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VE MOT HE ELLIPTIC p- LAPLACE
TRONG KHONG GIAN SOBOLEV CO TRONG

Tran Minh Thuyet’, Le Khanh Luan’, Vo Giang Giai*
1. Gibi thieu

Trong bai nay, chung toi xet bai toan bien phi tuyen cho he phédng trinh elliptic
p -Laplace sau :

j%(ry‘u; (r)\"‘2 u! (r))+|ui(r)|p_2 u(r)=f, (ru()u(r), 0<r<i (1.1
rY
u @ @+hu®=g, (L2)
lim r''Pu ()| < 4o, (i =1, 2), (1.3)

trong lo y =N-1, p>2, h >0,h,>0, g,, g, la cac hang so cho trééc va f, f,
la cac ham cho troéc thoa cac fieu kien nao fio ma ta se chg roi sau. Trodng hdp cho
mot phdong trinh t66ng td nho tren fia co nhieu nha Toan hoc quan tam nghien cou,
chang han nhd : Nghda, Long [10] ; Long, Dung, Thuyet [3] ; Long, Dung, Nghda,
Thuyet [4], Long, Ortiz, Nonh [6,7], Long, Lang [8].

Chu y rang neu fat v, (x):ui(|x|)=ui(r), la ham chz phu thuoc vao

12
N

r= ‘x‘ = [Z Xi2 j , thi nghiem cua bai toan (1.1)-(1.2) chinh la nghiem radial cua
i=1

bai toan bien phi tuyen cho he phtdng trinh elliptic p-Laplace nho sau :

— AV + |7 = £ (X v, ), trong (1.4)
v, | %4— hyv, =g;, tren 6Q,, (i=1, 2), (1.5)
v
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ov

2 11/2
i)

N
trong fio Q, ={Xx ] N :‘X‘<1}, Apv=iai_ [|VV|p ° a)\(/j Vv | _{ Zax.

i=1 i i=1

v la phap tuyen fidn vo hodng ra ngoai bien 6Q,, y =N-1, p>2, h >0, h, >0,
d,, 9, la cac hang so cho tréoc va f,, f, la cac ham cho tr6oc thoa cac fiieu kien
nao flo mal ta se chz ra sau.

Trong [2], D. Huang, Y. Li, xet he phédng trinh elliptic p-Laplace sau

—A,U +|u|p_2u = F,(|x,u,v), trong [J N, (1.6)
~Av+ M v ==F,(|¥,u,v), trong [ ", (1.7)
u,vewW-P@ M), (1.8)

trong fiol
oF oF
F.(|x].u, v)_ (\x\ u,v), R (|x.u,v) = 6V(\x\,u,v),
voi F e C1< [0,+00) x [ %;[] ) 1< p< N, cho trodc. Vi mot so fiieu kien fat ra cho

N, p, F, cac tac gia D. Huang, Y. Li, chdong minh bai toan (1.6)-(1.8) co vo so

nghiem radial (u,v), nghda la nghiem (u(x),v(x)) chg phu thuoc vao r = |x|

Trong bai nay, tro0c tien chung toi thiet lap mot so khong gian Sobolev col
trong cu' the cung vai cac tinh chat cua chung. O [3], chung toi chéng minh fionh Ii ton
tai va duy nhat nghiem yeu cua bai toan (1.1)-(1.3) trong cac khong gian ham
Sobolev co trong thich hdp. Trong chdng minh co so dung phd6éng phap xap x&
Galerkin ket hop voi phodng phap compact va fién fiieu. O [4], chung toi cung nghien
cOu dang fiieu tiem can cua nghiem (ul(hl, h,), u,(h,, hz)) phu' thuoc vao (h;,h,) khi
h, > 0., h, »>0,. Cac ket qua thu fi6dc 0 fiay fia tong quat hoa t66ng fioi cac ket
qua trong [2-4], [6-8], [10].

2. Khong gian Sobolev col trong

Nat Q = (0,1), chung ta bo qua cac fionh nghta ve: khong gian ham thong dung
nhd C™(Q), LP(Q), H™(Q), W™ (). Ta ki hieu L) (@) =L} la tap hop cac ham u

xac fionh va fio i6dc tren Q sao cho
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lu],, <+ (2.1)
trong fiol

1 1/p
u (J' xy|u(x)|pdxj , neu 1< p <+,
u =
p.y

0

esssuplu(x)|, neu p = +o.

