has a solution, i.e., there exists X € A such that X € K (X) and
37 e T(X) satisfying F(X,Z,y) cC,Vy e K,(X).
Moreover, the solution set of the (QVEP , ) is closed.

Proof. We omit the proof since the technique is similar as that for Theorem 3.1 with
suitable modifications. 0

If K, =K,=K, then (QVEP,) becomes strong vector qusiequilibrium problem (in
short, (SQVEP)), this problem has been studied in [7].

(SQVEP): Find X € A and Z €T (X) such that X € K(X) and
F(X,Z,y) cC, forally € K(X).
Then, we have the following Corollary.

Corollary 3.1. Let X, Y, Z be real locally convex Hausdorff topological vector spaces,
Ac X and BcY be nonempty compact convex subsets and C < Z be a nonempty

closed convex cone. Let K:A— 2" is continuous in A with nonempty closed convex
values, T :A— 2® is upper semicontinuous in A with nonempty convex compact values.
Let F: AxBxA— 2 be a set-valued mapping satisfy the following conditions:

(i) forall (x,z) e AxB, F(x,z,K(x))cC;

(i) for all (x,z) e AxB, the set {ae K(x):F(a,z,y) cC,Vye K(x)} is convex;

(iii) he set {(x,z,y) e AxBx A: F(x,z,y) c C} is closed.
Then, the (SQVEP) has a solution, i.e.,, there exists X € A such that X € K(X) and
37 e T(X) satisfying F(X,Z,y) < C,Vy € K(X).
Moreover, the solution set of the (SQVEP) is closed.

If K (X)=K,(x)=K(x),T(x)={z} for each X e A, then (QVEP,) becomes strong
vector equilibrium problem (in short,(SVEP)), this problem has been studied in [9].
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Corollary 3.2. Let X, Y, Z be real locally convex Hausdorff topological vector spaces,
Ac X and BcY be nonempty compact convex subsets and C < Z be a nonempty

closed convex cone. Let K:A— 2" is continuous in A with nonempty closed convex
values. Let F: AxBx A — 2* be a set-valued mapping satisfy the following conditions:

() forall (x,z) e AxB, F(x,K(x))cC;
(i) for all x e A, theset {ae K(x): F(a,y) cC,Vy e K(x)} is convex;
(iii) the set {(x,y) e Ax A: F(X,y) < C} is closed.
Then, the (SVEP) has a solution, i.e., there exists X e A such that X € K(X)
satisfying F(X,y) c C,Vy e K(X).
Moreover, the solution set of the (SVEP) is closed.

Remark 3.1. In the special case as above, Corollary 3.1 and Corollary 3.2 reduce to
Theorem 3.1 in [7] and Theorem 3.3 in [9], respectively. However, our Corollary 3.1 and
Corollary 3.2 are stronger than Theorem 3.1 in [7] and Theorem 3.3 in [9]. Noting that, our
Theorem 3.1 is new.

The following example shows that in this special case, all assumptions of Corollary
3.1 are satisfied. However, Theorem 3.1 in [7] is not fulfilled. The reason is that F is not
lower (—C)-continuous.

Emxaple3.1. Let X =Y =Z=0,A=B=[0,1],C =[0,+o0) and let K (x) = K,(x) =[0,1]

and T,(0 =T,(9 = 4]

1 _ 1
F(x,z,y)=F(x)= [g,l] if XO:E'

[13] otherwise.

It is clear to see that all the assumptions of Corollary 3.1 are satisfied. So by this
corollary the considered problem has a solution. However, F is not lower (-C)-

continuous at X, =%. Also, Theorem 3.1 in [7] does not work.
The following example shows that all the assumptions of Corollary 3.1 and Corollary

3.2 are satisfied. But, Theorem 3.1 in [7] and Theorem 3.3 in [9] are not fulfilled. The
reason is that F is not upper C -continuous.
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Emxaple 3.2. Let X =Y =Z =[1,A=B=[0,1],C =[0,+) and let K,(x) =K, (x) =[0,1]

and T (x) ={z}

L] i3,
F(x,z,y)=F(x)= 12

[=.,=] otherwise.

6 3

It is not hard to check that all the assumptions of Corollary 3.1 and Corollary 3.2 are
satisfied. However, F is not upper C-continuous at x, =%. Also, Theorem 3.1 in [7] and

Theorem 3.3 in [9] do not work.

The following example shows that the all assumptions of Corollary 3.1 and
Corollary 3.2 are satisfied. However, Theorem 3.1 in [7] and Theorem 3.3 in [9] are not
fulfilled. The reason is that F is not properly C-quasiconvex.

Emxaple 3.3. Let X =Y =Z =[1,A=B=[0,1],C =[0,+) and let K,(x) = K,(x) =[0,1]
and T (x) ={z}
1
14 if x,==,
L4 i %=

F(x,z,y)=F(x)= 1
[g,l] otherwise.

It is easy to see that all the assumptions of of Corollary 3.1 and Corollary 3.2 are not
. . . 1 __
fulfilled. However, F is not properly C-quasiconvex at X, =7 Thus, it gives case where

of Corollary 3.1 and Corollary 3.2 can be applied but Theorem 3.1 in [7] and Theorem 3.3
in [9] do not work.
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