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DINH Li PIEM BAT PONG CHUNG
VOIBIEU KIEN CO KIEU PATA SUY RONG
TRONG KHONG GIAN b-METRIC SAP THU TU

NGUYEN TRUNG HIEU’, BUI TH| NGOC HAN™

TOM TAT
Trong bai b&o nay, ching t6i m¢ réng diéu kién co kiéu Pata trong bai béo [8] cho hai
anh xg trong khong gian b-métric sap thir t va thiét ldp dinh Ii diém bdt dong chung cho
chiing. Pong thoi, chlng tdi suy ra mét sé hé qud tir dinh Ii, xay dyng vi du minh hoa cho
két qud dat dwoc va van dung dinh Ii dwoc thiét ldp dé khao sat su ton tai nghiém cua hé
phuong trinh tich phan phi tuyén.
Tir khoa: diém bat dong chung, khong gian b-métric sip thir ty, diéu kién co kiéu
Pata suy rong.
ABSTRACT
Some common fixed point theorems for generalized Pata-type contractions
in partially ordered b -metric spaces
In this paper, we extend the Pata-type contraction in [8] to two mappings in partially
ordered b -metric spaces and state certain common fixed point theorems for them. We also
deduce some corollaries, construct some illustrated examples and apply the obtained
theorem to study the existence of solutions to the system of nonlinear integral equations.
Keywords: common fixed point, partially ordered b -metric spaces, generalized Pata-
type contraction.

1. Giéithigu

Céc dinh i diém bat dong 1a cong cu hitu ich trong viéc khao sét su ton tai nghiém
cua nhimg bai toan lién quan dén phuong trinh vi phan, phuong trinh tich phan va phuong
trinh dao ham riéng. Nguyén li 4nh xa co Banach trong khong gian métric day du la két
qua co ban nhat vé diém bat dong. Do d6, nhiéu tac gia trong va ngoai nudc quan tam
nghién cttu mo rong nguyén li nay cho nhitng khéng gian khac nhau cling nhu cho cac
dang anh xa co khac nhau. Trong huéng m¢ rong thir nhat, nhiéu khéi niém khong gian
métric suy rong da duoc giéi thiéu nhu khong gian métric sap thir tw, khong gian métric
nén, khéng gian b-métric [2]. Trong cac khéng gian métric suy rong do6, khong gian b-
métric nhan dugc nhidu sy quan tdm cua nhiéu tac gia trong linh vuc Ii thuyét diém bét
dong bai vi tinh khdng lién tuc cua &nh xa b-métric. Nhidu két qua vé diém bat dong trong
khéng gian b-métric da duoc thiét 1ap (xem [2] va céc tai liéu tham khao trong d6).

Bén canh viéc dé xuat nhitng khong gian métric suy rong, mot sé tac gia da gioi
thiéu nhirg diéu kién co suy rong [4]. Nam 2011, Pata [9] d4 gidi thiéu mot didu kién
co suy rong mai va thiét 1ap mot sé két qua vé diém bét dong cua diéu kién co nay. Ké
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tir d6, nhitng mo rong cua diéu kién co kiéu Pata trén khong gian métric ciing nhu
khong gian métric suy rong ciing dugc nghién ctru. Nam 2014, Balasubramanian [3] d&
thiét lap dinh 1i diém bat dong cho &nh xa Kiéu Pata trong khong gian métric nén day
du; Eshaghi va cong su [6] ciing da thiét 1ap mot s6 két qua diém bat dong kép cho diéu
kién co kiéu Pata trong khong gian métric day di sap thir tu, dong thoi, viéc udc lugng toc
do hoi tu cua day lap vé diém bat dong kép ciing dugc gisi thiéu; Kadelburg va cong su [8]
d4 khao sat diém bat dong cua anh xa thoa man diéu kién co kiéu Pata suy rong trong
khéng gian métric sap thir tu.

Trong bai b4o nay, ching toi mé rong diéu kién co kiéu Pata suy rong trong bai béo
[8] cho hai &nh xa trong khdng gian b-métric sap thir tu va thiét lap dinh 1i diém bat
dong chung cho diéu kién co maéi nay. Dong thoi, ching toi van dung dinh 1i duoc thiét
lap dé khao sat su ton tai nghiém cua hé phuong trinh tich phan phi tuyén. Trudc hét,
chling toi trinh bay mét s6 khai niém va két qua co ban duoc st dung trong bai béo.
DPinh nghia 1.1. ([5]) Cho X la mot tap hop khacrdngva d : X~ X ® [0,¥ ) 1a mot
anh xa thoa man céc diéu kién sau véi moi x,y,z T X vavégis? 1,

(1) d(x,y) = O khi va chi khi x = y.

(2) d(x,y) = d(y,x).

