Tayp chi B:"I-IOA HOC DHSP TP.HCM Tran Mink Thuyét - Pham Gia Xhank

TINH ON PINH NGHIEM CUA PHUONGTRINH
SONG PHITUYEN LIENKET VOI
MOT PHUONG TRINH TIiCH PHAN PHI TUYEN

TRAN MINH THUYET', PHAM GIA KHANH?

1. Phan mé daw
Xét bat todn sau: Tim mot cdp cac bam (u, P} thoa:

, —u, + 0,0 )= F(x0), xeQ=01), 0<r<T, (1.1
1 (0,1) = P(8), (12
u(1,0y =0, (1.3
u('x' Oy =, {x), v, (x,0) =u{x), (1.4)

trong d6 w,,u,, b, f,F la céc ham cho trude thoa cic diéu kidn ma ta 58 chi ra san. Ham
chua biét w{x,1) va gid try bién chua bidt P{7) thda mot phuong trirh tich phan phi tuyén
sau day:

Py = gl + H{u(0,1) - jk(:_s)u(e,s)ds, (1.5)

trong d¢ g, H, & 13 céc ham cho trude.
Trong [Zj_. Ang va Pinh da thiét Jap dinh 1i thn tai va duy nhét nghiém toan cue
cho bai todn gia tri bi€n va ban dau (1.1)-(1.4) v&i 1,5, P 13 cAc ham cho trude vi
j Flx,y=0, b{x,5) =1,
Lf(u,u!) =, 7w, (0<a<i)

Béng sy tong quat hod cia {2}, Long v& Dinh {7, 10, 111, Long va Thuyét [13],
Long va Diling []4] Long, Tara v& Tric [15], Héa va Ngoc [8] da xét bal toan {1.1),
(1.3}, (1.4) v6i b =1 va lizn két voi didu kién bién khong thudn nhit tai x =0 ¢4 dang:

(1.6)

w (0,0) = g(8)+ H{u(0,0) — J",zc(:_s,u(o, syds. a7
o]

Céc tac zid trén d3 1an luot cfru xét nd trong {10] v&1 k=0, H{s)=hs, trong d& 4> 0;
trong [7] v&i & =0; trong [10, 15] véi H{s)=hs, trong 46 % > 0. M4t 86 tinh ché vé

"Tién sT, Khoa Théng K& - Todn, Trudng Dai hoc Kinh 1€ TP.HCM,
? Thae 1. B5 mon Todn, Khoa Su; vham, Trudng Pai hoe Cin Th.
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compact va lién théng cla tdp nghiém chia bai todn (L.1}-(1.5) tmg v&i b =1 ciing dwoc
xe€t trong [8].

Trong trudng hop & =1, H{s)=hs, trong dé h >0, bai todn (1.1)-(1.5) dqu: thanh
1ap 1 bal toan (1.13-{1.4), trong d6, ham chwa biét u{x,1) va gid tri bién chra bidt Pty
théa mdt bai toan Cauchy say déy cho mft phureng trinh vi phin thudng:

Pry+a’ Py = Fu, (0,0, O<t<T, (1.8)
PO)=R, P(O)=B, (1.9)

wong 36 w >0, 420, £, P 14 cac hing sé duong cho trude [11].
Trong [1], An va Triéu d4 nghién cing mét trudng hop ridng ciia bai toan {1.1)-

(1.4), (1.8}, (1.9) ¥8i ug=10;=Py=0 va v&i b )-F(x, =11, 1,) tuyén tink, nghia 1a
Sy =Kutium, trong d6 K, 1 1a céc hing sé cho mude, Trong truwdng hop sau, bai
todn {1.1)-(1.4}, (1.8) v4 (1.9) 13 mé hinh todn hoc mé ta sy va cham cia mét vat rin va
thanh dan hdi nhot tuyén ifnh tua trén mét nén cimg ({1,197). Nhu vy bai toan nghién
ctru & day [a phi tuyén twong tu bai todn dwoe xét rong (1,197,

Trong trudmg hop ma Aix, D fuu )y~ Fx, )= lu, [* sign(u,),bdi todn {1.1)-
{1.4), (1.8) va (1.9) m6 ta sy va cham cia mot vat rin va thanh dan 1] nhét tuyén tinkh
v ring bude dan hdi pht tuyén & mat ben, rdng bude lién két voi lic can ma sét nhét,

