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PHUONG TRINH VI TICH PHAN VOLTERRA LOAI HYPERBOLIC

L& Hoan Hod", Tran Tri Diing', Lé Thi Kim Anh*

1.  Giéi thi¢u

Trong bai béo nay, chiing tdi s& nghién ctru su ton tai va duy nhéat nghiém
cua bai toan Cauchy dang vi tich phan sau day :

u'(tt)= A(t)u(t)+i'K(t, S, u(s))ds+ f(t),t>0 P)

u() =u,

trong d6 (A(t), D(A(1))).., Sinh ra mét ho tién hod lién tuc manh (U (t,s)),_., trén
khong gian Banach (X,|[) va ho tién hod nay théa mén
U t.s)]|< Me”*,v(t,s):0<s <t

(M,® la cac hiang s xuat hién trong dinh li Hille - Yosida),
A(t):D— X, Dc X . Tagia st anh xa u+ K(t, s, u(s)) xac dinh tr D vao X.

Bai toan (P) ¢ trén dugc rat nhidu cac nha Toan hoc quan tim, nghién ciru
theo nhiéu hudéng khac nhau, chang han nhu céc tac gia trong [1], [2], [3]. Nhiing
bai toan tich phan Volterra loai hyperbolic ndy xuét hién ty nhién khi chung ta
nghién ctru sy dan hoi cia cac chat ran. Trong [1] cac tac gia da nghién ctru bai
toan (P) voi A khéng phu thudc vao bién thoi gian. Muc dich cta ching toi 1a ma
rong mot s6 két qua cua [1] khi xét A phu thudc vao bién thoi gian.

2. Cac két qua chinh

Dé chi ra sy ton tai nghiém cho bai toan (P), trudc hét ta xét bai toan (P,)
sau day
u'tt)=Au)+ f(t),t=0
(t) = Alu(t) + £ () P
u(0) =u,

" PGS.TS, Khoa Toan — Tin hoc, Truong DHSP Tp.HCM
" ThS, Khoa Toan - Tin hoc, Truong DHSP Tp.HCM
¥ ThS, Pai hoc Tién Giang.

65



Tap chi KHOA HOC PHSP TP.HCM Lé Hoan Hoa, Tran Tri Diing, Lé Thi Kim Anh

Dinh |i sau day la co sé cho ching ti nghién ciru sy ton tai va duy nhat cia
nghiém manh cua bai toan (P).

Pinh 1i 2.1 :

Gia sir d6i v6i bai toan (P,), ta cd cac gia thiét sau day :

(i) (U(t9)),..., laho nira nhom lién tuc déu va anh xa t— A(t) lién tuc.

(ii) P6i v6i mdi xe X taco: U, (t,s)x =AU (t,s)x, U (t,s)x=-U(t,s)A(s)x
va cac dao ham riéng nay lién tuc theo X- chuan.

(iii) f eW ([0, ], X).

Khi d6 ton tai duy nhat ue C*([0,7]; X)NC([0,7]; D) thoa man bai toan (P,)
trén [0,7].

Ngoai ra, véi mdi t €[0,7] ta c6 cac danh gia sau :

Juct)]|< Me [||u0||+'|‘e“”s | (s)||dsj (2.1)
[A®uU®)| <] f ©)]]+Me™ [”A(O)u0 + f (0)||+J‘e“”S If '(s)||dsj (2.2)
Ju(t)—u,| <M [j'e‘”(“s’ £ (s)+ A(S)u| dsj (2.3)

|AGu(t) - A)u,| < HA(t)G (t)”+|| f(t)- f(0)]+M [ fera | '(s)||dsj (2.4)
trong d6 u (.) 12 nghiém cua bai toén :

{G (t) = A@)u(t) + At)u, + f (0), t>0 25)

u(0)=0
Chirng minh.
Sy t6n tai va duy nhat nghiém cta bai toan (Py) trén [0,7] V&i cac gia thiét

(1) va (iii) dugc chirng minh twong ty nhu trong [2]. Khi d6 nghiém u cta (P,) S¢€
thoa man u e C*([0,7]; X)NC([0,7]; D) va cdng thirc bién thién hang sb sau :
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u(t)=U(t, O)u, +jU (t,s)f(s)ds,0<t<r.