(3) d(x,y) £ s(d(x,z) + d(z,y)).

Khi @6, anh xa d duoc goi la mot b-métric trén X va bo (X,d,s) duoc goi la mot
khdng gian b-métric.
Dinh nghia 1.2. ([5]) Cho (X,d,s) la mot khdng gian b-métric. Khi do

(1) Day {x } duoc goi la hsi tu dén x néu limd(x,,x) = 0, ki hieu Ia

limx = x. Diém x dugc goi la diém gidi han cua day {x }.
n® ¥

(2) D3y {x,} duoc goi la ddy Cauchy néu lim d(x,.x,) = 0.

(3) Khdng gian (X,d,s) duoc goi 1a ddy di néu mdi ddy Cauchy 1a mot day hoi ty.
Pinh nghia 1.3. ([7]) Cho(X,°) la mot tap sdp tht ty va hai &nh xa f,g: X ® X. Khi
do, cap (f,g) duoc goi l1a rang yéu néu fx ° gfx va gx ° fgx voi moix T X .

Luu ¥ rang, m&i métric 1a mot anh xa lién tuc. Tuy nhién, diéu nay khong ding
doi voi b-métric [2]. Bo dé sau dugc dung dé khac phuc tinh khong lién tuc cua b -
métric trong nhitng chitng minh ¢ phan sau.

Bé @é 1.4. ([1]) Cho (X,d,s) 1a mgt khong gian b-métric va hai day {x_}{y 3} lan
lirot héi tu dén x,y. Khi do

izd(x,y)E liminfd(x ,y ) £ limsupd(x ,y )£ sqd(x,y).
S n® ¥ neY

Pdc biét, néu x = y thi limd(x,.y,) = 0. Hon nira, véi moi 2 T X , ta c6

82



TAP CHi KHOA HOC BHSP TPHCM Nguyén Trung Hiéu va 1gk

1d(x,z)£ liminfd(x ,z) £ limsupd(x ,z) £ sd(x,z).
S n®¥ n®Y¥

Hai b6 dé sau dugc st dung trong chitng minh két qua chinh.

Bo dé 1.5. Vi a3 1, ton tgi hai sé diwong a,b théa man (1+ x)* £ ax® + b vdi moi
x3 0.

Bé dé 1.6. Cho (X,d,s) 1a mgt khdng gian b-métric va {x_} la day trong (X,d,s). Khi
do, cac ménh dé sau la twong dirong.

(1) {x,} la day Cauchy trong (X,d,s).

(2) {x,,} laday Cauchy trong (X,d,s) va !md(xn,xn+l) =0.

Ching minh. (1)= (2). T gia thiét, ta co {x,.} laday Cauchy trong (X,d,s) va
limd(x_,x ) =0.

(2)=(1). V6i moi n,m > 0, chung ta xét cac treong hop sau.
Truonghop 1. n =2k +1m =2l véi moi k,1 > 0. Khi d6
d(x,, X, ) =d (X, %,) <SA(Xy 1, X,,) +5d (X, X,)-

Truong hop 2. n =2k,m =2l +1 véi moi k,1 > 0. Khi d6
d(x ,x ) =d(x ) <sd(x,,,X,) +sd(X,, X, ;)
Truonghop 3. n =2k + L m =2 +1 véi moi k,1 > 0. Khi do
d(x ,x_) =d(x ) <sd(x ) +s7d(x

2k’ X2I+1

2k+1’ X2k

2
2k+l’X2I XZI) +S d(XZI’X

2k’ 2I+l)'

Tu cac truong hop trén, suy ra nIni1rL1md(xn,xm) =0. Do do, {x_} la day Cauchy
trong (X,d,s). L]
2. Céc két qua chinh

Ki hiéu Y latap hop cachamsé y :[0,1]1® [0,¥ ) ting va y(0) = 0. Binh Ii sau
la mot mé rong cua [8, Theorem 3.2] sang khong gian b-métric sip thir tu.
binh 1i 21. Cho (X,d,s,°) la mgt khéng gian b -métric sap thi tw day du va
f,g:X ® X lahai anh xg théa man cac diéu kién sau:

(1) Tontai x, T X saocho x, ° gx,.

(2) Cap anh xa (f,q) ting yéu

(3)Tontgia® 1, bT[0a], g2 Ovahamy T Y saocho

d(fx,gy) £ 1-36 Mfg(x,y) + geay(e)g+ d(x,x,) + d(y,x,) + d(fx,x ) + d(gy,xo)g (2.1)
S

véimoi el [0,1]vamei x,y T X ma x° vy, trong dod
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d(x, gy) + d(y, fx)¥
- y.