T (1.8), (1.9 ta biu diéa PGy theo B, P, o, &, u,{0,1) v sau d6 tich phan
timng phan ta thu duoe:

P(t) = g(2) + hu(D.f) - Ij;‘k(rq)u(o, s)ds, (.10)

trong d6:
g = (B, — e, (0005 @t + (P, = hug, (0)) Si‘:’f , (1.11)
k(t) = hwsin an, ' (E..IQ_Z)

Bing céch khir dn ham P(9), ta thay thé didu kién bién (1.2) bai;
1,(0,6) = g(t) + hun(0,0) ~ k(e ~ $3u(0, 5)ds (1.13)
. |

Khi dé, ching ta dira bai toan (L.13-(1.4), (1.8), (1.9) v& (L1-{1.4), (1.10)-(1.12)

hay (1.1), (1.3}, (1.4), (1.11)-(1.13).
rong [20], ching 181 chimg minh bai ton (1.13(1.3) ¢é duy nhdt nghiém yéu

toan cuc va nghiém nay cung O0n dink voi cac ham g Hvak

Cing loai nhu trén, bai todn ciing duge xét bdi Long, Ut va Tric [16], Long,
Binh va Difm [17].

Rai nay gbm 2 phan. Trong phan 1, véi mdt s6 gia thiét thich hop trén céc di
kién wy, u, b, f, F, g, H, k, chung 61 chi ra bai logn {L1)(1.5) ¢ duy nhét mot
nghiém yéu toan euc. Chan g minh két qua ndy duge dua vae phuong phap Galerkin lién
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két v6i cac ddnh gi4 tién nghidm clng voi i thudt héi m yéu va vé tinhi compact. 0,
v}han ndy, dinh li Schauder cling duge sir dyng ‘rrongD viéc chung minh tm tal nghigm
xap xi Galerkin [20]. Mot didu cha y & dy ring phuong phép xip x1 tuvén tinh trong
Cdb bal bao [6, 12, 15, 18] khong st dyng y duroe trong bai nay va trong cie bai bio [2, 4,
5, 7,10, 11, 13, ;-1] Phan 2, ching 181 chimg minh rdng, nghiém (u, P} cia bai toin
{1. 1) (1.5} 1a én dinh d5i véi cdc ham b, F, g, H va k K&t qua thu duge & trén ¢4 thng
quat hod tueng ddi cac két qua trong [1-3, 5-7, 10-20].

2. Si tn tai va duy nhit nghiém

D tién, ta dat cdc ki hide sau QO =(0,1), O, =Qx{0,7), T >0, va bd qua dinh
nghfa cée khéng gian ham thong dung: C” (Q), P (€2), H"(Q), W™*(£2). Dé cho gon,
ta ki hiéu lai nhw sau IF(Q) = I, FI(Qy = H™, W™ (Q)=W"?, Chudn twong L’
duoc ki hidu {i.|. Ta cling ding ki higu { -,-> cho tich vo hudng trong L* hodc dé chi cip

tich ddi ngau ctia mot p‘mem hidm tuyén tinh lign tue voi mdt phan Hr cta khdng gian
ham. Ta ki hiéu |||ly dé chi chuan trong m6t khéng gian Banach X va goi X khong gian

déi ngdu ca X Ta ky higu Zf ((} T;X), 1< p $ o, lakhong gian cic i6p twong duong

chira hdm u: {0,} j -» X do duoge, sao cho:

£ T “Hop
| \ “{ ﬁ‘n(f)”p df | <eo, v 1< p<w
IE Loy - PN Ay ¥ R ’
U
hay _

i I | ii -

e .‘]!- H _—
hu R eotfrs:_;}, u“(f):;; . Vil p=oo.

Ta dinh nghia:
]
V={ve H v(i=0} vi \u v> - ) = [ (o' (x)dx.

