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ABSTRACT
An affine translation surface is a graph of a function z (x,y): f(x)+ g(y + ax),

al 0,introduced by Liu and Yu in 2013. The article considers the spacelike affine translation

surfaces in the Minkowski space j i with density e, establishing the Lagrange’s equation type

for J -maximal surface, classifying ] -maximal spacelike affine translation surfaces. The result

obtains two parameters (2.3) and (2.4). From that, the Calabi — Bernstein theorem in this space is
not true because two function f and g are defined on j .

Keywords: ] -maximal, density, affine translation surface, Lagrange’s equation.
TOM TAT
Phan logi cac mdt tinh tién afin kiéu khong gian | -cuc dai
trong khong gian Minkovski j i Vo1 mdt dj e’

Mdt tinh tién afin la d@6 thi cua ham z (x,y): f (x)+ g(y + ax),a 1 0, duoc Liu va Yu
gidi thiéu vao nam 2013. Bai bdo xét cic mat tinh tién afin kiéu khong gian trong khong gian
- - .03 ‘e A A AL A N - 2 o PN A
Minkovski j | véi mdt do e, thiet ldp phuwong trinh kiéu Lagrange cho mat J -cuc dai va phan
logi cac mat tinh tién afin kiéu khong gian | -cuc dai. Két qud thu dwoc hai ho tham sé (2.3) va
(2.4). Qua do, d@inh li Calabi - Bernstein trong khong gian dang xét la khong dung do hai ham f va

g trong c4c tham S6 xdc dinh trén toan bg | .
Tar khoa: | -cuc dai, mat do, mat tinh tién afin, phuong trinh Lagrange.

1. Introduction
Manifolds with density, a new category in geometry, is attracting many
Mathematicians, appeared naturally in mathematics and physics. A manifold with density

is a Riemannian manifold (M ”,g) with a positive density functione’ used to weight all k -
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dimensional volumes, 1£ k £ n [1]. On this manifold, j -mean curvature H, of a

hypersurface S is given

H =H- idi (1.2)
! n- 1dn
Where H is the Euclidean mean curvature and n is the normal vector field of the

hypersurface S. The expression (1.1) is obtained by the first variation of j -area [2], [3].
A hypersurface with H, =0 is called j -minimal. If the Riemannian manifold M is
alternated by a Minkowski space, the expression (1.1) is also satisfied the variation of j -
area [4], [5]. Then, a hypersurface Hj = 0 iscalled j -maximal.

The literature of minimal surfaces in Euclidean spaces began with Lagrange in 1760.
Finding a critical point for the functional area gives a second order differential equation,
called the Lagrange's equation. At that time, the only known solution of Lagrange's
equation was linear functions. In 1835, Scherk solved Lagrange's equation for translation

functions, i.e. functions of the type z(x,y)= f (x)+ g(y) and discovered the Scherk's

minimal surfaces. Recently, Liu and Yu has defined the affine translation surfaces that are
the graphs of functions z(x,y)= f(x)+ g(y + ax).a® 0, classified all the minimal

surfaces [6]. After that, Liu and Jung classified all the affine translation surface with

constant mean curvature [7].

3

In the space j ° with density e, Hieu and Hoang classifies all ruled j -minimal

surfaces and that all translation minimal surfaces are ruled [8]. He and Zhao classifies all
weighted minimal surfaces [9]. Recently, some authors promoted the research the weighted
maximal surface in the Minkowski space with density and the weighted minimal surface in
the Calilean space with density [4], [10].

3 3

If the Euclidean space j .» a surface of

is alternated by the Minkowski space j

constant mean curvature H = 0 is called a maximal surface. The classified result of all

3

spacelike maximal translate surfaces inj

is the planes and the Sherk surfaces [11].

Recently, Yan and Liu contributed some maximal affine translate [12]. Motivated by the
nice work mentioned above, we classified the J -maximal affine translate surfaces in the

space j i with density e* [5]. In this article, we established the Lagrange’s equation type

for the -maximal affine translate surfaces in the space j i with density e”. Section 2.2, by

a different technique in the other articles, proved that the function f, or g, must be

constant, classified the spacelike j -maximal affine translate surfaces. The result shows
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that two functions f,g are defined on entire j . Since, the Calabi-Bernstein theorem in this

space is not true. Section 2.3 presents some images to illustrate the article’s result.
2. Main contents

2.1. The affine translate surface in the Minkowski space

2.1.1. The Minkowski space

The Minkowski space, denote j °

o is the real vector spacej *

with non-degenerate
symmetric bilinear form
éxa yﬁ= lel + Xzyz - X3y3’

where x = (X, X,,X,),y = (yl,yz,y3)T i °. Since &,1iis not positive definite, ax, xfi can be

equal O or negative. A vector x T j ° {(O 0, O)} is called spacelike (resp. lightlike or

1 7
timelike) if &, xfA> 0 (resp. &, xfi= 0 or &, xfi< 0). The norm of vector x, denote Hx” is

the positive number /| ax, xfi|. The Lorentzian vector product of x and y, denote X" v, is
defined by

