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TINH SIEU KHA TICH ‘
CUA BAI TOAN MICZ-KEPLER CHIN CHIEU

PHAN NGOC HUNG', LE VAN HOANG"™

TOM TAT
Bai toan MICZ-Kepler chin chiéu véi thé don cuc SO(8) dwoc khang dinh ¢6 doi
xitng SO(10). Trén co s& sir dung doi ximg ndy, mét hé gom 9 todn tir déc ldp giao hodn
trong d6 chira Hamiltonian dwoc ching t6i xdy dung twong minh. Mot bo 8 todn tir bdt
bien doc lap khac ciing dwoc chi ra. Sy ton tai dong thoi cia hai bo toan tir nay cho phép
khang dinh tinh siéu kha tich toi da cua bai todn nay.
Tir khéa: bai toAn MICZ-Kepler, dbi ximg an, siéu kha tich, khong gian chin chiéu,
doi ximg SO(10).
ABSTRACT
Superintegrability of the nine-dimensional MICZ-Kepler problem
The nine-dimensional MICZ-Kepler system with the SO(8) monopole potential has
been regarded to have SO(10) symmetry recently. Based on this symmetry, in the present
paper, a set of nine functionally independent, commutative each to other, and invariant
operators including the Hamiltonian of the system is built explicitly. Also, another set of
eight invariant operators is built. From the combination of those set, which are seventeen

operators we conclude that the considered MICZ-Kepler problem is maximally
superintegrable.

Keywords: MICZ-Kepler problem, hidden symmetry, superintegrability, nine-
dimensional space, SO(10) symmetry.

1.  Khai niém siéu kha tich

Trong nghién ctru cac hé vat li, viéc xay dung mo hinh toan hoc va khao sat cac
tinh chat cia mé hinh 1a mot hudng tiép can théng dung. Cach tiép can nay d4 thu dugc
rat nhiéu thanh cong ca trong vat i ¢6 dién 1an vat Ii lwong tir. Tuy nhién, cac md hinh
toan hoc thuong dan dén nhimg phuong trinh hodc hé phuong trinh vi phan phirc tap,
ma da phan khong co 10i giai giai tich, chi co thé giai s6. Chi co mdt sb rat it cac bai
toan c6 1oi giai chinh xac va tuong minh, dugc goi 1a c&c bai toan kha tich. Mgt nhom
tham chi con it hon rat nhiéu cac bai toan c6 dong thoi 101 giai giai tich va loi giai dai
s6, duoc goi 12 c4c bai toan siéu kha tich. Cac bai toan siéu kha tich dong vai tro rét
quan trong trong sy phat trién Ii thuyét ciia vat Ii hoc, va thudng duoc xem nhu nhiing
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bai toan co s& dé tinh todn cho cac hé phirc tap hon nhd céc If thuyét nhidu loan. Mot vi
du vé bai toan siéu kha tich 1a bai toan Kepler, dugc xem 14 bai toan cin ban dé phat
trién tinh toan quy dao cac thién thé trong vét li ¢ dién, hay tinh toan cic mirc ning
luong clia nguyén tir trong vat Ii lugng tir. Mot vi du khac 1a bai toan dao dong tir diéu
hoa, van dugc xem 1a co sé tinh toan cho cac hé boson.

Tuy cac hé c6 tinh siéu kha tich nhu bai toan Kepler-Coulomb hay dao dong tur
diéu hoa da dugc quan tim nghlen ctru tir rat lau, nhu’ng Ii thuyét hién dai vé cu tric
va phan loai cac h¢ nay c6 thé xem nhu chi méi bat dau tir cong trinh ctia Smorodinsky,
Winternitz va cac cong sy nam 1965 [2, 3]. Tinh siéu kha tich ctia mot hé dugc xac
dinh thong qua viéc khao sat doi xing cua bai toan, va thuong lién quan dén “doi xing
4n” cua hé. Cac hé siéu kha tich dugc thira nhan 1a c¢o di xtng t6i da, dan dén kha
ning giai dugc bang phwong phap dai s6 1an gidi tich [1-4, 7].

