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VAIPINH LI MINIMAX CHO HAM PA TRI

VO VIET TRI", NGUYEN XUAN HAI", NGUYEN HONG QUAN"

TOM TAT
Chiing t6i ching minh vai diéu Kién di cho su ton tai dang thic minimax va diém
yén ngua. Cac ket qua duoc thiet Iap cho cac ham da tri vé huong xdc dinh trén nia dan
topo.
Tir khéa: dinh li minimax, diém yén ngua, nira dan , 4nh xa A -KKM.
ABSTRACT
Some minimax theorems for set-valued maps

We prove several sufficient conditions for the existence of minimax equalities and
saddle points. Results are established for set-valued maps defined on topological
semilattices.

Keywords: minimax theorem, Saddle point, Semilattice, -KKM mapping.

1.  Giéi thigu va téng quan
Goi X la mot tap khéng rong va F: X x X — 2R1a mot ham da tri vo huéng. Ta
n6i mot dang thirc minimax thoa cho F néu

inf ( Jsup | JF(x,y) = supJinf [ J F(x,y). (1)

yeX xeX xeX yeX
Trong truong hop X 1a mot khdng gian tépd compact va F 1a ham lién tuc thi cac
tap va | J F(xy)la cac tap compact, do d6 max | F(x,y) va min | JF(x,y) ton tai.

yeX xe X yeX

Hon nita cac nh xa don tri y — max | J F(x,y) va x —min | | F(x,y)la lién tuc. Boi
xeX yeX

vay, trong truong hop ndy néu dang thic minimax thoa cho F thi né dugc viét dudi
dang
min () max | J F(x,y) = max [ min | J F(x,y). (2)

yeX xeX xeX yeX

Mot diém (x,y) e X x X duoc goi 1a diém yén ngya caa F néu

max | JF(x,y) = F(x,y)= min UF&y).

xeX yeX
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Néu F c6 diém yén ngua thi ddng thirc minimax luén théa cho F, va (1) duoc viét
¢ dang

inf | Jmax | JF(x,y) = sup|Jmin | JF(xy). (3)

yeX xeX xeX yeX

Mot diéu kién dé c6 dang thire kiéu (1) duoc thiét 1ap Ian dau trong [2], trong khi
cac diéu kién du dé c6 dang thuc dang (2) ¢ dugc dwa ra gan day boi cac tac gia ([3-
8]). Bai bao nay thiét Iap vai két qua méi cho su ton tai diém yén ngua va dang thirc
minimax (1) duoc thda.

Ta nhéc lai vai khai niém can thiét vé sau. Goi X, Y 1a c4c khong gian top6 va
G:X — 2" lamot ham da tri. G duoc goi la nira lién tuc dudi (Isc) tai x, néu mdi tap
mé U cYthoa G(x,)nU=J, tdn tai mot lan can mo V cuoa X, sao cho:
vxeV, G(x)NU =D. G goi la nia Ién tyc trén (usc) tai x,néu véi mdi tap mo
U 2G(x,), ton tai mot 1an can ma V caa x, sao cho U o G(V). G goi la lién tuc tai
X, Néu va chi néu no vira usc vira Isc tai x,. Tanoi rang G la Isc (usc, lién tuc) néu nd
1a Isc (usc, lién tuc) tai moi diém cua X.

Tir day tré di, voi tap khong rdng X, ta ludn ki hiéu (X 1a 16p tat ca céc tap con
hitu han cia X. Tap sap tht tu bo phan (X, <)duoc goi la nira dan trén (goi tit 1a nua
dan) néu mdi cap phan tir bat ki (x, y) déu c6 can trén dung sup {x,y}. (X,<) goi la
nira dan topd néu X 1a mot khdng gian tdpd va anh xa (x,y) — sup {x, y} lién tyc. Néu
X, X, € X 880 cho x, <X, thi tap [x,x,]={ye X : x, <y<x, } dugc goi la mot khoang
tha tu (hoac cho gon la khoang). V6i mot tap con hiru han N e(X), tap hop
conv,N = U[x, supN] duoc goi 1a mot bao 16i cia N . Tap con C < X dugc goi l1a mot

xeN
tap A—I16i néu véi moi N (C), cony,N cC.