#]
¥ 13 khong gian con déng cua A, do d6, ¥ 1a khéng gian Hilbert ¢6i véi tich vo hudng
clia A', Mit khac, trén V, ||v . vailvil= \/(_v v ) 14 hai chudn trong duong. Hon

nfra, phép nhing >(“0(O} 1a compact va |jvil, [.m) fvll, v6i moi veV. Miat

khac, néu ta ddng nhat L véd ddi nglu clia né, tacd ¥ — £2DV’, v6i cac nhiing lign tus
va nam tr méat.
Ta cling ding cac ki hidu u(t), &/ (1) =u () =8(), " (N =u () =ii (r} , (a‘) = Vi (I),

: . : Z ~2
w, (1) = Aut) 48 chi u(x,z), -%?-(x,r)_. %;-(x,f), —‘g—(x,f); ;;-("c t), lan tugt.
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_____w_,_m_h___m_u__-—uq_._____h___hm_______w_.___—_____,___m_

Ta thanh 18p cic gia thiét sau:

(4) be CO(Qx[0, 40}, b>0:

(&) wy e H', u eI

(4) ge H0,T) ¥T > 0;

(4) ke H'(0,T) YT>0va k(0) =0;

(/45)}1’6L2(Q?.),Q..:Qx(O,T); |

(4s) Ham s6 H e C'(R) thoa H(0) =0 va 16n tai mdt hing 54 hy >0 sao cho:

7
H(n) = fﬁ(s)ds 2z ~hy, véimoi e iR
) |

(F) Hims6f R* — R thoa J(0,0) =0 va cac didu kién:
(B} f 1a don diéu khéng giam déi v hidn thit hai, tirc 14
(f(u, 1’) - flu, ;)){v— ';) 20, Vu, v, veR
oo tal hai bing 56 @ 1 (0,1] va hai bim 56 litn tho By, By B, - R, sa0
cho:

(F2) ff(u,v)—f(:u, ;)Is B {ful'l)i'v _— Yu, v, ve R,

UM

{(F3) Jéf{u,v) - f(a, v)f <8 (Ivf})u --—;Eﬁ Y, u, veR.
Khi d4 ta ¢6 dinh 1f sau- '
Bink ¥ 1. Gig si (A)-(Ae) va {F1)-(Fy) diing. Khi dé véi mol T'> 0, ton Iai mot nghicn
Vét (u, P} cua bdi todn (1.13-(1.5) 5ao0 cho- _ '
ue (0,77, u e [ (0.7 1}_), u,(0,6) e I* (0,7, 2.1)
PeH(0,T). : : {2.2)
Hon nita, néi A=1 trorg {(F3) vé cde ham sé H, By thod thém cde didy; Rigm:
(4)  HeCYR), H'(s}>-1 Vse R, o
) B (vhe Q) Vve L0, VT > 0.
Khi a6 nghigm bai togn lé duy nhdy.

Chimg minh Binh If | duoe chimg minh chi fiét trong [20].=
Chi thich 1. Két qud nay manh hon két qu trong [10]. That vy, tuong img véi cung
bai todn (1.1) - (1.5) v k(t) =0 va H(g) = hs, h>0, c4c gia thiét sau ddy da dimg trong
(10] ma khang cdn thib s dung & day:
O<a <1, By(u) e 120 (&) vuer{or V), v >0, (2.3)
By, B; 14 cac ham khdng giam. (2.4)

36




" Tap chi EHOA HQC BHSP TP.HCM Trén Minh Thuyét - Pham Gia Khénh

Két qua thu dugc & diy dd tdng quat hoa két qua trong [13] va chita dung trudmg hop
b(x,t) = 1, F(x,t) = 0 nhiy 12 mot trudng hop riéng.
Cha thick 2. Piéu kién K(C) = 0 trong (A4) chi 1a ki thuét, ta ¢6 thé bd qua.

Trong trudmg hop riéng ctia H vai H(s)=hs, b>0, dinh 1 sau day & b& qua cua
Binh i L.

Bich I 2. F:a s (A-(Aq) va (F\)-(F3) diing. Khi d6, vdi mdi T >0, bai todn (1.1)-
(1.5)coitn hdt mjt nghiém yéu (u, Py thoa (2. D, (2.2}

Hon nita néu B =1 trong (E3) va ham B, thoa (F4), khi do nghiém nay Ia duy
nhdr. B

Dinh i 2 cho clng két qua trong {11] nhing gia thiét “B, khong giam” d3 ding
trong [11] thi khéng can thiét & day.

