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TOM TAT
Phirong phép toan tir FK dwge sir dung dé giai phiwong trinh Schrédinger cho ion
phan tir hydro H) . Két qua thu dwoc I3 cac mirc ning heong & trang thdi co ban 1s va
trang thai kich thich dau tién 2s Véi sai s6 dwdi 0,03%. Mdc dU cac tinh toan cu thé duwoc
thiee hién cho H;, nhung nguyén tic va quy trinh tinh todn c0 thé dp dung cho cdc ion
phan tir fwong tw nhung khong doi xirng.
Tar khéa: phuong phap toan tir FK, phuong trinh Schrddinger, nang lugng, ion phan
tir hydro H, .
ABSTRACT
The FK operator method for solving the Schrédinger equation of ion H

The FK operator method is used for solving the Schrodinger equation of the
hydrogen molecule ionH, . We obtained energy for the ground state 1s and the first
excited states 2s with error less than 0,03%. Although in the paper, calculations are
carried out forH,, the method can be applied similarly to other molecules without
symmetry.

Keywords: operator method, Schrddinger equation, energy, hydrogen molecule ion
H, .
1. Mé diu

lon phén tir hydro H, la phén tir don gian, duoc tao thanh tir hai hat nhan hydro
va mot electron. N6 da dugc nghién ctu Vé.O, nhitng ngay dau cua co hoc lugng tir [9,
10] va van nhan dugc nhiéu sy quan tdm dén hién nay [3, 4, 7]. Viéc xac dinh ham
sOng clia ion phan tir H; v&i d¢ chinh xac cao cung cép dit kién du vao chinh xéc cho
cac nghién ciru vé phat xa song diéu hoa bac cao, chup anh nguyén tir, phan tir bang
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xung laser [4]. Ngoai ra viéc mé ta chinh xac ion cung cp nhitng thong tin can thiét
d6i voi cac nghién ctru quang phd ciia sao neutron trong thién van hoc [8]. Mit khac,
day ciing 1a bai toan co ban dung dé kiém tra tinh hiéu qua cla cac phuong phap gidi
phuong trinh Schrédinger cho cac bai toan hé nguyén tir nhiéu tim do su don gian cia
n6 va dd dwoc ap dung boi nhidu phuwong phap khac nhau: phwong phap GPS
(generalized pseudospectral method) véi d6 chinh xac 11 chit sb thap phéan, phwong
phép FC (free-complement method) véi d6 chinh xac 18 chit s6 thap phan. [3, 4]

Trong cong trinh nay, ching toi 4p dung phuong phap toan tir FK [5] dé giai
phuong trinh Schrédinger cho ion phéan tir hydro H, . Phuong phap nay da dugc ap
dung thanh cbng cho cac bai toan nguyén tr, phan tir, dac biét 1a bai todn hé nguyén tu
hai chiéu, cho phép thu dugc ning lugng va ham séng chinh xac [6]. Dbi voi bai toan
ba chiéu, phuong phap ciing d4 ap dung budc dau dé xac dinh nghiém s6 cho bai toén
nguyén tir hydro, trong d6 c6 sir dung phép bién d6i Laplace dé dua toan tir toa do
trong thanh phﬁn tuong tac Coulomb ra khoi mau s6, dua Hamiltonian vé dang thuan
loi cho bién ddi dai sb, va xay dung ham séng co s& cho bai toan hé nguyén tir ba chiéu
[1, 2]. Viéc ap dung phuong phép toan tir FK cho bai toan ion H, 1a mot budc phat
trién phuwong phép va ciing 1a budc dau dé nghién ctru bai toan phire tap hon va chwa c6
nghiém véi chinh x4c cao laion H; trong trudng ngodi v&i cuong do bat ki.

Céu tric bai bao gdm c6 ba phan chinh: phan thir nhét gidi thiéu phuong phap
toan tir FK va &p dung cho bai toan ion H, ; phan thi hai trinh bay két qua thu dugc va
thao luan; cudi cling 1 phan két luan va du kién phat trién cua dé tai.

2. Phwong phap toan tir FK cho bai toanion H,

Phuong trinh Schrédinger ciia ion H; khi xét dén gan ding Born-Oppenheimer
trong hé don vi nguyén tur:

HIw)=E|¥),

~ 1o o o Z Z, zZz,

H:_E[erer?} — e =t
\/x +y°+(z-R) \/x +Y +(z2+R,)

trong d6 Z3, Z, 1a dién tich hat nhan 1 va hat nhan 2; Ry, R; lan lugt la khodng cach gitra
electron véi hai hat nhan; R 1a khoang céach gitra hai hat nhan. O day, ta st dung hé don
vi nguyén to: don vi nang lugng s€ 1a nang luong Hartree
E, =me*/4h’c>=2Ry=272eV, don vi d dai la ban kinh Bohr

0
a=ch?’/e’m=0.53A.