(4) f hodc g lién tuc, hogc (X,d,s,®) théa man gia thiét (H): Néu {x } 1a day

tang trong X va limx = x 1 X thix_° x véi moi n.
n® ¥

M, ) = max]oo) dte, 00,009,

Khi dé, f va g co diém bat dgng chung.

Ching minh.

Buéc 1. Ching minh néu z la diém bdt dong cia f hodc g thi z la diém bat
dong chung cia f va g. That vay, Gia sir z 1a diém bét dong cua f. Tur diéu kién
(2.1),taco

1- e a 4
d(z,) = d(fz,qz) £ 3 Mfg(z,z)+ ge y(e)g+ d(z,x,) + d(z,x,) + d(fz,x ) + d(gz,xo)g
1- e a 5
== A @)+ gy (O + Hax) + da
£ (1- e)d(z, ) + 99513’(@)8+ A(z,x,) + d(QZ,XO)H-

bat K = gg.+ 3d(z,x,) + d(gz,xo)g. Suy ra ed(z,gz) £ Ke®y(e) £ Key(e). biéu nay
dan dén d(z,gz) £ Ky(e) véi moi e [0,1]. Cho e = 0, ta duoc d(z,gz) £ Ky (0) = 0.
Suy ra d(z,gz) = 0 hay z la diém bt dong cua g. Vay z la diém bat dong chung caa
f vag.

Lap luan tuong ty, ta cling chung minh duogc néu z 1a diém bét dong cua g thi z
1a diém bat dong chung caa f va g.

Buéc 2. Chiing minh f va g cé diém bat dong chung

Véi x, T X thoa man x,° gx, xét didy {x } trong X xac dinh boi

X,p = X, o vax, . =0gx, voinl ¥, Do cap (f,g) tang yeu nén

[e] - [e] - - o - - o o o
X, % X, =ox, ° fogx = fx =x,° ofx =&, =x,° .2 x ° ..

Do d6, {x } laday ting. Néu tdn tai n, T ¥ sao cho x, =x, , thix, =gx,

2n,+1

hay x, 1adiém bat dong cua g. Do d6, theo Buéc 1 taco x, 1a diém bét dong chung
0 0

cua f va g. Neuton tai n | ¥ sao cho Xonor1 = Xon 42 thi Xone1 = PXon i1 hay Xon s1 la

diém bat dong cua f. Do do, theo Buéc L tacd x, ., 1a diém bat dong chung cua f va
0

g. Béy gio, tagiasir x_* x_ . véimoinT ¥. Khido, trong (2.1), thay x bai x

2n- 1’

y béi x,, vadatK = g§+dx, %)+ 2d(x,.x,) + d(x,,.x.)§ * 0 taco
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1- e .
A% Xpnes) = APy 1 0X,,) £ S—3Mfg(x2n—l’X2n)+ Ke?y(e),
trong do
d(x,, ,X,.,,) +d(x, ,X, )
Mg (K 1:Xz0) = maxld(xzn.lyxzn),d(xzn e |
d(x,, X, )+ dXx,, n+)"'
£ maXId(XZn-l’XZn)vd(X2n1X2n+1), n-1 > X, 1:’£'

max{j(XZn— 1'X2n)’d(X2n X2n+1)}
Gia sir ton tai n T ¥ sao cho max{d(x,, ,.x,.).d(X,..X,.,,) }= d(X,,.X,.,,). Khi d6

d(x,, %, .,) £ 2 2d(x,, X
S

2n? " 2n+1

)+ Key(e) £ (1- e)d(x )+ Ke?y(e).

2n’ 2n+1 2n’ 2n+1

)£ Ke?y(e) £ Key(e). Theo li luan ¢ Budc 1, ta suy ra
)£ d(x

Suy ra ed(x
d(x, ,x

2n’ 2n+l)

2n’? 2n+1

= 0. Piéu nay la mot mau thuan. Do d6 d(x ) Vai moi

2n’? 2n+1 2n- 17 2n

n1 ¥". Tuong tu, trong (2.1), bang cach thay x béi x, .., y boi x, ta cling ching

2n+1’

minh duoc d(x, ,,.X, .,) £ d(x, X, ) V&i moi n 1 ¥. Do do, {d(X X .,)} la day
giam. Khi do, ton tai d”3 0 dé limd(x, . x,,,) = d d". Pit c, =d(x,,x,). Vi
{d(x_,x_, )} laday giam nén
d(x, . x, . )£ d(x, ,x, )E ..£d(x,x)=c. (2.2)
Do do
( 2n+1’X ) d(X 2n+2) £ Sd(x2n+1’X0) + Sd(XO’Xl) + Sd(XO’XZn+1) Sd()(2n+1’ 2n+2) (2 3)
£ ZS(Cl + CZn+1)' .