5
X y= 2 X3 Xs X1_X1 Xzz

2 y3 y3 yl yl yZ%
Aregular surface S 1 j i is called spacelike if the &, fi|_ is positive definite. It means

that all tangent vectors of S are spacelike. If E,F,G and L,M,N are coefficients of the

first and second fundamental form, respectively, the mean curvature H of S is given by
Y = -1LG - 2MF + NE

2 EG- F?
For more details about the Minkowski space, we refer the reader to [11].

2.1.2. The affine translate surface

The affine translate surface (S) in the Minkowski space i is defined as a

parameter surface in R* which can be written as
X (x,y) = (x,y,f(x)+ oy + ax)),x,yT 1T, (1.2)

For some nonzero constant a and differential functions f and g.

By a direct calculation, the coefficients of the first fundamental form of (S) is
given by
E=1- (f¢+ ag¢)2, F=- g¢(f¢+ ag¢),G =1- g€,
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where f ¢=

df (x) v gi= dg(y + ax)
dx

B d(y + ax)'
Therefore, EG - F? = 1- (f ¢+ ag¢)2- g€.

Then, (S) is a spacelike surface if and only if

1- (f+ag ‘)2 - g?> 0. (1.3)
The unit normal vector and the coefficients of the second fundamental form of (S) is
given by
n= -1 (f ¢+ ag({:g([?l),
\/1— (f¢+ ag9®- g¢
L = f@®+a’g®
\/1— (f¢+ ag®®- g¢ ’
M = ag® |
\/1— (f¢+ ag9®- g¢
N = 9% .
\/1— (f¢+ ag9® - g¢
Therefore,
2
yoor 1 (fo+ a’g®)(1- g€)- 2 go(f ¢+ agOhg®+ [1- (F ¢+ agt) pt

2 g.— (f¢+ ag¢)2- gtfgm

. 1f®(l— g@)+ (1+ a’- f@)gﬂl‘

2 & 2 2
- (f¢ ¢) - g¢
g o

2.2. Classification of ] -maximal spacelike affine translation surfaces in the Minkovski space
i 3 with density e’
2.2.1. The j -maximal surface

Consider the Minkowski space j i with density e’ used to weight both volume and

perimeter area. In terms of the underlying Riemannian volume de and area dAJ. , the new,
weighted volume and area are given by
v, = eldV va dA, = el dA,

Then (i 3e ) is called the Minkovski space j ° with density e”.
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3
1

curvature or j -mean curvature of S, denote H,, is defined by

Let S be a regular surface in the space j > with density e’ . The weighted mean

H =H- Edi
L 2dn
where H and n are mean curvature and unit normal vector field of S.
Surface S iscalled j -maximal if Hj =0.
2.2.2. Theorem

Let (S) be a spacelike affine translation surface, defined by (1.2), in the Minkowski

space | i with density e*. Surface (S) is j -maximal if and only if its parameter is given by

2 x 8. 0
X(x,y) = Ex,y,(l— bz)ln coshE +cI+ by +d5 (1.4)
Vi- b* B )
or
2 |2 o] ) g
X(x,y)= x,y,lJr?—bln coshf XY . CI+ X2 y dz (1.5)
a’+1 1+a2-b*> 7 a+1

where b,c,d are real constant and b* < 1.

Remark. Since two parameters are defined (1.4) and (1.5) are defined on entire R?, The
Calabi — Bernstein theorem on the Minkowski space j i with density e* is not true.

The proof of Theorem 2.2.2.
We consider parameter (1.2) of surface (S ) and function j (x,y,z)= z. Then,

d . -1

dn \/1— (f¢+ ag9®- g¢

Therefore, surface (S ) is j -maximal if and only if

F®L- g€)+ (L+a?- fE)gh- 1+ (FC+ agy?+ g€ = 0. (1.6)
Weset u = x and v = y + ax. Thus, the equation (1.6) can be written as

(1— gf)fuu + (1+ a?- fuz)gVV -1+ (fu + agv)2 +g2= 0. (1.7)

From (1.7), we have
1- f*- f - 2afg, - (1+ a’- fw)gv2
1+a’- f? '

Differentiating (1.7) with respect with u, we obtain

g, = (1.8)
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(- o), - 2650, + 2(f, +ag,)f, = 0. (1.9)
Substituting (1.8) into (1.9), we get
5 (1+a’- £2)f,, +2f, [L+a’- fuu)ggj + (110)

+2af (L+a+ £2)g, + (1+a%- f2)f +2ff @ +f,)=0
Then (1.10) can be regarded as a polynomial equation respect to g, . We distinguish

two cases.
+ Assume that g, is a constant, i.e.,g = bv + ¢, with b,c, are real number. Then by

(1.3), constant b satisfies b* < 1. The equation (1.6) becomes
(- b?)f, - 1+ (f, + ab) + b2 = O.
Or
f 1
- (t, +ab) S 1- b

From the conditional (1.3), it implies that 1- b* > (f + ab)® > 0. Then, A direct

(1.11)

integration yields (1.11)

+ ab u
arctanh “

1
Ji- b2 -2 1- 1

Therefore,

+ddT j.