0<x<1

Ta fiong nhat tren L) cac ham bang nhau hau het tren Q. Cac phan t6 cua L}
la cac 16p t66ng AGONg cac ham fio fidoc thoa man (2.1), hai ham la t6éng fiddng neu
chung bang nhau hau het tren Q. Khi fio L? la khong gian Banach voi chuan ||||py

Trong trodng hdp rieng, Li la khong gian Hilbert fioi voi tich vo hdédng va chuan
t66ng 6ng nho sau :

(u,v) = J'xyu(x)v(x)dx, ||u||2‘y = J(u,u).

C hia 1, _\wip _ oyl A L a
Ta ki hieu W *(Q) =W * ={vel):v L)}, vOi fiao ham fi66c hieu theo

nghéa phan bo. Hén nda, ta co Wyl"’ la khong gian Banach vdi chuan

p /P 1/p
lul,,, = ("u"’”Jr”u ”p,y] , 1< p<+oo,
Lpy

! _
max{||u||w, ||u ||w , p = oo
Chu y rang ta co the filnh nghta Wyl"’ nho la so' flay fiu hoa cua khong gian
CY(Q) fioi voi chuan -1, ,,- Cac bat fiang thoc ve phep nhung sau fiay se fi6oc s8
dung trong cac phan sau

Bofie 1. Cho y >0, p>1, ue C*(Q), taco

(i) H“HE,YS\“(l)\p+K1H”' E,Y,
) [u®|<K,|ul

Lpy'’

(i) r'Plu)|<K|ul,, . vreq,
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i 2 p 1 ||P e 1
@) Jul:, <Kul,,, (lu@P +J']} ) new p=2-2,

1/p
o UV (CTS O W R SR S T

V) (1+K,

trong fio

-1 Pt
Klz[p}/ J ’ K2=(7+p)p_1’

a1 p-1
K, =max{5/§, ,p/y+2p—1}, K, = K{Lj .

1+(p-Dy

Bo fie 2. Phep nhung W "(Q) G L2(Q) la lien tuc neu p>1 p>2-1/y, va
compact neu p > 2.
Chding minh cua cac boi fiel 1 va 2 co the tim thay 0 [5].
Chu thich 1. Ta chuiy rang :
lim r”’Pu(r) =0, vdi moi u e W,"?(Q). (2.2)

r—0,

(Xem [1], bo fie 5.40, trang 128). Mat khac, do W (g,1) & C([¢,1]) va

"% |u ||W1‘p(g‘l) <|lu ||l‘p‘y, vOi moi u e WP (€), voi moi 0< ¢ <1,

ta suy rarang :
u|[8‘l] e C([¢.1]), voi moi ueW (), voi moi 0< & <1. (2.3)
T6 (2.2) va (2.3) tasuy ra
r’'Pu(r) e C(Q), voi moi ueW"?(Q). (2.4)

~ 2 1, y \ | ~ Al
Ta fiat H=L(Q), V=W/(Q). To ket qua cua bo fie 2 VOi
p>1 p>2-1/y, V Addc nhung lien tuc trong H. H6n nda V tru mat trong H, vi

Cl(ﬁ) tru mat trong H, fiong nhat H voi H' (fioi ngau cua H),tacoV GHGV'.

3. RNonh Ii ton tai va duy nhat nghiem

P

Choi=12,va p>2. Nat p'= )
p-1
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Ta thanh lap cac gia thiet sau :
(H,) f:QxD 2 5[] thoa man fiieu kien Caratheodory, nghta la
(i) f.(-,y,z) fofioddctren Q; Vy,zell,
(i) f.(r,-,-) lientuctren [J 2 ae.reQ,
(H,) Tontaicachangso a,b>0, 0<p,, p, <p vaham qe Lly sao cho
yh(r,y,z)+2f,(r,y, z) <aly|™ +blz|, Vy,zell, ae. reQ,
(H;) Tontai cac hang so a;, b, >0, va cac ham q; € Lf/ sao cho
1f.(ry.2) <aly]” +b 2" +]a ()], Vy,zel, ae. req
Nghiem cua bai toan (1.3) va (1.4) Aiddc thanh lap t6 phd6ng trinh bien phan
sau nay :
Tim (u,, u,)eV xV sao cho

(AU ),V + (A(u; ), vy + hou (Dv(@) =(f; (r,ug,uy),v) + g v(1), YeV,(3.1)
trong fio A(x) =|x|" “x, xelJ.