Xét mot hé luong tir c6 phuong trinh Schadinger dimg trong khong gian N -chiéu:

HY = EY,
hé duoc goi 1a kha tich, néu ton tai n toan tir doc 1ap tuyén tinh X, thoa:

[X,,X,]1=0, a,b=1...,n,
trong do, toan tr X, = H la Hamiltonian cua h¢.

Hé dugc goi 1a siéu kha tich néu ngoai n toan tr X, da ké trén, con ton tai k
toan tir {Y,,...,Y, } bao toan, tirc 1a
[H,Y;]1=0, i=1...k,

dong thoi bd 2n—1 toan tir gom {H, X,,...,X.,Y,,....Y,} doc 1ap v6i nhau. O day, cac
toan tir Y; khong can giao hoan véi cac toan tir X, ciing nhu khong can giao hoan véi
nhau. S lugng toan tir Y; thoa:

1<k<n-1

Truong hop k =1, hé duge goi 1a “siéu kha tich tdi thiéu”. Truong hop k =n-1,
hé dugc goi 1a “siéu kha tich toi da”. [4]

Trong truong hop cb dién, cac khai niém kha tich, siéu kha tich ciing c6 dinh
nghia tuong tu nhu trén, trong d6 quan h¢ giao hoan tu giira cac toan tr dugc thay bang
cac ngoac Poisson.

Céc hé siéu kha tich nhan dugc sy quan tdm dac biét vi nhirng tinh chét sau day
[4], [5]:

1. Trong co hoc cb dién, cac hé siéu kha tich t6i da duoc chimg t6 ¢ quy dao khép
kin va chuyén dong mang tinh chu ki.

2. Vé mat li thuyét, cac quy dao cta hé siéu kha tich co dién co thé thu dugc ma
khéng can gidi cac phuong trinh vi phan.
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3. Theo dinh Ii Bertrand, trong cac hé c6 thé ning ddi xtmg cau, chi c6 hai truong
hop ¢6 quy dao khép kin: dao dong tir diéu hoa va hé Kepler-Coulomb.

4. Trong truong hop dai sd cua dai lugng bao todn l1a bac hai, cac phuong trinh
Hamilton-Jacobi hoic Schédinger twong tmg cua cac hé siéu kha tich nay c6 thé tach
bién.

5. V6i cac hé luong tir, tinh siéu kha tich dan dén su ting suy bién cac mirc ning
lugng, goi 1a “suy bién ngau nhién” (accidental degenaracy) Su gia tang cac bac suy
bién c6 thé giai thich do tinh siéu kha tich co lién quan dén mot “ddi ximg 4n” ctia hé.

6. Dbi v6i cac hé siéu kha tich cuc dai lugng tir da biét, nang lugng cua hé co thé
giai bang phuong phap thuan dai s6 va giai tich.

2. P6i ximg ciia bai toan MICZ-Kepler 9 chiéu

Bai todn MICZ-Kepler la sy mo rong cua bai toan Kepler-Coulomb, trong d6 hé
dugc xét gdbm mot hat c6 dién tich va isospin chuyén dong trong thé ning ciia mot dyon
(Mot hat c6 dién tich va tir tich). Bai toan MICZ-Kepler chin chiéu duoc mé rong mot
cach tu nhién tir bai toan ba chiéu va nam chiéu véi thé don cuc twong tmg thoa tinh
chat dai s6 SO(8) dugc gi6i thiéu trong cong trinh ciia nhom tac gia Van-Hoang Le
nam 2009 [5, 6], va dugc nhom tac gia ndy goi la don cuc SO(8). Trong muc nay,
chiing tdi tom tit cac két qua dang chii y ctia cong trinh [6] vé nhém ddi ximg cua bai
toan dé 1am co so khao sat tinh sidu kha tich.