Tiép theo, ching t6i 4p dung phuong phap toan tir FK két hop v6i phép bién doi
Laplace d& dugc dua ra trong [1, 2]. Quy trinh néy gom bon bqéc co ban: (1) Su dung
C4c toan tr sinh huy ba chiéu va phép bién doi Laplace dé viét lai phuong trinh
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Schrédinger trong biéu dién dai s; (2) Tach Hamitonian thanh hai phan nhu ly thuyét
nhiéu loan, trong d6 phan chinh chi chira cac toan tir trung hda (C4c toan tir chira s6
todn tir sinh bang s toan tir hity), c6 nghiém la dao dong tir diéu hoa, phan con lai
duoc xem 1a nhiéu loan; (3) Xay dung bd ham séng co s& 1a nghiém riéng chung cua
dao dong tir didu hoa va toan tir hinh chiéu moment quy dao 1én truc z do hé vat Iy c6
tinh d6i xtng tru. Tir d6, xac dinh nghiém chinh xac bac khong (nghiém riéng ciia phan
chinh). Cha y ring trong cac toan tir sinh-huy, ta c6 dwa thém tham sb tw do @ Vvao.
Hamiltonian cua bai toan khdng phu thudc vao gia tri tham sé nay, chi co cac thanh
phéan tach ra phu thudc vao @ . Do dé viéc chon gia tri e phd hop s& giup thu duoc
nghiém chinh xac bac khong véi do chinh xac cao; (4) St dung céc so d6 cua ly thuyét
nhidu loan dé tim nghiém s chinh x4c cho bai toan. Cac két qua cu thé trong qua trinh
tinh toan dugc mo ta nhu dudi day:

Hamiltonian trong biéu dién dai s6 c6 dang nhu sau:

PN o0 ~ta? /4 a2
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trong d6 &, =(-1)'2R,20 (j=12) va N=24'4 +3 M =(8)% M =4’ 1a t

J

2t+1

hop clia cac toan tir sinh hity ba chiéu:

~ 0] 10 ~ 0] 10
A=A X5 T A TS| T | 3)
2 @ OX; 2 ® OX;

v6i j =1, 2,3 twong tmg véi ba truc Ox, Oy, Oz;  la tham sb thuc duong dugc dua
vao nham hiéu chinh téc do hoi tu ciia bai toan. Cc toan tir ndy thoa cac hé thirc giao
hoan:

(4.4, ]=05,. 4)

[N.M*]=am, [M,M ]=2N, [M,N]=4M,
[M,&;]=24, [&,M"]|=2&;, [4,N]=24, [N,4&]=24

Céc biéu thirc giao hoan (4) va (6) chinh 13 co s& cho cac tinh toan dai so.

(6)
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Phan chinh va phan nhiéu loan ctia Hamiltonian c6 biéu thtrc nhu sau:

H, = 2K+ 422
4 R
\/% +0 e—talz/4 a22 © © ® |2+|3
_fzi,;gdt Jt eXp{z(th)];ZZ (| i, —iy )!
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B6 ham song co s& dugce xay dung cd dang:
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n, j,m)=
| ) J(n=2j—[m[)tj1(j +|m])!
v6i n 1asé lugng tir chinh (n=0,1,2,...), m la s luong tur tir (m=0,+1,42,...,+n), j la
: N . n—im , , A A A rs L2 .
so tu nhién (j=0,1,2,..., J ), Cac toan tr U,,U,,U, la tdo hop cia cac toan tir sinh
2 11Uz, U3 op

hiy (3), duoc dua ra dé chéo hoéa hinh chiéu moment dong luong 18n tryc Oz:

ﬁzz—i{x%—ygj:i(aga a4,):

R P I
ul_ﬁ(ai_laz)' U _\/E(ai +|3-2),

= (6 +id), 0 = (a ) ©)
i, =4, , U; =4;.
Khi d6, ta thu duoc niang lugng gan dung bac khong la nghiém cua phuong trinh:
|_A|0 l,,/(0)> _g0© l//(0)>’

nhu sau:
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j 2j-2h H 1il
E® :%(2n+3)+21: Z,Z 2 (j+m)!)!

T S( j—h)!(h+m)th!

-2j-m)/2(n-2j-m)/2 (_1)p+q (a. )2n—4j—2q—2p—2m—2i (n _ 2j _ m)!

x""z;z

= = = plalr(n-2j-m-2p-r)(n-2j-m-2q-r)!