Chu thich 2. Do (2.4), cac soi hang u, (1), u, (1) xuat hien trong (3.1) fiddc xac finh
vOi moi veV. Ta nhan fiddc (3.1) bang cach nhan hinh thoc hai ve (1.3) vdi r’v,
v eV, vasau fio lay tich phan tong phan ket hdp vdi viec s6 dung cac fiieu kien (1.4)
va (2.2).
Khi fio ta co fionh li sau nay :
Nonh Ii 1. Gia s6 h, >0, h, >0, 9;, 9, €J va (H,)—(H,) fivdc thoa. Khi fio bai
toan bien phan (3.1) co nghiem (u,, u,)eV xV. Hon nda, neu f,, f, thoa
(H,) Ton tai cac hang soi a,, b, <2%", sao cho
(fl(r, Y, Z) - fl(r, Y1 Zl))(y - yl) + ( fz (r, Y, Z) - fz (r, Yis Zl))(Z - Zl)
<a,ly-y|* +bjz-z,|",
VY, ¥.2,,€ll, ae reQ,
thi bai toan bien phan (3.1) co nghiem (u,, u, ) duy nhat.
Chdng minh. Ta tien hanh qua mot so bd6c nho sau :

a. Xap x& Galerkin. Do V la khong gian Banach kha li nen ton tai mot co so fiem
AGOC W,,W,,... trong V. Tatim u™ dooi dang
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u™ =>" ciw,, (i=12) (3.2)

j=1
va thoa he phédng trinh phi tuyen sau :
CAU™) W)+ (AW™).wp) + by ™ @w; 2)

(3.3)
=(f (r,u™,uf™),w,)+ g w; (@), 1<j<m.
Nh6 vay cac he soi ¢} cua u{™ thoa he phdng trinh phi tuyen
P(en) = (Qi(en). Q:(e,))=0, (3.4)

trong fiol
e =%, c b Q (en) =RV (en). RV (e,))

R (e,) = CAU™ ) w}) -+ (AU™),w,)+ h, ul® @w, @)

—(f; (rou™uf™)w) —giw, (1), =12, 1<j<m.

Ne chéng minh sd ton tai nghiem cua hel (3.3), chung ta nhé fien bo fiei sau nay :

Bo fie 3. Cho P :[0 %™ —[12™ Ja anh xa lien tuc. Gia s ton tai hang so p >0, sao
cho
(P(e),&) on 20, Veel ™, [e] .o =p. (35)

thi ton tai € €[] 2™, HéHDZm <p sao cho P(€) =0,

trong fio
c=(CynCp), d=(dy,..,d )€™, €

(€iCp)s d=(dyonndy ) 0™,

e=(c.d), §=C.d), (.8 2 =(C,6) n+(d,d) n, ] zn =] n +]d[n-

Ta nghiem lai anh xa P thoa cac gia thiet cua bo fie 3.
(j) Ta chdng minh de dang rang P ;[ 2™ — 1 2™ la anh xa lien tuc

(1)) Ta nghiem lai fiieu kien (3.5) fiung vbi mot so d66ng p nao fio. That vay,
taco:

(Pen).en), zn = Qi) 8, 2n +(Qu(€10).C), om
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Il
ot—yr

ry[‘ul(m”(r)‘p +‘ uém”(r)‘p }dr
sh[u @ +h @ - gu @ - g,u @
el Juof Jor
0

+j LA uf™ (), uf™ () ul™ (r) + £, (r,uf™ (r),uf™ (r)) us™ (r) Jar.
To gia thiet (H,) va Bo fiel, ii, ta suy ra rang'

(P(en):€n) gon _—|| u™ i (3.6)

Lpy 4 v

" u(m

lpy

trong fio C, la hang so chung fioc lap voi m, h,, h,. Mat khac, trong 0 ™ cac chuan

||u(m) , ||u§m) Ale®) )| la t6ong fivdng nhau nen ton tai a, >0, sao
Lpy 1,py IR IR
cho
|u™| > a4a, L (i= 1, 2) (3.7)
Lpy
T6 (3.6) va (3.7) suy rarang :
1
(P(6n).€n) o 2 2, (Hc Hc )—ch
(3.8)
1P 1

TG (3.8) de dang suy ra fiodc rang he (3.3) co nghiem.
b. Nanh gia tien nghiem. T6 (3.6) suy rarang :
Jum L, <¥C=C,. (=12 (3.9)
Py

Ta suy ratd (3.9) rang :