Tu (2.1), (2.2),va (2.3),taco
C2n+l = d(X2n+l’x )
£ Sd(X2n+l’ 2n+2) + Szd(X

£ (s +s)c, + sd(fx,, 0%,

2n+2! 1) + Szd(Xl, 0)
2 ,@- el
E(+s), +s S—S%Mfg(xzm,xo)
+ szgeay(e)g+ d(x,,, 1 X,) + d(x, %)+ d(x, ,,.X,) + d(xl,xO)Ei

X ) d(X 2n+2)]§I
2 ¥

Y
£ s+, + szE—fﬂnaxid(xwxomd(xw a0, ),
ST 7
+ Szgeay (e)g'+ d(X2n+1’X0) + Sd(X2n+2’x2n+1) + Sd(x2n+1’xo) + d(Xl’xo)g
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£(+s%)c, + (- e +c,, )+ szgeay(e)g+ (L+s), + (1+ S)an+1g
1+s E
0.

, €
2 2 a
£ (1+ s+s )'51 +(1- ex, ., +s°ge y(e)g+ l+ s)clg §.+ mczmg

Do do

1+s f
— ¢ Y.
1+ (1+ S)Cl 2n+lH
Ap dung B6 d& 1.5, suy ra ton tai hai sé duong c,d sao cho
} khéng bi chan. Khi dé, tén tai day con

1+d

2 ; a a —_ —_ A
Cpoy ® ¥ thoa man ec, £ ce'y(e),  +d. Chon e=e = - ta co

2n;+1

3 &
ec,, £ (1+ s+ 32)0l +(1- e), ., +s°ge’y (e)g+ 1+ s)clg §+

ec, ., £ ce’y(ex; ., +d. Gia st {c

2n+1 2n+1

g 0 0
1+d£ cgﬂz ygﬂj{;ﬂ +d. Pidu nay din dén 1£ c(L+d)y ELOE@ 0.
C2ni+lﬁ C2ni+lﬁ I C2ni+lﬁ

Diéu nay la mot mau thuan. Vay {c, ,.} la ddy bi chan. Bang Iap luan twong tw nhu

n+1l
trén, ta ciing chimg minh dwoc {c, ..} la ddy bi chan. Vay {c_} la ddy bi chan. Mat
khac, tir (2.1), tacd

d(x,,. X, ,,) = d(fx, ,0x, )

1- e a 4
d(XZn— l’XZn) + ge'y(e) g' + d(XZn— 1’Xo) + 2d(X2n, Xo) + d(xzn+2’ XO)E'

S3

2n+2

£
Do {c } bichannéntdntai M 3 0 saochoc £ M véimoin 1 ¥. Do do

xJ§ £ (L+ 4M)".

Pit K = g+ 4M)°2 0. Ta c6 d(x, .x, . )E ~2d(x, .x, )+ Key(e).

SS

g+ d(x,, 1, %0) + 2(x,,X,) + d(x

2n+2!

Cho n®¥, ta c6 d'£ 1_—3ed*+ Ke®y(e)£ (1- e)d” + Ke®y(e). Suy ra
s

ed” £ Ke®y(e) £ Key(e). Vivayd = 0 hay limd(x,.x,,,) = 0.

Tiép theo, ta chirng minh {x_} la day Cauchy. Do n'!@r!} d(x_,x_,,) = 0 nén theo
Bo6 dé 1.6 ta chi can chitng minh {x, } la day Cauchy trong (X,d,s,® ). Gia sir ngugc
lai {x, } khong la day Cauchy trong (X,d,s, ). Khi d6, ton tai d> 0 va hai day con

{XZn(k)}’{XZm(k)} cua {x,, } sao cho
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mk)® n(k)?® k vad(x 3 d, 2.7)

2n(k)’ 2m(k))
V&i mdi kT ¥7, n(k) tachon m(k) 1asé nguyén duong nhé nhit thoa man (2.7).
Khi d6
dx, x.  )<d 2.8)

2n(k)’ “2m(k)- 2

Taco

df d(me(k, ang) B SAC 0 %m0 1) T 58Xy 1 Xan ) - (2.9)
Cho k ® ¥ trong (2.9), taco
g£ I|r11®§upd(x k+1,x2n(k)). (2.10)
Tur (2.8), tacd
d(x2m Kono) £ s’d(x,,, w0 Xamo-1) szd(xm(k) 2 Xamo-2) TSI 21X angy)
< sd(x ) + s%d(x ) + sd. (2.11)