Trong trirdng hop riéng véi k(f) = 0, két qua sau ddy 1a hé qua coa Binh )i 1.
Binb 1 3. Gid sir (A1), (A2), (As), (As) va (F\)-(F3) ditng. Khi dé véi méi T >0, bai
todn {1.1)-(1.4) trong tng voi P = g ¢d it nhit mot nghism yéu thod (2.1,

Hon nita, néu 8 =1 trong (F3) va néu cde ham H va By 16w hegt thod cdc gid thiés
(ALY v (Fy), khi d6 nghiém nay lé duy nhét |
Chi thich 3, Gidng nhur ché thich 2, Dinh K 3 cung cho clng két qua trong [7] nhung

gia 1h1el ‘By khong gidam” did dung trong [71 thi khéng cén thiétl & day.
38w on dinh cda nghiém

Trong phin nay, ta gia sir ring B =1 trong (Fy) va cAc ham Y, B, 1n luot thoa
(4, (F5). Do Dinh li 1 bai toén (1.1)-(1. 5) ¢ nfrh1em duy nhét (1,P) phu thude vio g,
k, H: _

w=u(b,F,gk H), P=Pb,FgkH), (3.1
trong do b, F, g, k, H thod cdc gia thiét (A, {As)-(Ag) vaiug, wy, f 13 céc ham cb dinh
thod {(As), (F1)-(Fy). '
Ta dat:

X

H(hy,Hy) = {H e CHRY:HO3=9, J“H(s)ds z-h,, H(x)>-1, VxeR,

it

o 1
sup (e} |5 () )< By (1), 90 > 01,
EESY : J

trong do .1’10 >0 12 hang s6 cho trude va Hy (R, -~ R, 1d ham sb cho trusc.
Bt |
F =C*{Qx[0,71)x IO, \x ' (0, Tyx H'(0,T).

Khi @6 ta ¢ dinh 1i sau.
Binh W 4. Gid s J =1 va (A), F)-(Fy) dung. Khi d6, véi mbi T > 0, nghiém ciia baz
todn (1.1)-(1.5) ld én dinh déi voi dir kign b, F, g, k, H, theo nghia:
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Néu
bF. gk, HY, {b,.F,,g..k ,HYe x3} (B, 213}, B, B, 2 0, k A0) = k(0) = 0,
éu ! a 5 i i

sao cho

(b, F, gk ) (B, F g,k H) trong xC( M,M'T; manh £hi | — 400, VoF moi

M >0 (3.2)

Khi do;

' (u gl 1 (0.0), P,.)—) (u,u",u({},:‘.‘j,_P) irong (3.3}
DOy L7073y < CH 0, TH = CU[0, ]y manh, khi § - oo,

rong 4o u, :u{bj,ﬂ.,g!,kﬂf—z’f.), Po= P(O F.. €k f, )

Ching mink, Trude hét, ta chi ¥ ring, néu cde dit kién (b, F, g,k H thoa

[gb;g’ B, |Fl vors S Ko Hedb(h,, H), (3.4

tong do B, £, G, X, 14 cic hing sé. Khi 46, cae dann gia tién nghiér cho céc day

{u“_,} va i!—fn} trong chirng minh cta Binh i 2.1 thoa:

rl
L3, ) = U’Ijg”n mf} ”‘GU’| w

{ex{JH; 1)‘“

b, O +1e, OF <Ctveefo,r]vr >0, (3.5)
ﬂu;;_ ©0.5) ds <C2,v1e[0,7],97 >0, | (3.6)
jpwﬂ ds <CF.91e[0,7],9T >0, (3.7)
trong d6 Cy 14 mdt hing sd chi phu thude vio 7, uy, u, F, By, LG, K os 1, (dBe

lap v8i b, F. g, k, h). Do do, 2101 han (u,P) rong céc khin
{6 P} 12 nghiém ciia bai togn (L.1}~(1.5) thod cac ddnh

By ¢ do (3.2) 1t 6 thé gid s rang ton tal  céc hang 56
B, >0, F >0, G, >0, K, >0 sao cho cic him (b, g, k. H,) thod (3.4) v&i
(b, F. gk, H) (&, F.g, o H ). Khi @6, nhiy cae cha ¥y
nghigm  ( _,”P}') cua  bai  toan (1.1
(b, F,g.k H)= (b,,F,, 8.k, H ) tho:

g gian ham thich h{_rp cha diy
ffza f1&n nghidm (_3.5}-(3.7}.