Goi (X,, <)) va (X,,<,) la hai ntra dan topd. Trén X, x X, ta trang bi t6pd tich
va dua vao X;xX, quan h¢ thu tu bo phén nhu sau: Vi (x,X,)e X, x X, va
(Y, Y,) € X, x X, taxac dinh (x,%,) <(Y,,Y,) néuvachi néu x <, y, va x, <, y,. Khi
d6 (X, xX,,<) 1a nira dan t6po Véi sup {(x,%,), (Y1, ¥,)} = (suplx,, ¥, supx,, v, ). Ta
goi nira dan nay la nira dan tich.

V6i X 1a mot nira dan topd, Dc X va G: X — 2% la mot anh xa da tri, G dugc
goi la mét anh xa A—KKM néu vaoi moi tap con hitu han N e(D), ta cé
cony,N c | G(x).

xeN

Pinh i sau day s& duoc dung dé chitng minh céc két qua chinh cua bai bao. Pinh
li nay dugc thiét 1ap trong [1].
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binh li 1.1. Gid s X la nwa dan topd cO cac khoang lién thong dwong va
G: X — 2*1aanh xa da tri théa cdc diéu kién sau

(i) G cO cac anh dong;

(i) Glaéanh xga A—KKM,;

(iii) ton tai N, e (X) va mét tdp con compact K ciza X sao cho ﬂ G(x) < K.

xeX
Khido [ G(x)=2.
xeX

2. Cac dinh li minimax
binh i 2.1. Gia s X la nia dan tép6 co cac khodng lién théng dwong, 6 e Rva
F: X x X — 2R1a mét ham da tri théa cdc diéu kién sau

a) véi méi N e (X) va yeconv,N, minsup F(x,y) <& ;

b) V6i mdi xe X, tdp {ye X :supF(x,y) <8 } la dong;
c) ton tgi N, e(X) va mgt tgp con compact K cua X sao cho Vye X \K,
maxsup F(x,y)>0o.

Khi dé ton tgi yeX sao cho sup| JF(x,y)<5. Do dé, néu véi bdt ki

xeX

§>F, =sup|Jinf [ JF(xy), cdc diéu kién a)-c) duroc thoa thi inf | Jsup | JF(x,y) =

xeX yeX yeX xeX

sup | Jinf [ J F(x.y).

xeX yeX

Ching minh. Dinh nghia ham da tri G : X — 2, dugc xac dinh boi

G(x)={ye X :supF(x,y) <5 } cho moi x € X.

Bai gia thiét b), G c6 céc anh dong, nghta 1a diéu kién (i) cua Dinh 1i 1.1 dugc
thoa. Gia thiét c) cd nghia rang véi moi ye X \K,ton tai xeN sao cho
sup F(x,y) > & . Biéu nay kéo theo rang néu véi y nao do6 théa sup F(x,y) < 8 cho moi
xe N, thi y phai thuoc K. Do do6

) G =[lyeX supF(x,y) <5} K.

xeN, xeN,
Vay diéu kién (iii) cua Dinh Ii 1.1 théa cho G. Ta ching minh G la mét anh xa
A—KKM. Ly bét ki tap con hitu hanN e (X) va bat ki y econv,N . Gia thiét a) kéo
theo sy  ton  tai xeNsao cho  supF(x,y)<&, nghia Ia
ye{y'eX supF(x,y') <8 }=G(x). Do d6 conv,N c | J G(x). Vay, G thoa tat ca cac

xeN

diéu kién cta Pinh I 1.1. Theo Pinh li 1.1 tac
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) G(x) =y e X :supF(x,y)<5}=2.

xeX xeX

Suy raton tai ye X sao cho: sup F(x,y) <8 Vi moi xe X . Do d6

sup | J F(x, V) <supisupF(x,¥), xe X <3.

xeX

Chay rang bt dang thuc sau lubn thoa

F*=inf  Jsup( JF(xy) = sup|Jinf | JF(xy)=F..

yeX xeX xeX yeX

Do d6, néu véi bat ki & > F,, cac diéu kién a)-c) dugc thoa thi

inf (Jsup| JF(x,y) < sup|JF(x¥)<s.

yeX xeX xeX

Cho 6 > F, tacé
inf [ JsupJF(xy) = sup{Jinf|JF(xy).

yeX xeX xeX yeX
Céc bét thirc trén kéo theo inf | Jsup JF(x,y) = sup|Jinf | F(x,y). Ching
yeX xeX xeX yeX

minh hoan thanh.