2m(k)’ 2m(k) 1 2m (k)- 1’ 2m (k)- 2

Cho k ® ¥ trong (2.11),taco

lim supd(me(k , Zn(k)) £ sd (2.12)
k® ¥
Ta ciing c6
d(XZm(k T 2n (k)- 1) £ Sd(me (k)! 2n k)) + Sd(XZn(k)'XZn(k)— 1)' (213)
Cho k ® ¥ trong (2.13) va sur dung (2.10), ta co
limsupd(x,_ o Xango ) £ sd (2.14)
k® ¥
Tuong tu,
d(XZm(k)+1’ 2n(k )£ Sd(me k)+1’ 2m(k)) Sd(X2m(k)’X2n(k)— 1)' (215)
Chok ® ¥ trong (2.15) va str dung (2.14), taco
lim supd(me(k 2 Xano- 1) £ s°d (2.16)
k® ¥
Mat khéc, trong (2.1), thay x bai Xon(io- 1 vay bai Xomir & co
d(XZn(k) )_ d(fX n(k)- v Ko k))
1- a 5
£ S—3M fg(XZn(k)— 1’ X2m(k)) +ge y(e) g + d(XZn(k)- 1’ Xo) + d(XZm(k)’ Xo)

#0(,400%) * 800, X )Y -
Do {c,} bichannén ton tai M 3 0 sao cho ¢, £M véimoinT ¥. Do dd

g'+ d(XZn(k)- 1’Xo) + d(XZm(k)’XO) + d(XZn(k)’XO) + d(XZm(k)+l’XO)g £+ 4M)b'
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Khi do

1- e
d(XZn(k)'XZm(k)+l) £ S3 max{j(XZn (k)- 1’X2m(k))’d(X2n(k) 1’X2n(k))’d(X2m(k)’X2m(k)+l)’

2.17
X309 2 Xamgg2) * I Xomgey zn<k>)fl+ ge’y (e)(1+ 4M)b.( )
2

Cho k ® ¥ trong (2.17), su dung (2.10), (2.14) va (2.16), ta duoc
d .1 s%d + sd

el _—emaxIszd, 0,0,
s s? t

§+ ge'y (€)(1+ 4M)° =

Suyraed£ Ke*y(e)£ Key(e) voi K = sg(1+ 4M)> 3 0. Vivay d= 0. Diéu nay Ia
mot mau thuan. Vay {x,. } la day Cauchy trong (X,d,s). Do d6, {x_} la ddy Cauchy
trong (X,d,s). Do (X,d,s) la khdng gian b-métric ddy du nén ton tai z T X dé

lim X =1z
n® ¥

Giastr f laanh xa lién tuc. Khi do, z = n'!@r!? X ., = nlcl@ng fx = f(nl(i®r9 x )= fz hay z
la diém bat dong cia f. Theo Budc 1, ta cd z 1a diém bat dong chung cua f va g. Tuong
tu, néu g lién tuc thi ta cling chitng minh duocz 1a diém bat dong chung cua f va g.

Gia sir gia thiét (H) duoc théa man. Do {x } l1a ddy ting va limx, =z nén
X ° z. Do do, trong (2.1), thay x bei x, . vay béiz, tadugc

d(XZn+2’ gZ) = d(fXZn+l’ gZ)

£E— 1-e Mfg(xzm,z) ge y(e)g+ d(x,, ,,%,) +d@z,x)) + d(x, ,,.X,) + d(gzx )E

- ,02) + d(z,x
£ 133 max;d(XZMl’z)’d(XZml’X2n+2)ad(z,gZ), (2n+1 gZ)ZS ( 2n+2)y

+geay(e)g+ d(x,,,,. X,) + d(z,x,) + d(x,, ,,X,) + d(gz,x )g (2.18)
Chon ® ¥ trong (2.18) va sir dung B6 dé 1.4, taco

Sld(z,gz) £ L—Besd(z,gz) + geay(e)g+ 25d(z,x,) + d(z,x,) + d(z,gz)g
S
£ 1'S—ed(z,gz) + geay(e)g.+ 25d(z,x,) + d(z,x,) + d(z,gz)g_

Suy ra ed(z,gz) £ Ne®y(e) voi N = sg g+ 2sd(z,x,) + d(z,x,) + d(z,gz)g 0.
Pidu nay dian dén d(z,gz) £ Ny(e) voi moi el [01]. Cho e=0, ta c6
d(z,0z) £ Ny (0) = 0. Suy ra d(z,gz) = 0. Vivay gz = z hay z 1a diém bét dong cua
g. Suyra z 1a diém bat dong chung cua f va g. O]
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Trong Binh 1i 2.1 bang cach chon f = g chidng tdi nhan dwoc hé qua sau, 1a mot
ma rong cua [8, Theorem 3.2] sang khdng gian b -métric.
Hé qud 2.2. Cho (X,d,s,°) la mgt khong gian b -métric sdp thir tw day du va
f:X ® X la mgtanh xa théa man cac diéu kién sau:

(1) x ° fx véimoi x T X.

