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PHUONG PHAP TOAN TU FK
GIAI PHUONG TRINH SCHRODINGER

CHO ION H; HAI CHIEU

NGUYEN THI HONG LANH’, HOANG O NGOC TRAM™

TOM TAT

Phuong phdp todn tr FK duwoc sit dung dé xdc dinh nghiém cia phwong trinh
Schrodinger cho ion H; hai chiéu. P& thu dwge ndang lwong ciia trang thdi co ban va trang
thai kich thich thap irng ’vé'i cac khoéng cc?ch lién hat nhan khdc; nhau va"i déo chinh xdc la
hai chit so thdp phdn. Két qua nay can thiét cho cdac phdn tich dé phat trién phwong phap.

Tir khoa: phuo'ng phap toan tir FK, phuong trinh Schrédinger, nang lugng, ion phan
tu hydro, hai chicu.

ABSTRACT
The FK operator method for solving the Schrdédinger equation
of two-dimensional molecular ion H;

The FK operator method is applied to the Schrodinger equation of the two-
dimensional hydrogen molecule ionH, . We obtained the energies with the precision of

two decimal places for the ground state and low excited states corresponding to various
intermolecular distances. The result is essential for analysis to develop the method.

Keywords: operator method, Schrddinger equation, energy, hydrogen molecule ion,
two-dimension.

1. Mé dau

V&i cdu trac chi gdm hai hat nhan va mét electron, ion phan tir hydro H; la phan
tir don gian nhat, do d6 day la dbi twong duge quan tim khi khoi dau cac nghién ciru vé
phan tir [3]. Tuy dugc nghién ciu tir nhiéu thap ki trudc, nhung ion phan tir H van
tiép tuc dugc quan tam khi can phé‘g trién cac phwong phép tinh cho phan tir. Mit k}}éc,
cac nghién ciru ve phat xa song dieu hoa bac cao, chyp anh nguyén tir, phan tir bang
xung laser 1a mot hudng nghién ciru tha vi trong thoi gian gan day. D¢ co thé ap dung
hi¢u qua phuong phap thi dir liéu dua vao 1a ham song ban dau cua nguyén ta, phan tu
phai c6 d6 chinh xac cao. Trong hudng nghién ciru ndy, hé nhicu tam la doi twong madi
dé ap dung phuong phap, trong d6 H; la khoi dau cho cac phan tir phirc tap hon sau
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nay [7, 9]. Do @6, viéc phat trlen phuong phap dé tim duoc phd ning luong va ham
song c6 d6 chinh xac cao 12 can thiét.

Viéc giai quyét bai toan ion phan tir H; ba chiéu khéng don gian do sb béc tu do
I6n ; Vi vay, trong cac nghién ctru vé ion phén tir ndy, ngoai cac nghién ciru truc tiép
v6i hé ba chiéu, nhiéu mé hinh don gian hoa duoc sir dung, trong d6 phd bién 1a md
hinh ion phan tir H} phang trong khong gian hai chiéu [8]. Mat khac, hé lugng tir hai
chiéu ciing 1a mot trong nhing chii dé dugc quan tim trong vat 1i chét rin do cac hiéu
mg dic biét khi giam sd chiéu. Pic biét, su thanh cbng trong viéc tao ra cac hé ban
dan hai chiéu trong thuc té nhu hé ban din don 16p TMDs (Transition Metal
Dichacolgenides) da thu hat sy cha y cta cac nha khoa hoc dbi véi cac hé hai chiéu [6,
11]. Ngoai ra, trong ban din hai chiéu ton tai su lién két giira electron va I3 trong va cé
thé hinh thanh gia hat exciton dwong (Mot electron lién két v6i hai 15 tréng) co céu trac
tuong tu ion H; [10].