+

@
f = 1- bztanhg abe, T j. (1.12)

u
V1- b?

Furthermore, we have

N} I |-1O:

®
f= (- b)ln coshE +c,3 abu+c,c, T . (1.13)

u

Vi- o
Checking the conditional (1.3).
From (1.12), we have

(f, + ab) < 1- 7. (1.14)

Sit-I-|-1O:

Because b = g so (1.14) is equivalent to (1.3).
Substituting u = x and v = y + ax into f,g, the parameter of (S ) is (L.4).

+ Assume that g is not a constant.

From (1.10), we have
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}' (1+ a’- fuz)fuuu + 2f f (1+ a’- fuu): 0,
f (1+ a’+ fuz): 0,
l(1+ a’- fuz)fuuu + 2f f (a2 + fuu): 0.

The system of equations above is equivalent to f = 0. Therefore,

uu

f=bhu+ cl,b,clT i . From (1.3), the constant b must satisfy b® < 1. Then, the equation
(1.7) becomes
(1+ a’- bz)gW -1+ b+ agv)2 +g’=0. (1.15)
The equation (1.15) is equivalent
g9 1
Z = : (1.16)
1- b*- 2abg, - (1+ az)gv2 1+a’- b’
Or
g 1
w = . (1.17)
at B a § Lt b
- BJ1+a’g + =
1+a’ E % Ji+a’®
Otherwise, when f = b, the conditional (1.3) is equivalent to
1- (fo+ agtt)2 - g¢ > Ohay1- b®- 2abg, - (1+ az)gv2 > 0.
It implies that
g Tﬁe—ab— 1+a’- b’ -ab+ 1+ a2 (1.18)
I S T T |
A direct integration (1.18) yields
a’+1)g + ab
arctanh( ) - = v +c,C, 1
\/1+ a’- b’ \/1+ a’- b?
Or
V1+a’ g
g, = tanhg% 5 (1.19)
a’+ 1 Vi+a®- ‘5
Continuously, mtegratlng (1.19) yields
1+ a’ Q abv -
Incoshgi : +c.,c. | j. 1.20
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From (1.19), the functiong, satisfies (1.18). Therefore, the conditional (1.3) is
satisfied.
Substituting u = x and v=y+ax into fg, reducing, the surface (S) has

parameter (1.5).
The Theorem 2.2.2 is proved.

3

2.3. The image of j -maximal spacelike affine translation surfaces in the Minkovski space j |

with density e*
-1
JL- (Fo+ agy? - g€’

j -mean curvature of (S) is invariant under translations by vector (O, O,d),dT i

In the Minkowski space j ¢ with density e*, Because 4 _
n

Therefore, we can choose d = 0 to illustrate images of (S )
6 0
+cx+ byg

X
E\/l— b> B 7

Two variables x,y of the illustration images are in (- 6,6) (- 4,4). In a Euclidean

2.3.1. The parameter surfaces X (x,y) = E@y, (1— bz)ln cosh

way, surfaces (S) go to a plane when b” goesto 1 or ¢ goesto ¥ .

1R |
NHOM NWAUNOVN

Figure2.1.b= 0.8,c = 0.1
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0.6,c=0.1

Figure2.2. b

CINTMNHO =N '

Figure2.3. b= 0.4,c = 0.1

6543210..1

Figure2.4.b= 0.2,c= 0.1
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B il i o
=IO =N WL

Figure25.b= 0.2c= 1.0

25¢
15[
=1 4
1 L
0.5 23
0r 01
-0.5
-1} _2'1
-6 - -3
v -2 0 2 P 5 4
Figure2.6. b= 0.2,c = 2.0
+a?-p? + 0 - ayl
2.3.2. The surfaces(S): X(x,y) = x,y,lf—bln cosh xXry cx+ xz_ayE
a‘+1 l+a’-b* F a +1p

Two variables x,y of the illustration images are in (- 6,6) (- 4,4). In a Euclidean

way, surfaces (S) go to a plane when a goesto ¥ or b”* goesto 1orc goesto ¥ .
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Z 2./

Z 2 L L

=0.2c=0.1

Figure 2.7.a = 1.5)b

6543210..1

VAV A4

L L 77

765432104.

0.2c=0.1

0.5b=

Figure 2.9.a
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3. Conclusion
The article classified all j -maximal spacelike affine translation surfaces in the

Minkovski space j i with e*. It shows that their parameters must be (1.4) or (1.5). The

classification gives an interesting consequences that the Calabi — Bernstein theorem in this
space is not true because these parameters define entire R?. After that, we draw some
illustration images of surface (S). In a Euclidean way, surfaces (S) go to a plane when a

goesto ¥ orb* goestolorc goesto ¥ .u
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