1/p
' I} 1 i P
rv/pA(ui(m)) (J‘ r’ ui(m) (I’)‘ dl’} gC3, (3.10)
LP
0
H rY/pA<ui(m)) g <C,, (3.11)
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/ / p-1 , p-1 ,
rr'vf, (r,u{m),ugm))‘g ar'? ‘u{m)(r)‘ +b,r'P ‘uém)(r)‘ +r/P ‘qi (r)‘
1/p

[l of ) en(vuro o)

p/p p/p ,
<Gyl Jur [ <l e

1,p.y 1py

£C5+r”p"qi (r)‘, aereQ,
(3.12)
trong fiol C,, C;, C,, C, la cac hang so dédng fioc lap véi m, h,, h,.

c. Qua gibi han. To (3.9), (3.10) va bo fie 2 suy ra rang co mot day con cua day
{u{™ u{™)} van ki hieu la {(u{™,u{™)} sao cho

ul™ —u, trong V, (3.13)

u™ —u, trong H manh va a.e trong Q, (3.14)
u{™ — ] trong L yeu, (3.15)
rV’p'A(ui(m)') —> 7, trong L” yeu, (3.16)

vli i=1,2. H6n nda, do phep nhung W"? (1) C([£,1]) (0< & <1), la compact, va to

fianh gia &’ p” u(™ <C,, suy ra co mot day con cua {u™}, van ki

(m)
| s“ui

WP (g,1 1Lpy
hieu la {u™3}, sao cho

u™

— U, ‘[ . trong C([¢,1]) manh (3.17)

o]
Mat khac, to (H,), (3.1), (3.12) suy rarang :

rv'v'f (r,u{m),ugm)) >t (r,ul,uz) trong L” manh, (3.18)

r'' P AU™) - r’P A(u,) trong L yeu. (3.19)

Qua gidi han trong (3.3) ta co
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jxir“ PV'(r)dr +h, u; (1)v(2) +j.rVA(ui(m)(r))v(r)dr

=[rt, (r,u1 (r),uz(r))v(r)dr +g;v(l), Vv eV.

0
SO dung phddng phap fién fiieu nho trong [3,4], ta col the chdng minh rang
v =r"PAW). (3.20)

SO ton tai nghiem cua bai toan bien phan (3.1) iddc chdng minh.
d. Tinh duy nhat. Gia sdl (u,, u,), (v;, v,)eV xV la hai nghiem cua bai toan bien
phan (3.1), khi fio
CAUD) = AV, W)+ AU;) — A(V;), W) + hy (ui D -v; (1))W(1)
= (f(r,u,u,)— f(r,v,v,),w), vweV.
Do fio
2%°P|

1 !
U —Vp

+22‘p‘

1 !
Uy — Vs

P p
Py Py
+(27P —ag)|u - v, HEY +(27P = by) U, — v, HEY

wh U, @ -v, @] +h]u,@-v, @] <o. (3.21)

Vay u, =v,, U, =V,.
Chu thich 3. Nonh Ii 1 vain con fiung neu gia thiet (H,) fi6dc thay the bdi mot trong
cac gia thiet sau fay
(H3) Ton tai cac hang so a,b <1 vaham g e L sao cho

yi,(ry, 2)+ 2f,(r,y,z) <aly]” +blz|® +[q(r)], Vy,zel, ae. req.
(H3) Ton tai cac hangso a<1, b>0, 0< p, < p vaham g e L, sao cho
yi,(ry, 2)+2f,(r,y,z) <aly|® + b7 ™ +[a(r)], VYy,zel, ae.req.

(Hé") Ton tai cac hangso a>0, b<1,0< p, < p vaham qeL; sao cho

yi,(ry, 2)+2f,(r,y,z) <aly|” +blz]® +[a(r)], Vy,zel, ae. reQ.
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Chu thich 4. Tédng 6ng vdi p =2, y =1, cac tac gia trong [6, 7] Aia chdng minh
phodng trinh vi phan Bessel phi tuyen _71;7()( u’(x)) +u?—u=0,0<Xx<+w, lien
ket voi fiieu kien bien u(0) =1, XIi%rpoou(x) =0, co it nhat mot nghiem. Mot trong soi
cac  nghiem 0 tren f6oc thiet lap t6 bai toan bien
%f—x(x u'(x))+u’-u=0,a<x<b, lien ket vdi fieu kien bien

u(a) =1 u(b) =0, trong fio, X; <a<b <Xy va X, X
Bessel J,(x).