Phurong phap toan tir FK [2] 1a mot trong nhitng phwong phap tim nghiém sd

chinh xac, bao gdém gom ca ham song lan ning luong, cho phuong trinh Schrodinger.
Phuong phap d4 duoc phat trién va thu dugc nhimg két qua kha quan cho hé nguyén tir

hai chiéu [4, 5]. Déi véi bai toan ion phan tar H} ba chiéu, phuong phap ciing da dugc
sir dung dé tim nghiém sb [1]. Trong cong trinh ndy, ching tdi &p dung phuong phép
toan tir FK dé tim nghiém s6 cho bai toan ion phan tir H; hai chidu. Mic du, bai toan
Vdi‘sé chiéu nhiéu hon d4 duoc giai, nhung qua phén tich cho thay déi’ vai bai toan ba
chiéu d& xét trong cong tr,inh [1], do tinh do6i xtng try, toan tir hinh chiéu moment dong
lugng quy dao lfgn tryc doi ximg duge bao toan, lam giam so bac tu do cua hé. Boi voi
bai toan hai chiéu phang, tinh chat nay khong dugc dam bao nén bai toé}n hai chicu
dang xét khong phai la truong hop don gian hoa cia h¢ ba chiéu dé giai. Pong thoi voi
cac ung dung vat li cia hé hai chiéu d@ néu ¢ trén, viéc khao sat bai todn ion phéan tu
H; hai chiéu 12 c6 y nghia.

Tuong ty nhu trong cong trinh [1], phuong phap toan fr FK duge két hop vai
phép bién d,6i Laplace dé¢ dua toan tr toa do trong thénh phé}n twong tac Coulomb ra
khoi mau so, dwa Hamiltonian vé dang thuan 1gi cho bién doi dai s6. Viéc phat trién
phuong phap cho bai toan H; hai chiéu 1a budc dém can thiét cho cac nghién ctru tiép
theo d6i v6i cac hé phirc tap hon ciing nhu trong trurong hop c6 truong ngoai.

Ngoai phan mé dau, cau trac bai b4o gdm ba phan chinh: Phan dau gidi thiéu
phuong phap toan tir FK va 4p dung cho bai toan ion H} hai chiéu; phan thir hai trinh
ba}y két qua thu dugc va thao luan; cudi cling 1a phan két luan va dy kién phat trién cua
de tai.
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2. Phuwong phap toan tir FK cho bai toan ion H} hai chiéu

Phuong trinh Schrédinger cia ion H} phang hai chiéu khi xét dén gan ding
Born-Oppenheimer trong hé don vi nguyén tur:

H[¥)=E[¥),

~ 1 @ Z Z Z,Z

H=—| —+— |- L - 2 +— 2' (1)
2[8><2 sz JY+(x+R/2)? Jy*+(x-R/2? R

trong do, Z;, Z, 1a dién tich hat nhan 1 va hat nhan 2; hai hat nhan nam trén truc Ox véi
toa do 1an luot 12 (-R/2,0) va (R/2,0), R la khoang cach giira hai hat nhan; toa do
ctia electron 14 (x,y). O day, ta st dung hé don vi nguyén tir: don vi nang luong s& 1a

ning lugng Hartree E,, =me*/4h’*¢’ =2Ry=27.2eV, don vi do dai la ban kinh Bohr

0 .
a=¢h’/1e’m=0.53A. Trong tinh toan cu thé cho ion H;, tachon Z, =27, =1.

Thanh phan thé nang tuong tac Coulomb trong Hamiltonian (1) chira bién s toa
d6 & mau. Pé thuan tién cho viéc dua toan tir ndy vé dang chuan, ta dung phép bién doi
Laplace:

1 171

—=—|—Fe"dt 2

el

Trong phan nay, ta st dung phuong phép toan tir FK véi bén budc twong tu nhu
trong cong trinh [1] dé tim nghiém cho phuong trinh (1), dugc trinh bay cu thé dudi
day.

Buwéc 1. Pua phuong trinh Schrodinger vé biéu dién dai s6 cia cac toan tir sinh
huy hai chiéu

3)

trong d0, @ 1a tham sb thuc duong dugc dua vao dé diéu chinh toc do hoi tu cua bai
toan. C4c toan tir (3) thoa hé thirc giao hoan:
(4,47 ]=5,, [4.4]=0, [4,4]=0. (4)
Pé tién loi trong tinh toan va biéu dién Hamiltonian cua hé duéi dang chuén (toan
tu sinh ding trudce toan tir huy), ta st dung cac toan tir N,M*, M:

A

N =244 +244 +2, M*=(&")>+(a)? M =42+ &2 (5)
a,a +2a,4, CH 2 2
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Céc toan tir (5) va 4, & tao thanh bo dai s6 kin (giao hoan tir clia hai toan tir bat
Ki déu duoc biéu dién theo cac toan tir trong bd hodc bang khong) véi cac biéu thic
giao hoan:
NN [=ant, [N& =287, [MN]=4M
MM]=2N, [M,& |24, [4,N]=24, (6)
a.N|=287,  [4.4']-1, [a M ]=0, [4,M]=0

Khi d¢6 Hamiltonian duoc biéu dién dudi dang toan tir sinh hily nhu sau:

ﬁ:—%(l\?ﬁ—l\]ﬂ\?l)

Z\/_+°° ~ta? /s ai2t2 -, at ..
,lez N J. Jt eXp{Z(ZtJrl)}eXp(ZtJrlM jeXp(ZtJrlalJ %
x(\/2t+1)_ exp( ' éij (_—tl\ﬁ}duﬁ,

2t+1 R

V6i a; = (-1)'2RN20 (i=12).
Buwéc 2. Tach Hamiltonian thanh hai thanh phan
Phan chinh chi chira cic toan tir trung hoa, 6 nghiém la dao dong tir didu hoa:
R R S22 atal /A 242

4 R & Jn 0 Jt 2(2t+1)

© (_1)2i1+i2+i4( )2i2+2i3—2i4 ( t j2|1+3|2+2|3 iy
X
ZZZZ B, N (20, + i, — 21 i, N 2t +1 )

i =0i,=0i;=01, ol

x(ég)Zil(éi+)2iz+i3 (m)‘ éfi2+i3§§i1dt
(2i, +i, - 2i, > 0),

phan con lai V duoc xem 13 phan nhiéu loan.

Viéc tach Hamiltonian ctia hé chi dya vao hinh thuc cua cac toan tir, ma khong
dwa vao tinh chat vat li cua bai toan nhu phuong phap Ii thuyét nhiéu loan. Vi vay,
phuong phap toan tir FK c6 thé ap dung dugc cho cac bai toan phi nhiéu loan. Viéc
dicu chinh tham s0 tu do trong cac toan tir sinh huy lam thay doi gia tri ciia phan chinh
va phan nhicu loan, nhung khong lam thay doi Hamiltonian toan phan cua hé. Tur do,
viéc lua chon gié tri cia @ gitp dieu chinh toc d§ hdi tu cua bai toan.

Buwdc 3. Tim nghiém gan dung bac khong

Nghiém gan dung bac khong 1 nghiém ciia phan chinh HO:
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A

H,

l/,<o>> _EO y/<°>>, (9)

chinh 14 nghiém cia dao dong tir diéu hoa hai chiéu:

|n1,n

1 A4\ 2+ \T2
z>=m(‘%) ()"19), (10)
trong do, ham chan khéng |O> dugc dinh nghia:
éi|0>=éz|0>=0, <O|O>=1; (11)
n, N, 1a cac sé lugng tir va n, n, el .

Ta tinh duoc ning lugng gan dﬁng bac khong:

o ) 7.7 n2/2 m/2 n/2 mn—2i,
E@ ==(n, +n,+1)+ 22 Z ZZZ >
2 R i=1,2 i,=01i,=0 i3=0 i,=Max(0,2i3—2i,)
1) 2k +ip+ig . 2iy+2i,y—2iy In |
) N (12)
it !(2| +i, = 2i)' (n, —2i)1(n, - 2i, —i,)!

t2i1+3i2 +2i,—i3-1/2

ex ___ dt
J. p{ 2t+1 :| (2t+1)n1+n2+|2+|4_|3+1

Buée 4. Tinh cac bd chinh cho ham song va nang lugng dé xac dinh nghi¢m $6
Ta viét lai ham song du6i dang khai trién theo cac ham song co s& (10):

Ta dinh nghia ham séng hoi tu dén gia tri chinh x&c ing vdi bac b6 chinh (S) nhu

l//kl,k2>’ |k1’k2>¢|n1'nz>- (13)

Sau:

N, +S N+s

[#10) =l 2, 2CE0

So d6 vong lap xac dinh ning lugng va ham song ¢ bac bd chinh (s) dugc xay
dung:

V., k2> |k1’k2>¢|n1'n2>- (14)

N,+s N +s
+2, 2. CoV
11 J2:Mn, ki kz I Ja kg Ko
C (s+1) k,=0 k,=0
B2 T (s) _ ) )
( E”l n, H hodadi g (15)
N, +S Ny +s
0, -E 23
E”l n, E”l n, + Ck1 ko T ngng kg okt
ko =0 ky=0
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trong d6, C{”, =8, , va C!¥ =1. Céc phén tir ma tran dugc xéc dinh bang cac bién

hny
J2:M;

d61 dai s0 nhu sau:

H,, =(n n2|ﬁ°|n1,n2>,
. (16)
Hnln2 :<n1|’n2||v|nl'n2>'

n'ny’'

Sau khi tinh toan, ta thu duoc cac phﬁn tr ma tran:

nmn, T
mn;

n2/2 m/2 n/2 n—2i,

(_1)2i1+i2+i3 (ai )2i2+2i4 -2i3
—2i,)

i=1.2 20100 1,00 iy=Max(0.2i;-2i,) Iy My 1, M, iy (21, + 1,

nlln | Texp _ a t 1:2|1+3|2+2|4 i3-1/2 it
(n —2i,)Y(n, = 2i, =i )" % 4(2t+1) | (D)

"o :[(—1) +1j><
ni+§nl,nz+sn2 2

i=1,2 i,=0

n—2i,

2

(_1)sn2/2+2i4+i1+i2 (OC )snl—2i1+2i2+2i3
i

(nl +1)(n1 + 2)5n1',n1+2 + (nz +1)(n2 + 2)5n1',n1
n,',n, ny'\ny+2
4 + nl(nl _1)5n1',n1—2 +4/N, (nz _1)5n1',n1
n,'\ny n,',n,—2

n,/2

)

i,=0 i;=Max(0,—sn,+2i;—2i,) i,=Max(0,-sn,/2)

Jn, +sn,)!(n, +sn)!n,In, !

(17)

i i, i, i, 1(sn, / 2+, ) M(sn, — 2, + 20, +i)! (N, —2i, —i;)(n, — 2i,)!

tsn2/2+sn1—i1+2i3 +3iy+2i,-1/2

+0 alt
_ ——dt
XJ. exp|: 4(2t +1):| (2t +1)n1+n2+sn2/2+sn1—|1+|3+|2+1

Cac phan tir ma tran thoa tinh chat dbi xing: Viin, =Van, =Vin, =V,

min

3. Kétqua va phan tich
Ching t6i da xay dung dugc chuong trinh tinh toan dya trén ngdn ngir
FORTRAN 90, két qua thu dugc nang lugng gan dung cta ion phan tir H; hai chiéu &
trang thai co ban va trang thai kich thich thap. Bang 1 thé hién két qua nang luong lién
két clia electron trong ion phan tar H}, khong ké s hang 2,7, /R dé tién so sanh véi
két qua trong cong trinh [7]. Két qua cho thay, c6 su triing khép véi két qua thu duoc
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trong cong trinh [7], chimg to phwong phép toan tir FK c6 thé sir dung cho bai toan nay.
Tuy nhién, ta thdy rang d6 chinh xac ctia nghiém thu duogc 13 tir mot dén hai chir s6
thap phéan 1a khéng cao. Qua két qua nay, ta co thé chi ra mot sé nguyén nhan dé tir d6
c6 thé phat trién phuong phép Thir nhét, két qua thu duoc tuong mg véi s6 vong lap 1a
s=60, dya vao bang ta thiy nghiém dang hoi tu dan vé két qua chinh xac hon theo
cong trinh [7], c6 thé du doan néu tang sO Vong Iap hon nira thi két qua s€ co do chinh
xac cao hon. Tuy nhién, dé co thé ting s6 vong lap, can c6 sy nhidu cai tién trong
chwong trinh tinh todn dé tiét kiém tai nguyén. Thir hai, vé mit phuong phép, ta thay
bai toan dang xét 1a bai toan nguyén tir trong khi bd ham séng duoc khai trién theo ham
s6ng cua dao dong tir diéu hoa. Pé khic phuc diéu ndy, c6 hai hudng cai tién co thé st
dung 1a nhan thém thanh phan ¢ mil cia ham song nguyen tor vao ham song dang xét,
hoic sir dung phép bién ddi Levi- CIVIta dé dua bai toan vé dang dao dong tir phi diéu
hoa — khi d6 bo ham séng co so vé hinh thire 1a ham riéng cia dao dong tir didu hoa
nhung ban chat 12 bd ham Coulomb. Mt khac, phuong phép toan tir FK ciing cho phép
thu ham s6ng cua hé thong qua cac hé s6 khai trién ij)z t hé thie (15). Viée ap dung
phuong phap toan tir FK cho bai todn ion phén tir H, khong phu thudc vao gia tri
Z,, Z, ciing nhu khoang cach lién hat nhan R nén co thé sir dung cho cac bai toan mot
dién tir lién két voi hai hat nhan khong dbi ximg Z, # Z,, vi du bai toan ion HeH?" .
Bdng 1. Nang lwong lién Két cua electron trong ion phan nr H; hai chiéu img