Tir d6 ta c6 Ju(t)] <|U ¢, O)ug| +

j'U (t, s)f(s)ds

t
Suy ra [Ju(t)| < Me”* [”uO” JrJ.e"”S |f (s)||dsj , hay (2.1) dugc chimg minh.
0

Tiép theo ta co :

[Me9 1 ()] ds > [|Ut, 91 ()]ds >

0

jU (t, s)f'(s)ds

>

*)

f(t)-U(t, O)f(0)+j'A(t)U (t, s) f (s)ds

Me® | AQ)u, + f (0)] = U (t, 0)AQ)u, +U (t, 0) F (O)]| = [ AU (¢, O)u, +U (¢, 0) f (O)]| (**)

Két hop (*) va (**), ta suy ra vé phai cta (2.2) 16n hon hodc bang

H f(t)-U(t, 0)f (O)+j'A(t)U (t, ) f (s)ds+ A(t)U (t, O)u, +U (t, 0)  (0) - f (t)

= |At)u(t)|-

jA(t)U (t, 5)f (s)ds+ A(t)U (t, O)u,

Vay (2.2) dugc chung minh.
Pé chimg minh (2.3) ta chu y phwong trinh (2.6) sau day :

{v‘(t) = A(t)v(t) + f(t)+ A(t)u,, T >t>0 26)

v(0)=0

c6 nghiém duy nhat 14 v(t) = u(t) —u,. Ap dung (2.1), ta thu duoc :

Ju(t)—u,| <M [j'e‘”(“s’ £ (s)+ A(S)ug| dsj,

hay (2.3) dugc chimg minh.
Cubi cung, dé chimg minh (2.4) 1a diing, ta xét phuwong trinh (2.7) sau day :
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{W‘(t) = A(t)w(t) + f (t)- f(0), 7 >t>0 27)

w(0) =0
Khi d6 (2.7) ciing c6 nghiém duy nhat 12 w(t) thoa méan :
w(t) +U(t) =u(t) —u,.
Ap dyng (2.2) cho w(t) ta thu duoc :
|A®U() - Ay, | < HA(t)G (t)” | AQw)
< HA(t)G(t)H |t - fO)]+M [Iew“*) |f '(s)||dsj.

Vay (2.4) 1a dung.
Dinh li hoan toan dugc chirmg minh.
Burée ké tiép, chiing t0i can cdc két qud sau
Bo dé 2.2 : [1]
Pat A(O,t,) ={(t,s)eR*:0<s<t<t|. Giasu:
i) K:A(0,t)xD— X lién tyc,
i) K,(t,s,x) ton tai va lién tuc tir A(0,t,)xD — X .

Vi 0<r <t VA ueC([0,7]; D), ta dinh nghia Ju:[0,r] > X bdi :
(Ju)(t) = j K(t,s,u(s))ds. (2.8)
Khi d6 JueC'([0,7]; X) va
(Ju)'(t) =K(t t, U(t))+jKt (t,s,u(s))ds. (2.9)

Bo dé 2.3.

Gia sir cac diéu kién (i) va (i) cua bo dé (2.2) duoc théa man. Khi d6 véi
mdi re[0,t,] cb dinh va véi ueC([0,z]; D) cho trudc, ton tai duy nhat
z=PueC'([0,7]; X)NC([0,7]; D) langhiém cua bai toan sau :
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2'(t) = A(t)z(t) + (Ju)(t), t € [0, 7]
2(0) =0.

Ngoai ra, néu ta c6 thém gia thiét (iii) sau day :
(i) V61 u, e D, ton tai b,c,r 1a cac sd duong sao cho :
[K(t,s,%) =K (&5, %) <b|x =X, va [|K(t,s,x)—K(ts,%)]<c|x—%]|, véi

Mo (t,5) € A(0, t,) V& X,, X, € By (U, 1) = {x & D[Jx—u, || <r}

thi khi d6 véi u,, u, e C([0,7], B, (u,,r)) taco

t
|Pu,(t) = Pu, (O] < (Mb [ 9sds) |u, ~, | g . o, Pt €[0,7] (2.10)
0

[0,z]; D)
va

| AP, (t) — AP, (t)] < (bt + M jew<‘-s> (b+Cs)ds) U~y g o . oy Y €00,7] - (2.10)

[0,2]; D)

Chirng minh.
Theo bo dé (2.2) ta cd Ju e CY([0,7]; X). Do d6, theo dinh Ii (2.1) ta suy ra

dugc phan dau cua bo dé.
Véi u,, u, e C([0,7], B, (u,,r)), tacod:
Ju, —Ju, e C*([0,7]; X)
va
%(Pul(t) — Pu, (t)) = A(t)(Pu, — Pu,)(t) + Ju,(t) — Ju, (t), t €[0, 7].