+00 _a_ztz t2n—2j—q—p—2m—2h—2r—1/2

x | exp ' — (. (20)
! {4(2”1) (2t 1)

va cac yéu té ma tran ciia Hamiltonian:
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Pé xac dinh nghiém s6 chinh xac, ta st dung so dd tinh bd chinh béac cao cua
phuong phéap Iy thuyét nhiéu loan. Ham soéng gan dung & vong lap thir (s) dugc xac
dinh nhu sau:

[¥5)=[ni) ZZCMIn i (niy=[nti)) (12)

n'=0 j'=0
ninjij

va so dd vong lap duoc sir dung dé tim nghiém chinh xéc c6 biéu thuc 1a:

n+s j+s

-h, 55
M0 j'=0
n+s j+s (|nj>¢|n'j'>,|n"j">¢|n'j'> ;Cn.=1). (13)
Vnn + Cn nn J
C(s+1) — ;)JZO g
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3. Kétqua va phan tich
So d6 vong lap va ngdn ngir 1ap trinh FORTRAN 90 duoc st dung, ta thu duoc
cac mirc ning luong va ham song caa ion H; . Tham sé tw do @ dugc xéic dinh theo
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diéu kién OE® /0w = 0da dwoc thao ludn trong [6]. Tuy nhién, khi sit dung @, tir diéu
kién nay toc d6 hoi tu cua bai toan chua cao, do d6 gia tri @ dugc thay ddi quanh @,
sa0 cho toc do hoi tu cua bai toén 1a t6i wru. Trong bai bao nay, dé tién loi trong qua
trinh so sanh két qua véi cac cong trinh trude day, khoang cach lién hat nhan duoc
chon c6 gia tri R=2a.u.. Quy trinh tim nghiém cho bai toan ion H, bang phwong
phép toan tir FK khong phu thudc vao gia tri cu thé cua Z,, Z, va khoang cach lién hat
nhan R. Do d6, cac tinh toan trong bai bao nay c6 thé duoc sir dung dé giai bai toén
mot dién tir lién két v6i hai hat nhan khong déi ximg Z, # Z, .

Nang lugng ctia ion H, ¢ céc trang thai khac nhau dugc trinh bay trong bang 1.
Ngoai ra, phuong phap toan tir FK con cho phép thu dugc ca ham sdng cta hé thong
qua cac hé sé khai trién C.

Bdng 1. Nang luong ciia ion H, o trang thai co ban 1s Voi @ = 3.0
Va trang thai kich thich thir nhdt 2s Véi o =1.5 img véi cac vong lap khdc nhau

Trang thai , , .
Vong 13p Co ban Kich thich thir nhat
30 -1.102109360407 -0.666536876883
40 -1.102377865935 -0.667017728455
50 -1.102462856339 -0.667131242217
60 -1.102514363103 -0.667238892288
70 -1.102535250406 -0.667308997383
80 -1.102554817426 -0.667331211756
90 -1.102568081645 -0.667368812417
Codng trinh [4] -1.102634214495 -0.667534392202
Sai s6 0.000059977 0.000248047

Két qua ning luong & trang thai co ban va kich thich thir nhét triing ba chir s6
thap phan va c6 sai s6 nho hon 0,03% so Véi két qua dugc dua ra trong cong trinh [4].
Két qua cho cac trang thai kich thich cao hon c6 sai s6 16m hon va tdc do hoi tu cham
hon. Vi dy, nang lugng thu dugc cho trang thai thich thtr hai (n=j=0,m=1) ¢ vong
lap thir 60 1a -0.428349675112, sai s6 so voi két qua cong trinh [4] 12 0,1%. D9 chinh
xac nay chua cao so vdi cac phuong phap khac. C6 thé xac dinh nguyén nhan la do bo
ham séng co so dang sir dung 1a nghiém cia dao dong tir diéu hoa trong khi day 1a bai
toan cho nguyén tir. Do do, trong cac budc phat trién tiép theo, can ¢ nhitng cai tién dé
thu dugc nghiém chinh xac hon.
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4.  Kétluan

Trong bai béo nay, phuong phép toan tir FK két hop véi phép bién ddi Laplace da
duoc ap dung dé tim nghiém cua phuong trinh Schrédinger cho bai toan ion H; . Két
qua thu dugc ca ning lugng va ham song cho ion H; véi sai s6 dudi 0,03%. Diéu d6
chimg to ring phuong phap toan tir FK voi phép bién doi Laplace co thé ap dung dugc
cho céc bai toan hé nhiéu tam. Tuy nhién, dé khai thac hét tiém ning ctia phuong phap
va thu dugc két qua c6 ¥ nghia vé do chinh xac nhu truong hop bai toan exciton trung
hoa can c6 sy cai tién. Ching t6i nhan thiy rang viéc sir dung bo ham séng co so 1a
ham song cua dao dong diéu hoa trong khi phuong trinh Schrodinger dang giai 1a
phuong trinh cho nguyén tir chinh 1a han ché, do d6 chung t6i cling dé xuat hudng cai
tien bang cach dua thanh phan tiém can e mil ciia ham song nguyén ti hydro vao ham
song cuaion H; .

Ghi cha: Nghién citu nay dwoc @i tro béi Quy phat trién khoa hoc va cdng nghé
quoc gia (NAFOSTED) trong dé rai ma so 103.01-2013.38 va boi Truong Dai hoc Su
pham TPHCM trong dé tai cap co so nam 2015, ma so CS2015.19.69.
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