Phuong trinh Schodinger dung cua bai todn trong hé don vi nguyén tu
(m=c=h=e=1)co dang:

2
HY = lﬂ-z_,_Q_Z_E Y =EVY, 1)
2 8r- r
trong do, n° =r,m,, (u=1,...,9) voi cic thanh phan xung luong 7, €0 dang tuong
minh:
. 0 k=1 8
ﬁjz—la—xj-i-A((r)ij, J,K=1...,0,
T ——ii
X,

Céc s6 hang A (r)Q, dac trung cho tuong tac cua hat c6 isospin v6i don cuc
SO(8) Vai thé vector ¢ dang tudng minh:

A(r)=——"—

r(r + x9)
Toén tir Q°=Q,Q, (j.k=1...,8) vdi Q, la cac vi tr cua nhém so(8), nghia la thoa
man h¢ thic giao hoan:

|:ij ’an:l = ié‘ijkn + ié‘anjm - ié‘ankm - ié‘kajn’
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trong d6, &, la ki hi¢u delta Kronecker.

Ciing gidng nhu truong hop cac bai toan MICZ-Kepler ba chiéu va nam chiéu, su
bo sung thé don cuc khong 1am pha v tinh chat ddi ximg hinh hoc SO(9) cua bai toan
Kepler-Coulomb chin chiéu. Cu thé, nhém dbi xing hinh hoc cia bai todn MICZ-
Kepler chin chiéu dugc biéu dién béi N(N —1)/2 =36 thanh phan moment xung luong
doc 1ap dudi dang tensor:

AW:xynv—xvnHJrirz[nH,nV], wv=L,...,9, u<v. (2)

Céc hé thic giao hoan cua cac thanh phan ndy chimg to bai toan co dbi ximg
SO(9)

(A, H]=0,

uv?

(A, A, |=i8,,A,, +i8,A,, —i5, A, —i5,,A (3)

uottvp vo' o up* Mvo vo X up
Ddi xtimg an cla bai toan duoc thé hién qua vector Runge-Lenz suy rong 9-chiéu
Vi cac thanh phan c6 dang tuong minh:

Mvzl(ﬁ,\ FA )22 v=10. (4)
2 r

phhpy TRy
Céc thanh phan nay théa man céac hé thuc giao hoéan:
[, H]-0,

(A, M, ]=i5, M, —i5, M,

[M,. M, |==2iHA,,.

Nhom ddi xtmg so(10) cua bai toan MICZ-Kepler chin chiéu duoc xac dinh tir 45
thanh phan {A
nhom dbi xtmg ndy. Céc thanh phan ciia nhom ddi ximg ndy s& duogc ching t6i sir dung
dé khao sat tinh siéu kha tich cua bai toan trong phan tiép theo.

3. Tinh siéu kha tich t6i da ciia bai toan MICZ-Kepler 9 chiéu

Trong trudng hop bai todn MICZ-Kepler chin chiéu, N =9 nén dé hé kha tich,
can 9 toan tir doc 1ap tuyén tinh giao hoan véi nhau (trong d6 c6 Hamiltonian H ).
Thém vao d6, dé hé 1a siéu kha tich, ta can thém k toan tir bao toan khéc tao véi bo 9
toan tir trude do tao thanh mot bo doc 1ap (0 <k <n-1).

3.1. Tinhkh tich
Nhom ddi xtng khong gian so(9) (va day du hon 1a nhom dbi xing so(10)) cua

I\7Ip}. Trong cac hé thuc trén, H dong vai trd nhu “hing s6” dbi vai

uv?

bai toan dugc xay dung dua trén cac toan tu bat bién s& 12 mot co s& tot dé ching toi
xay dung nén bo toan tr thoa mén tinh chat kha tich cta bai toan, do nhém nay dugc
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cau tao tir toan tir bat bién. Cu thé, nhom ddi ximg khong gian so(9) ciia bai toan
MICZ-Kepler chin chiéu dugc biéu dién tudng minh qua ma tran 9x9:

O A12 A13 A14 A15 A16 A17 A18 A19
A21 O A23 A24 A25 A26 A27 A28 A29
A31 A32 O A34 A35 A36 A37 A38 A39
A4l A42 A43 O A45 A46 A47 A48 A49
A= A51 A52 A53 A54 O A56 A57 A58 A59
A61 A62 A63 A64 A65 O A67 A68 A69
A71 A72 A73 A74 A75 A76 O A78 A79
A81 A82 A83 A84 A85 A86 A87 O A89
A91 A92 A93 A94 A95 A96 A97 A98 O

trong d6, cac thanh phan ctia ma tran nay thoa man tinh chét phan d6i ximg Ay =-A;.
Trén co s& ciia nhém ddi ximg ndy, chiing t6i chon mot bd 8 nhoém con bét bién
gom {so0(2),s0(3),...,50(9)} theo quy tac: nhom so(m) gom cac thanh phan trong ma

tran khdi mxm goc trén bén tréi cia matran A, v6i biéu dién tuong minh nhu sau:

0 A12 A13 T Alm

A21 0 Azs T A2m

A=Ay Ay 0 Ay
A A A 0

V&i cach chon nhom con nhu vay, tir tinh chét ciia ma tran A, ¢6 thé d& dang
nhan thidy X (m) la ma tran hoan toan phan dbi xtimg véi cac thanh phan tao thanh
nhom kin théa man tinh chét giao hoén (3) cua dai s6 SO(m).

Ung v6i mdi nhém con so(m), toan tir S™ dugc chung toi dinh nghia 12 toan tir
Casimir bac 2 ctia nhém dbi ximg so(m):

m 1
N ):_Ex(m)ijx(m)ji:LZ Af,  m=2..9, (5)
<i<j<m
trong do6, cac chi s6 i, j lap lai duogc hiéu 14 lay téng tir 1 dén m. Vi 14 céc toén tu
Casimir cia nhém déi ximg, nén cac toan tir ndy hoan toan théa méan tinh chit bat bién:
[S™ H]=0. (6)
Ngoai ra, do cach chon cac nhom con théa médn so(2) = so(3) =...so(9), nén céc

toan tir Casimir twong ung cua cac nhém ndy ciing hoan toan doc 1ap vdi nhau. Pac
biét, toan tir Hamiltonian H do c0 vai tro nhu “hang s6” doi vdi cac nhom so keé trén,
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6 thé xem nhu vi tir cia nhom so(1) 1a nhém con bat bién cua tit ca cac nhom nay,
nén H ciing doc 1ap véi cac toan tir S™.

Giao hodn tir ctia cac toan tir binh phuwong moment xung lwong dugc tinh tryc tiép
tir h¢ thue giao hoan cua nhém so(9):

[AﬁiAann] =10, {Aj A A 3+ i5jn{{\ij'Amn'Aim} )
Amn ! Ajm}_ I5jm{Aij ’Amn'Ain}'

_i5in{Aij’
trong do, ki hiéu {A,B}= AB + BA la phan giao hoan tir va {A,B,C}={A,{B,C}}. Tinh
toan tryc tiép tir cac dinh nghia ciia cac toan tir bat bién S™ va str dung hé thirc (7),
chung t6i thu dugc két qua:

[S™,s™]=0, mn=2,...,9, (8)
tirc 1a cac toan tr S™ hoan toan tao thanh mot bo giao hoan véi nhau.

Nhu vay, nhém 9 toan tir {H,S$?,S@ ... S} tao thanh mot bd toan tir bat bién
doc lap, giao hoan voi nhau, cho phép ching t6i két luan bai todn MICZ-Kepler chin
chiéu co6 tinh kha tich.