Goi X la nradan tbpé va F: X x X — 2%1a mot ham da tri. Ta ndi F la A—tya
I6m néu voi moi yeX, Ne(X) va xeconv,N, ton tai x'eN sao cho
F(X',y) < F(x,y)—R,. Sau day la vai diéu kién du dé cac gia thiét cia Binh Ii 2.1
duoc thoa.

Ménh dé 2.1. Néu véi mdi xe X, F(x,-) la Isc thi gid thiét b) cia Dinh Ii 2.1 dwoc
thoa.

1) Gia thiét @) ciia Pinh Ii 2.1 dwoc théa néu véi moi ye X, supF(y,y) <45 va tdp
U, :={xe X :supF(x,y)>35 | 1a A—I6i. Trong truong hop F la A—tya I6m thi U 12
A—lao.

Chitng minh.

1) Lay bat ki luéi {y,} trong V, ={y e X : supF(x,y) <& } hoi tu dén y,. Ta phai
chang t6 rang sup F(x,y,)<&. Voi bat ki ¢>0, ton tai t,e F(x,Yy,)sa0 cho
sup F(x,y,) <t,+&. Khi F(x,-) 1a Isc, ton tai lusi {t,} sao cho t, e F(x,y,) va
t, —>t,. Taco t, <sup F(x,y,) <6 chomoi a . Vi (—»,5] ladoéng, tacod t, <5 . Khido
SUpF(X,y,)<t,+e<d+¢.Vig latuyy,tacd supF(x,y,)<9.

2) Gia st trai lai, a) cua Binh Ii 2.1 khdng théa. Thé thi tdn tai N e(X) va
y e conv,N sao cho sup F(x,y)>J véimoi xeN.Suyra NcU,. ViU, la A-I15i,
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ta c6 yeconv,N cU. , nghia 1a sup F(y,y)>&. Diéu ndy mau thuin voi gia thiét

sup F(y,y)<o.

y!

Trong truong hop cia ham don tri, ta c6 hé qua sau.
Hé qud 2.1. Gia su X la nwa dan topd co cac khodng lién thong duong, & € Rva
f : X x X = Rla mgt ham (don tri ) théa cac diéu kién sau
a) véi moi N e (X) va yeconv,N , ton tai xe N vdi f(x,y)<§;
b) véi méi xe X, tdp {ye X: f(x,y)<8} la ding;
c) ton tai N, (X) va mét tdp con compact K cia X sao cho Vye X \K, ton
tai x e N, sao cho f(x,y)> & .
Khi @6 3ye X sao cho f(x,y)<SVdi moi xe X . Hé qud 1a, néu véi bat ki
) >supim; f(x,y), cdc diéu kién a)-c) duoc thoa thi im; sup f (x,y) = supim; f(x,y).
y y

xeX Y€ €% xeX xeX Y€
Tiép theo ta chizng minh mot két qua cho su ton tai diém yén ngua.

binh li 2.2. Gid s X la nwa dan topd cO cac khoang lién thong dwong va
F: X x X — 2%1& mét ham da tri théa cdc diéu kién sau

a) véi méi  Te(XxX) va (xy)econy[, ton tgi (ab)el  VOi
sup F(a,y) <inf F(x,b);

b) véi bat ki (a,b) e X x X, tdp {(x,y) € X x X : supF (a,y) <inf F(x,b) } la déng;

c) ton tai [e(XxX) va mgt tgp con compact K cua XxX sao cho
V(x,y)e X x X \K, tontai (a,b) eT, véi supF(a,y) > inf F(x,b).

Khi dé Fcé diém yén ngua, va do dé ta co inf|Jmax|JF(xy) =

yeX xeX

sup [ Jmin | J F(x,y).