VOi trang thdi co ban N, =N, =0 va trang thdi kich thich N
cach lién hat nhan khac nhau

=1,n, =0 vdi khodng

. n=n,=0 n=n,=0 n=1n,=0
Vong lap
R=0.1au. R=1.0au. R=0.1au.
0 -5.452496152182728 | -0.133643042677192 | -0.786171718401323
5 -6.869079842360637 | -3.183731241571831 | -0.849820569086812
10 -7.134582035025815 | -3.446164782158334 | -0.875794523843851
15 -7.189032289991462 | -3.483209486651852 | -0.883323233366193
20 -7.219042792430178 | -3.505930141330892 | -0.888999572608477
25 -7.226687893779113 | -3.512076507084016 | -0.891117809601075
30 -7.233582871263082 | -3.515815245345216 | -0.893156489904430
35 -7.237053372924140 | -3.519490795890641 | -0.894075097064164
40 -7.241234581744969 | -3.522933314005299 | -0.895063480529541
45 -7.243592634526935 | -3.523733802423030 | -0.895550120251380
50 -7.246763509163307 | -3.525308987475544 | -0.896110790324210
55 -7.248707469103446 | -3.526747481681508 | -0.896403574758659
60 -7.251413298210454 | -3.528270990171724 | -0.896748417640714
Congtrinh [7] | 7 597183886382006 | 3.543666987253950 | 0.899094129617362
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4.  Kétluan

Trong bai béo nay, phuong phép toan tir FK két hop v6i phép bién doi Laplace da
duoc st dung dé tim nghiém sb cho bai todn ion phan tir H; hai chiéu. Ching t6i thu
dugc ning lugng cho trang thai co ban va kich thich thip véi d¢ chinh xac 1 hai chir sb
thap phan. Két qua ndy cho thiy phuong phap toan tir FK c¢6 thé ap dung dugc cho cac
bai toan hé nhiéu tam; tuy nhién, dé nghiém thu dugc c6 do chinh xic cao hon, can co
su cai tién. Cac két qua ndy ciing chinh 1a co s& phan tich dé c6 thé phat trién phwong
phap toan tir FK. Chung t6i nhén thy rang, viéc st dung bo ham song co s¢ 1a ham
s6ng caa dao dong diéu hoa trong khi phuong trinh Schrodlnger dang giai la phuong
trinh cho nguyén tir chinh 1a han ché. Do d6, ching toi ciing dé& xudt hudng cai tién
bang cach xét thanh phan tiém can e mii ciia ham s6ng nguyén tir hydro hodc co thé sir
dung phép bién d6i Levi-Civita dé dua bai toan vé bai toan dao dong tir phi diéu hoa.

Ghi cha: Nghién ciru nay dwoc tai tro boi Quy phat trién Khoa hoc va Cong nghé
Quéc gia (NAFOSTED) trong dé rai ma so 103.01 -2014.44 va boi Truong Dai hoc Su
pham TPHCM trong dé tai cap co sé niam 2015, ma s6 CS2015.19.69.
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