O trén, {a suy ra ring céc

= (L3 wong  wmg  vei

i@+, <c2, veefor), vr o,

(3.8
i 40.9) ds 5 €2, wr o, T}, v7 >0, (3.9)
a __
o assci vielor)vrso (3.10)
&
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Pt

by=b,~bF,=F -F g =g ~g k =k -k H =H -H.
Kbi do, vy = uy—u va (O = F;— P, thoa bai toan sau:

"vf—‘p ctx, =0, 0<x <], O<e<T,

v, £0,0) =0, (1), v, (L1 =0,
‘y(xo}—v(x())-ﬁ

L

l,‘{'—b (x,2) [ (u,00) =, f (u, 'y - ﬁ; x,1),

¢ !

tQ}()ﬁ- 00+ Hw (0,03~ Hu(0,6)) = [&{s = 5)v,(0,5)ds,
Q

g

8.0y = 80+ H (u,(0,6) - EJ’EJ.(_E—-s}u_i.((},s)ds.

DoBAAE2.6vSiuwy =1 =0, F=0, = ¥, P=0; [20, trang 25}, ta ¢
I, (_r}iif v, ()\! +2 [Q}. (W (0,5)dls +2 j’( 2,(8),v) (S)}ds =0,

Thay (3.12), 3.14) vao (3.15), ta n‘mn dwoe bat dang ththZ{)}

HV(U‘!_ +Nv_,.-(f:ﬂ|| v (O 1) = 2e8,; (,)_i, (r}| 4 :[ {IQHJ(S)I[E{{S

]

C[’(ﬁxfa,'}"}) j‘ “f(ﬂ(&') ' (S}]IEE A S, (S)dS

“JIFo

ds+ j? R (£,9)8,(s)ds =77,(0),
frong do:
S (1= ”vi 'rnlf +[v, (s)if +v2(0,8),

m =minH'(s)>-1, m, —{‘?axlffﬂ(s)i

rlsty

R (g,5)=3 +.;-i[.f¢]\j: o F TRy (o (0,5 + ) 0, 5))

| '.Hr*-(o )
B, (je o)}

Ta cht ¥ ring Vvi{0.0) ilv; {!)H; , do dé:

+ ”b ” (Ee, )

(Lem ) @0 sy o +lv, O +mr2©.0 57,0

Nhan hai vé cla (3.20) b&i mét 56 8> 0 va oéng véi (3.16), ta cé:

(3.1%)

(3.12)

(3.13)

(3.14)

(3.15)

(3.16)

(3.17)
(3.18)

(3.19)

(3.20)
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ﬂv; (s_)[g'z v, (:)};'f [+ m )8+ m, 10 (0,0)

<21+ 5)eS (r)+(1+b)t-*”§jfwbm i ;g{m)
N (3.21)
R (1 PP T TE T VS 1

+(1+ 5}]" R (2,5, (s)ds,

viimaie>08>0vire (07, Chon & > 0 va e > 0 sao cho (4m)d + my > 1,

2(148) <
2l+o) < -
L(ﬂw\J

—~— 12
+ 2(1 + é’)ﬂfbﬂ . )ﬁ f (uu) 2 (é)h g

’«I) <2(1 +(§‘)(§H;}“ ’f_(x{@ ])l [l

) (3.22)

{".!xff.i il
+2{(1 + S)J K€,5)8 ,(s)ds.

Chis y ring H'(0,T) - C°([0, T1), nén tr (3.20), ta co:

|~|" 3

| Fluts)u (s}]J

- ]2
S (‘)«’J(li-c?)t—(”lgj‘q 0“"J+ ch (ﬂxf'f

(3.23)
+2(1+ 4

i ﬁi L 2(1+5)j R (2,5)8 (s)dbs,
Crk a

trong 46 C® 12 modt hing sb phu thude véo T. Do bd d& Gronwall, ta thu duge 6r {3.22)

TAng:

(3.24)

S <20+ 68 )(

J 'EL rf “(5)5” (T)}lg}( o) ]'m “I;{Qu)

T
X e'xp(?.{}. + 8} I E,. (&, s)dsj,
\ o
voimot +e[0,T].
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Chiry 1in g

jf (,9)ds <37+~ :r"t +2T\f}‘_‘iik’i1
G .