(2 Tontai x, T X, a® 1, b1 [0al g3 0vahamy T Y saocho

d(fx,fy) £ 1-—36Ms(x,y) + geay(e)g.+ d(x,x,) + d(y,x,) + d(fx,x ) + d(fy,xo)g
S

véimoi e [0,1]vamei x,y T X max° vy, trong dé

M, (x.y) = max}d(x,w,d(x,fx),d(y,fy),d(x’fy) ;Sd(y’fx)f’.

(3) f lién tuc hodgc (X,d,s,®) théa man gia thiet (H): Néu {x } 1a day ting
trong X va limx, = x T X thix_ ° x vdi moin.

Khi dé, f ¢6 diém bat dgng.

Vi mdi métric 1a mot b-métric voi s = 1 nén tir Binh 1i 2.1 ta nhan dugc hé qua sau.

Hé qua 2.3. Cho (X,d,s,°) la mét khong gian métric sap thir twr day du va
f,g:X ® X l&hai anh xg théa man cac diéu kién sau:

(1) Tontai x, T X saocho x, ° gx,.
(2) Cap anh xa (f,q) tang yéu.
(3) Tontgia?® 1, b1[0a], g3 0Ovahamy T Y saocho

d(fx,gy) £ (1- e)M(x,y) + geay(e)g+ d(x,x,) + d(y,x,) + d(fx,x;) + d(gy,xo)ﬂ
véimoi e [0,1]vamoi x,y T X max° vy, trong dé

2
(4) f hodc g lién tuc, hogc (X,d,s,®) théa man gia thiét (H): Néu {x } 1a day

tang trong X va limx = x 1 X thi x_° x véi moi n.
n® ¥

M, (xY) = maxIrd(x,y),d(x,fx),d(y,gy),d(x’gy)+ 0. b,

Khi dé, f va g c6 diém bdt dong chung.

Nhan xét 2.4. Vi mdi métric 1a mot b-métric véi s = 1 nén tir Hé qua 2.2 ta nhan
duoc [8, Theorem 3.2].

Tiép theo, chung t6i dua ra vi du minh hoa cho sy ton tai diém bat dong cua cap
anh xa (f,g) théa man gia thiét Dinh 1i 2.1 va ching t6 rang Binh Ii 2.1 1a mot su tong
quat cua Hé qua 2.2.
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Vi du 25. Cho X = {0}E[L3]E[4,5] véi thir tw ° xac dinh boi: x © y néu
X>y trén | vaanh xa d:X ~ X ® [0,¥) xac dinh bsi d(x,y) = (x —y)> Vi moi
X,y € X. Khi do, (X,d,s,*) la khdng gian b -métric sap thir ty day du vai s = 2. Xét
anh xa f : X ® X xéac dinh bai

0 neux €{0,3}
fx =42 neux =5
1 cac tréoing hop con lai.

Khi d6, v6i moi x1 X, ta c6 x3 fx hay x° fx. Lay

X,=0e=0a=b=g=1vay()=t véimeitT [01].Chon (x,y) = (53), tacd

SSEMLu) + 0e"y (@) + d(kix) + Ak, + de,) + dlfyff = £ < 2= (i ),

Suy ra gia thiét (2) trong Hé qua 2.2 khong thoa méan. Do d6, Hé qua 2.2 khong
ap dung duoc cho anh xa f.

Bay gio, ta xét anh xa g xac dinh boi g0o=0 va gx=1 véi moi
x 1 [13]E [4,5].

Taco x, 2 gx, hay x, © gx,. Bang cach kiém tra truc tiép, ta c6 fx >gfx va
gx > fgx vai moi x € X. Do do, fx ° gfx va gx © fgx véi moi x e X hay (f,g) la
cap anh xa ting yéu.

bat

VP = 1;—3er9(><’3’)+ geay(e)g+ d(x,x,) + d(y,x,) + d(fx,x ) + d(gy,xo)g.

Khi d6, véi moi (x,y)T X~ X max°y tacd x 3 y. Véi moi e [0,1], ta xét

cac truong hop sau:

Truong hop 1. x =y = 0 hoic x,y T [1,3) hoic x T [4,5),y T [1,3]E[4,5). Khi
do d(fx,gy) = 0.

Truong hop 2. x T {3,5},y T [1,3] hodc x = 5,y T [4,5]. Khi d6 d(fx,gy) = 1 va

62
VP s 21 e)+ (L1 y)e?s 21 e)+ 12e7 3 ?e- 92,1071, g2
8 8 325 1024

Nhu vy, tir cac trudng hop trén, ta c6 diéu kién (3) cua Dinh i 2.1 dugc thoa
man. Hon nira, g 1a &nh xa lién tuc trén X . Do @6, cac gia thiét cua Pinh 1i 2.1 duoc
thoa mén. Vi vay, binh li 2.1 ap dung dugc cho cap anh xa (f,q).