3.2. Tinh siéu khd tich téi da

Mot cach khac dé xay dung bo 8 nhom con {so(2), so(3) ..., so(9)} 1a theo quy
tac: nhom con so(m) gom cac thanh phan trong ma tran khéi mxm géc dudi bén phai
ciamatran A, véi biéu dién twong minh nhu sau:

0 T A1o-m,7 Alo-m,s Alo-m,g
A= A7,1o-m "' 0 A78 A79
A8,10-m T A87 0 A89
A9,10-m A97 A98 0

Mot cach tuong ty nhu phan trude, ching t6i ciing dinh nghia 8 toan tir bt bién
Ia toén tir Casimir bac 2 ctia 8 nhom con nay:

S(m):—%Y(m)in(m)ji: S AL m=2..9 9)

9-m<i< j<9

Tir dinh nghia clia cac ma tran X(m) va Y (m), ¢ thé d& nhan ra hai ma tran

X (9) va Y (9) tring nhau (va tring véi ma trdn A ), do d6, S© =S, = A”. D6i v6i hé

7 toan ti con lai {S,),..., S}, bang cac tinh toan truc tiép dua trén dinh nghia cua cac
toan tir ndy, ching t6i nhan thay cac phwong trinh
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m=2,...,8, (10)

j=2 j=2
j#m

déu khong co nghiém (a,b;,c.), tic 1a khong thé biéu didn mét toan tir ndo trong sb

i
bay toan tir {S,,..., S} dudi dang t6 hop clia céc toan tir con lai va bo {H,S™}. Tur
day, chung t6i két luén rang bd 16 toan tr {H,5®,...,5®,S, ..., S} doc 1ap voi nhau.
Ngoai trir Hamiltonian H , cAc toan tir con lai déu duoc tao ra tir nhom ddi ximg so(9)

dic trung cho ddi xtmg khong gian ctia bai toén.

Toan tir cudi ciing dugc chung t6i chon dé hoan thién bo 17 toan tir bat bién doc
lap 1a thanh phan A= M, cua vector Runge-Lenz, déc trung cho doi xing an cua bai
toan. Todn tir ndy ciing 1 todn tir bac 2 gibng nhu 16 toan tr trong bod
{H,5%,...,89.S,,....Sg}. Toén tor A nay dugc cau tao tir thanh phan trong nhom
thwong so(10) / so(9) nén chic chén s& doc 1ap voi bd 16 toan tir ¢4 néu.

Nhu vy, ngoai bo 9 toan tir bac 2 {H,S?,...,S®} doc 1ap va giao hoan d chi ra
& phan (3.1), chiing t6i d4 xac dinh duoc thém k =9-1=8 toan tir bac 2 doc 1ap khac
g0m {S,)...., S, A}. Chiing tdi két luan rang bai toan MICZ-Kepler chin chiéu c6 tinh
siéu dbi xtmg toi da bac 2.

Chung tdi ciing luu Y rang, cach chon bd 17 toan tir nhu trén khong phai 1a duy
nhat. Chang han, ta c6 thé chon by 9 toan tor doc 1ap va giao hoén
{X1, X5, Xg}={H,S5,....Sg} , COng thém 8 toadn tu béat bién doc 1ap khac
Y, Y 3={A S? ... ,S®}, trong d6, A 1a mot t6 hop bat ki ciia 9 thanh phan ciia
vector Runge-Lenz.

4.  Kétluan

Dua trén tinh chat d6i xtimg SO(10) cua bai toAn MICZ-Kepler, chung t6i da chi
ra mot cach xay dung tuong minh bd 9 toan tir bat bién doc 1ap va giao hoan, qua do
khang dinh bai toan nay kha tich. Bén canh do, chung t6i ciing d& xay dung tuong minh
mot bo 8 toan tir bat bién doc 1ap khac cho phép két luan bai toén cd tinh chat siéu kha
tich cuc dai bac 2. Pay 1a két qua khang dinh thém cho nhiing nhan dinh trudc day cua
chiing tdi vé kha nang c6 10i giai dai s6 va kha ning tach bién ciia bai toan theo nhiéu
hé toa d6 khac nhau.

Ghi chi: Cong trinh nay 1& mét phan trong Dé tai Khoa hoc va Cong nghé cdp B
ciia Bé Gido duc va Pdo tao, ma s6 B2015.19.13.
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