X yex

Ching minh.

binh nghia ham da tri G: X x X — 2% | dwoc xé4c dinh boi

G(a,b) ={(x,y) € X x X : supF(a, y) <inf F(x,b) } cho moi (a,b) e X x X.

Lay bat Ki T e(X xX) va (x,y)econv,I", boi gia thiét a) ton tai (a,b)el sao
cho sup F(a, y) < inf F(x,b) . DPiéu ndy c6 nghia rang

(x,y) e {(X,y") e X x X : supF(a,y') <inf F(x',b) } = G(a,b).

Do d6

conv,I'c [ J {(X'y)eXxX:supF(ay)<inf F(x,b) }= ] G(ab).

(a,b)er’ (a,b)er

Vay G la anh xa A—KKM.
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Gia thiét b) ndi raing G ¢6 cac anh dong. Gia thiét ¢) twong duong véi ton tai
I, e (X x X) va mot tap con compact K caa X x X sao cho
XxX\Kc (J {(xy)eXxX:supF(a,y)>inf F(x,b)}

(a,b)el,

= | [XxX\{(x,y)e X x X :supF(a,y) <inf F(x,b) ]]

(a,b)el,

=XxX\ (] {(xy)e X xX:supF(a,y) <inf F(x,b) |

(a,b)ery,

=XxX\ [ G(ab).

(a,b)er,

Do dé [ G(ab)c K. Vay, theo Pinh Ii 1.1, ton tai (X,y) € X x X sao cho

(a,b)er,

(x,y)e [)G@b) = () {(xy)eXxX:supF(ay)<infF(x,b)},

(a,b)eXxX (a,b)eX xX

Nghia 1a supF(a, V) <inf F(X,b) cho moi (a,b)e X x X . V&i (a,b)=(X,y) ta
cosupF (X, y) <inf F(X, V). Do d6 ta phai c6 supF(X,y) = F(X,y) = inf F(X,y). Bay gio
cho b=y ta cé: supF(a,y)<inf F(X,y)=F(X,y)v6i moi aeX. Suy ra
max | F(a,y)=F(X,y) .Tuong tw, ldy a=Xta ciing suy ra min | J F(x,b)=F(X,y).

Vay a(>‘<X y) la diém yén ngua. N

Ménh dé sau cho mot diéu kién du dé gia thiét b) caa Binh Ii 2.2 thoa.

Ménh d@é 2.2. Gia sir X 1a niza dan topd compact, F(a,) va F(,b) la Isc cho mdi
(a,b)e X x X, thé thi tap V (a,b) = {(x,y) € X x X : supF (a, y) <inf F(x,b) } la déng.

Chitng minh.

Ly bat ki ludi {(x,,y,)} trong V (a,b) hoi tu dén (x,,Y,) . LAy bat ki te F(a,y)
va he F(X,b). Khi d6 ton tai cac ludi t, e F(a,y,) va h e F(x,,b)sao cho t, —>t va
h, — h. Boi vi supF(a,y,) <inf F(x,,b) cho moi o, taco t, <h, cho moi . Do do
t<h.Vithlatuyy,taco supF(a,y)<inf F(X,b).

Hé qua sau phat biéu cho ham don tri, chitng minh cua né dwgc suy truc tiép tir
binhli 2.2.
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Hé qua 2.2.
Gia sur X la nira dan tép6 cd cac khodang lién thong dwongva f: X xX =R la
mét ham (don tri ) théa cdc diéu kién sau
a) Voi moi T e (X x X) va (x,y) econv,I, ton tgi (a,b) eI véi f(a,y)< f(x.b);
b) véi bat ki (a,b) e X x X, tdp {(x,y)e XxX:f(ay)< f(x,b)} la dong;
c) ton tai [e(XxX) va mgt tgp con compact K cua XxX sao cho
V(x,y)e X x X \K, ton tgi (a,b)eT, véi f(a,y)> f(xb).

Khi d6 f ¢6 diém yén ngua, va do dé ta c6 inf max f (x,y) = supminf (x,y).
ye Xe xeX Y€
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