SRR

< ('dx[c,'r])!
Thay (3.25) vao {3.24), ta thu duoe:

f 115 i Il‘f{li(é),Ié {5) 1 FP

{1
- A !
Ay 200485y —C; 8
Sy =20t }‘ £ | 11(0.T) Iié--’ i|(.‘"(ﬁx10f}}1

|

4,

lt*rg
% exp(Z(l + (5)(?}”) (3.26}

T
|‘{‘ I!EF Lo,7) * Hb-f !l{,'u(ﬁx{o__]"j} * £|‘jl 4 hﬁ(g,}_‘

v&imoi [0, T].

; \l.-"Z
XGRS _;(I)I#maxEH (6 NCRORS 2 T}(jS_;.(S)a’sj .. (3.27)
a

Ta dling mét lon nita pheép ahang H'(0,7)— C([0,71). Khi do, ta suy tir (3.26) va (3.27)
rang:

0.0, c“”( (AP 2 WU 1ot I (3.28)
B ooy IH o TP o leigo.r) X Hidyy | e
i = |2 - i N
Do lin i!b L]l e = {} nén & birde cubl cling, ta chi cin chimyg minh rdng;
Fraedl CReg
_ . ;
lh’l tg HH 0.1} 0. (3M9§
Thit vay, 1y (3.,;), (3.11), (3.14) két hop v6i (3.9), ta suy ra bt ding thic sau:
la C, k| s+l f 10)
iy ‘H’{L},T) ‘[H on T o \/1 4 |§H-" ler-er )’ (3.30)

Pinh li 4 duoc chimg minh hoan tht, B
Chat thich 4. Trong {20] ching 101 da chimg minh nghim ctia bai toan (1.1)-(1.5) 1a én
dinh 461 vaoi ba ham g, k, H, tic 1a;
Néu

(g,.k,,H}—>(g.k,H) trong &' (0,Tyx H' (0,T)xC'([-M,M]) manh,
khi j > +oo, v@i moi M>(, '
Khi dé:

(w, o], uO0,P) = (u, v, a(0,0, P)

trong L2070y L0, T Iy C° (10, T = C*{{0,T]

manh, khi j — oo, trong d6 u; = u{b,F.g; k. H;), Py =P(b.F, gk, H)), b, F 14 ham ¢b dinh
cho trurde thod (Ar), {As).
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Tém tin:
TINEE ON DINH NGHIEM CUA PRUONGTRINE SONG PHI TUYEN LiEN KET
VO MOT PIHUONG TRINB TICH PHAN PHITUYEN
o Fe;-‘.ing. 150 xét bai todn bién - gid (i ddu nhue sau:
w, =, +E(E) fuu )= Fle), xe=(01), 0<r<?¥
n (0= P, w(l,) =0,

u(x, ) =, (x), w,{x, 0y =u {x},

¥

trong 49wy, b, fLF G cde ham che smede, dn ham w(x, £)yva gid i bidn cha bidt P(1)

thod mit phuwong trink tich phin phi tuyén sau déy.
I
P(e) = () + H(u(0,0) ~ [kt - 5)u(0,5)ds,
4]
o duy shdt mot
nghidm yéu cho bai todn. vd bin vé tinh on dinh cua nghism (wPy d5i véi cde hém
b, F, g, fI va k. Troang chuimg mink, phirong phdp Galerkin duge ste dung,

tramg d6 g, H, kI cde ham cho trde. Ching 181 chimg minh sy i6n tgi va

& F

Abstract:
Stability of solutions of a nonlinear wave squation associated with
a nonitoear integral equation

We consider the foliowing initial-boundary value problem:
i, —u, HO{x )l u Y= Fixt), xeQ=(01), 0<i<T,
u (0,8) = P{1), u(l,r} =0,
w(x,0) = u, (x), 1,{x,0) = u {x},
where wu,,u,,0, 1. F are given functions, the unknown function u(x,t) and the unknown

boundary vaiue P(t) satisfy the following nonlinear integral equation.
P = g6+ H (0,00 ~ [k(t ~ )u(0,5)ds,
4]

where g, H, k are given funciions. We prove the stability and unique of the solution (4,P)

with vespect io the functions b, F, g, H and k. The method of Galerkin was used,