Vi du sau chung té rang Hé qua 2.3 1a mot su tong quéat caa [8, Theorem 3.2].

Vidu 2.6. Cho X = {1,2,3 4,5} voi thir tu ° xac dinh boi: x ° y néu x >y trén
i vadnhxad:X X ® [0¥ ) xac dinh bai
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10 neux=y
1 neu (x,y)T {(1.2),(2,1),(13),(3,1)}
|3 neu (x,y)1T {(1,4),(4,1),(1,5),(51)}

2 tr6dng hop con lai.

d(x,y)=

Khi d6, (X,d,s,°) la khoéng gian métric siap thir tu diy du. Xét anh xa
f: X ® X xac dinh boi
fl=f2=f3=1f4=2"f5= 3. Khi do, voi moi xT X, tacé x3 fx hay

. 1 - .
x° fx. Lay X, = O,ezg,a: b=g=1 va y(@t)=t v&i moi tI [01]. Lay
(x,y) = (5,4), taco

(L M) + 'y (@F+ dixx) + dgix) + i) + ) = =

Suy ra diéu kién co trong [8, Theorem 3.2] khong thoa man. Do do, [8, Theorem
3.2] khdng &p dung duoc cho anh xa f.

< 2= d(fx, fy).

Bay gio, ta xét &nh xa g xac dinh boi gx = 1 vaimoi x T X. Tacd x 3 gx, hay

X, ° O, Bang cach kiém tra tryc tiép taco fx > gfx va gx > fgx voi moi x e X. Do
do, fx ° gfx va gx ° fgx véimoi x € X hay (f,g) la cap anh xa ting yéu.

Dt

VP = (1- e)Mfg(x,y)+ geay(e)g.+ d(x,x,) + d(y,x,) + d(fx,x,) + d(gy,xo)g.

Khi d6, véi moi (x,y)T X~ X max°y tacd x 3 y. Véi moi el [0,1], ta xét

cac truong hop sau:

Treong  hop 1. (x,y)1 {(21),(3,2),(3,1), (1,1),(2,2),(3,3)}. Khi d6
d(fx,gy) = 0.

Truong  hop 2. (xy)T {(41),(51)} Khi d6 d(fx,gy)=1 va
VP =1+ (1- e)’ + 4¢°,

Truong  hop 3. (xy)T{(42),53)} Khi do6 d(fx,gy)=1 va
VP =1+ (1- e)® + 5¢°

Truong  hop 4. (xy)T {(43),(52)} Khi d

VP = g+ (1- e)* + 5e’.

d(fx,gy)=1 va

O~

Truwong hop 5. (x,¥) T {(5,4),(4,4),(5,5)}. Khi d6

& 03e?
d(fx,gy) =1 va VP=2+§[- %i+ 36.
27 4
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Nhu vay, tir cac truong hop trén, gia thiét (3) cua Hé qua 2.3 dugc théa man. Hon
nita, (f,g) 1a cap anh xa ting yéu va lién tuc. Do d0, cac gia thiét cia Hé qua 2.3 duoc

thoa man. Vi vay, Hé qua 2.3 ap dung duoc cho cap anh xa (f,g).

Cubi cuing, ching tdi sir dung Dinh 1i 2.1 dé khao sét su ton tai nghiém cua hé
phuong trinh tich phan phi tuyén.
Hé qud 2.7. Cho C[a,b] 1a tdp hop cac ham sé lién tuc trén [a,b], quan hé thi tir trén
Cla,b] xdc dinh béi: x ° y néu x(t) £ y(t) véi moi tT [a,b] va b-métric d vdi
s = 2" trén C[a,b] xdc dinh bsi d(x,y) = sup|x(t) y(t)P véi moi x,y eCla,b] va

tefa,b

voi p > 1. Xét hé phuong trinh tich phan phi tuyen

X(t) =g(t) + ]).Kl(t,s,x(s))ds
a (2.19)

X(t) =g(t) + ]).Kz(t,s,x(s))ds

trong dé t 1 [a,b) g:[ab]l® i, K, K, :[ab]l [ab] i ® j lacacham sé cho trudc.
Gia sur cac gia thiét sau duwoc théa man:

(H1) g la ham s¢ lién tuc trén [a,b], véi méi t 1 [a,b] x T C[a,b] cac ham so
K. (t,s,x(s)) va K, (t,s,x(s)) kha tich theo bien s trén [a,b].

(H2) Tx,Sx T C[a,b] véi x T C[a,b], trong doé

Tx(t) =9g(t) + TKl(t,s,x(s))ds va Sx(t) =g(t) + TKZ(t,s,x(s))ds véit T [a,b].

b
(H3)Vsi t,sT [a,bl,x T Cla,b], ta co K, (t,s,x(t)) £ K,(t.s, O)K,(s,u,x(u))du + g(s))
b

va K, (t,s,x(t)) £ K,(t,s, () K,(s,u,x(u))du + g(s)).