la hai zero lien tiep cua ham

i+1

IV. DANG NIEU TIEM CAN CUA NGHIEM KHI h, »0,,h, >0,.

Trong phan nay, gia sé rang (H;) —(H,) la fiung. Do fionh Ii 1 bai toan bien
phan (3.1) tédng 6ng voi cap soi thdc (h,,h,), h, >0, h, >0, co nghiem duy nhat
(u;,u,) phu thuoc vao (h,,h,) nh6 sau u, =u,(h;,h,), u, =u,(h;,h,). Ta se nghien
c6u dang fiieu tiem can cua nghiem (u, (h,,h,), u,(h,,h,)) khi h, >0,, h, >0..

Ta boi sung them sau fiay mot gia thiet ve ham f,, f,.

(H,) Ton tai cac hang soi a,, b, <2*, sao cho
(fl(r, Y, Z) - fl(r, Yis Zl))(y - yl) + ( fz (r, Y, Z) - fz (r, Y1 Zl))(Z - Zl)
<a,ly -yl +bjz-z,|",
vy, ¥.2,,€ll, ae reQ.
Nonh Ii 2. Gia s6 co cac gia thiet (H,) - (H,) va (H}) fiung. Khi fio :
(i) Bai toan bien phan (3.1) tddng 6ng voi h, =h, =0 co nghiem duy nhat
(ul(°),u§°))ev xV.

1(p-1)
, Vh, >0, Vh, >0,

() Ju, ()0, + o () 0], <c iz onz |
trong io C larhang so dédng fioc lap voi h;, h,.
Nonh Ii 3. Gia s6 co cac gia thiet (H,) - (H,) fiung. Ta gia s6 them rang.

(H}) Ton tai cac hang so a,, b, <2*®, sao cho

10
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| p

( fl(r’ y,z)— fl(r’ yl’zl) )(y_ yl) < 3.3|y— Y1
(fa(ry,2) = fu(r Y, 2) )y - i) <bgJz -2,
vy, ¥.2,2,€ll, ae reQ.
Khi fio
(i) NéuOo<h, <h, 0O<h,<h, thi
) |u, By, B)@ |< U, (hy, b)) @),
() |u, (hy, )@ < [u, (hy, )@,
Gii) |, ()] +u, (R R)@] < Uy h)@ F o+ u, (b))

) sup (Ju(uh)O +[u, (O )=uCo [ « v )

h;>0, h,>0

Chdng minh. Chéng minh fiéonh Ii 1, 2 t66ng t6 nho trong [4] nen chung toi bo qua.
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Ve mot he! elliptic p- Laplace trong khong gian Sobolev co trong

Chuing toi nghien cou bai toan bien phi tuyen sau

;—vlﬂ”\u; G (r>)+lui 0w = (nu@um), 0<r<t, ()
w @ @+hu@ =g, )
lim r'Pul (r)| < +o0, (i =1, 2), 3)

trongfio y =N-1, p>2, h,>0,h, >0, g,, g, la cac hang so cho trodc

val

f,, f, la cac ham cho trodc. Trong bai nay, chung toi dung phd6ng

phap Galerkin va compact trong cac khong gian Sobolev co trong thich

hop fie chéng minh so ton tai va duy nhat nghiem (u,,u,) cua bai toan

(2)-(3). Sau fio, Chung toi cung nghien cdu dang fiieu tiem can cua nghiem

(U,

12

(h,,h,), u,(h,,h,)) phu thuoc vao (h,,h,) khi h, -0,,h, >0..



Tap chi KHOA HOC NHSP TP.HCM So0:10 nam 2007

Abstract :

On the elliptic p- Laplace system in weighted Sobolev spaces

We study the following nonlinear boundary value problem.

;—yl%(rv ul (r)\"’2 ul (r))+|ui(r)|p2 u(r) = f; (r,u(r),u,(r)), 0<r<i, (1)
u @ @+ hu@ =g, @
lim r''Pur (r)| < +oo, (i=1, 2), (3)

where y=N-1, p>2, h >0h,>0, g,,9, are given constants,
f,, f, are given functions. In this paper, we use the Galerkin and

compactness method in Sobolev spaces with appropriate weight to
prove the existence and a unique solution (u,,u,) of the problem (1)-

(3). Afterwards, we also study the asymptotic behavior of the solution
(u,(h,,h,), u,(h,,h,)) depending on (h,,h,) as h, »0,,h, >0,.
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