(H4) Ton tai xoT Cla,b] sao cho x,(t) £ g(t) + g K,(t,s,x,(s))ds vGi moi
t T [a,b]

(H5) Ton tgi hang sé a® 1va b1 [0,a]sao cho véi t,s T [a,b] va x,y T C[a,b]
théa man x(u) ° y(u) véi mei u T [a,b], ta co
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K, ts.x()- Kz(t,\s,y(t))‘p

£ Xts)(1- o maxI\X(t)- v - TxO - sya)r,\x(‘)' R0 . ORECH?

+e'y (e)§.+ x(t)- x, 0+ y®- 0 +TxO)- x,0f +[sy)- xo(t)\”g
véimoi e 1 [0,1], trong dé x :[a,b]” [a,b]® [0,¥ ) la ham lién tuc théa man
1
su s,t)Jds < —————.
le[a[l:))]".g( ) 2% —-a)""
Khi d6, hé phirong trinh tich phan phi tuyén (2.19) ¢ nghiém x T C[a,b]
Chang minh. Xét hai anh xa T,S :C[a,b] - C[a,b] xéac dinh boi

Tx(t) =9g(t) + ])'Kl(t,s,x(s))ds va Sx(t) = g(t) + ])'Kz(t,s,x(s))ds

v&i moi t € [a,b] va x eCla,b]. Khi do, sy xac dinh cua cap &nh xa S,T duoc suy ra
tir gia thiét (H1) va (H2). Hon nita, su ton tai diém bat dong chung cua cip 4nh xa S,T
dan dén sy ton tai nghiém cua hé phuong trinh tich phan (2.19). Do do, ta s& ching
minh rang cap anh xa S,T thoa man cac gia thiét caa Binh 1§ 2.1.

(1) Tir gia thiét (H4), tasuy ra ton tai x, T Cfa,b] sao cho x, ° Sx,.

(2) Véi x 1 C[a b]vas,t 1 [a,b], tir gia thiét (H3), ta co

O b
TX(t) £ g(t) + OK E,s OKl(S u,x(u))du + g(s)—ds £ gt) + QK,(t,s,Tu(s))ds = STx(t),

a

0] b
Sx(t) £ g(t) + 0 K E,s 0 K, (s, u,x(u))du + g(s)—ds £ gt) + O K,(t.s,Su(s))ds = TSx(t).

a

Piéu nay dan dén Tx © STx va Sx ° TSx véi moi x eC[a,b] Do d6, cap T,S
la cap &nh xa tang yéu.

(3) Ly q > 1 sao cho %+ %Z 1. Tir gia thiét (H5), ta c6
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ITx(t)- Sy(t)P

#
K, (t,5,X(5)) - K,(ts y(s))\ds_

£ E(‘)
e 1 L4
b & (0.3
£ gc‘) dsT E K, (5x()) - K, (t5,y(s))| dsZ
- - Fu
8 ¢

gb
£ (b- a)plé&)x(t 8)(1- e)gmax{x(t) yof x@ - Txf o syol

k®- sy + o - sxo 12 .
2° 1=

+0 eay(e>§t+ X®)- x,@f + )= x, 0 + [Tx®)- x, 0 + [sy()- x0<t)\”§ds

b

£@1- e)- a)”'leg(x,y)(‘) x(t,s)ds

+ (b- a)peay(e)g+ d(x,x,) + d(y,x,) + d(Tx,x,) + d(Sy,xO)E

£ 1- Mfg(x y)+ (b- a)’e? y(e)g+ d(x,x,) + d(y,x,) + d(Tx,x,) + d(Sy,x )5f

23p 3
Do d0, diéu kién (2.1) théaman véi g = (b- a)* 2 0.
(4) C[a,b] la khdng gian b -métric day du véi b -métric d d& chon. Hon nira, gia
sit {x,} la ddy tang trong C[a,b] va limx, = x. Khi do, véi moi t T [a,b], ta cd
£ X,OL .. £Xx OF .. va limx (t)= x(t).Do do, voi moi tT [a,b], ta co

X (t) £ x(t) v6i moi nT ¥. Suy ra x_° x véi moi nT ¥. Vay gia thiét (H) trong
binh li 2.1 dugc thoa man.

Nhu vy, cac gia thiét caa Dinh 1i 2.1 dwgc thoa man. Do dé, cap &nh xa (T,S)c
diém bat dong chung x T C[a,b]. Vi vay, phuong trinh tich phan phi tuyén (2.19) c6
nghiém x T CJa,b]. O
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