Ap dung cac két qua (2.1) va (2.2), ta thu duoc :

[Pu, (t) - Pu, ()| < M j.e‘”(“s’ [ 9u,(s) — Ju, (s)||ds (2.12)

|A®)Pu, (£) = At) Pu, (1) <|Ju, (t) - Ju, (t)]|+ M Ie“(“s’ 1(3uy)'(s) - (Ju,) ()| ds. (2.13)

Str dung céc gia thiét trong (iii), ta c6 voi 0<s<r thi:
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[9u,(s) = Ju, (s)|| < I||K(s, r,u,(r) =K (s, r,u,(r))[dr <bs|u, —u2||c([0vr]; o (2.14)
0
Tuong ty ta co :

[(3u) (5) = (Qu,) (8[| <[ K (s, 5,u,(5)) = K (5,5, u,(8))] + f||Ks (s,7,Uy (1) = K (s, 1, (r))]| dr

< (b+cs)|u, - (2.15)

U, ||C([0,r]; D)’

Cubi cung, tir (2.12) dén (2.15), ta suy ra bé dé duoc chimg minh hoan

Véi u,, u, e C([0,7], B,(u,, 1)), 0<z<t,taco:
”Pul - PuZ”cqo,r]; D) < ¢(T)||ul o u2||C([0,r]; D)’ (2'16)

trong do Iin; o(p)=0 va ¢ chi phu thuoc vao M, w, b, c.
p—>

Pinh li 2.5.

Gia st cac gia thiét (i), (ii), (iii) trong cac bd dé (2.2) va (2.3) duoc thoa
man va f eW™ ([0, t], X). Khi d6 ton tai z < (0, t,] sao cho bai toan (P)

u'(t) = A@u(t) + f )+ (Ju)(t), t €[0,7]
u(0) =u,

¢ nghiém duy nhat u e C*([0,7]; X)NC([0,z]; D).
Ngoai ra, ta c6 mot nghiém duy nhat u*:[0,7*) — D cua (P) theo nghia néu

ueCY([0,7'; X)NC([0,z7]; D) la mdt nghiém cua (P) thi r'<z". Ta goi u” la
nghiém cuc dai cua (P).

Chirng minh.
V6i 7€(0,1], ta dat Y :={ueC([0,7]; D):[u(t)—uy|<r}, voi r dugc chon

trong gia thiét (iii). Khi d6 Y 1a tap dong khac rdng trong khong gian Banach
C([0,7]; D).

Goi v, la nghiém (duy nhat) caa phuong trinh :
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v, (1) = AV, (1) + T (1), te[0,7]
Vo(0) =,
Dinh nghia toan tr S béi Su:=v,+Pu. Khi d6 diém bat dong cua S la mot
nghiém cua (P).
Ta s& chi ra rang c¢6 s6 duong & sao cho néu r <& thi S thoa mén cac diéu
Kién sau :

1

ISu: = SUs | 0.3, 0 SE”u vu,u,eY, (2.17)

1 u2||C([0,r]; D)

= (2.18)

uO”C([O,r]; oy S % ,
trong d6 u, la ham hang trong Y, nhan gia trj hang 1a u,. Tir d6 dé ching minh S
c6 diém bat dong duy nhét trong Y, ta s& chimg minh S:Y — Y.

That vay, voi u,u, €Y, ta cd Su,—Su, = Pu, —Pu,, tir d6 theo h¢ qua (2.4)
ton tai s6 dwong &, sao cho (2.17) xay ra néu 7 < §,.

Pé chimg minh (2.18), ta quan sat rang Su,—U,=V,+V, VGi
v,,V, € C}([0,7]; X)NC([0,z]; D) lan luot 14 cac nghiém cua

v, '(t) = AQ)V, () + T (t)— F(0)+ j K(t, s, u,)ds, t €[0,7]

(2.19)
Vl(o) =0
v, (t) = A(t)v, (t) + A(t)u, + f (0), t €[0,7] (2.20)
v,(0) =0. '

Do d6 [[Suy =g < [va|+][va] -

Mat khac ta co Iirg] Vi (s = v @ =0, Vv (s) =i, 0<s, <7 (=1, 2).

Do d6 tbn tai s6 duong 5, sa0 cho 7 <35, thi |v,| < % E %

Chon & =min(5,, 8,) thi (2.17) va (2.18) sé xayranéu 7 <§5.
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Pé két thuc phan dau cua dinh li ta sé chira S:Y —Y. That vy, véi ueY,
ta co SueC([0,7]; D) va

1
ISu(t) —us || < [[Su(t) — Sug | +|Su, —u, | < E||u(t)—u0||+% <r, vtelo, 7].

Vay SueY.
Ta két thuc phan dau cua dinh Ii.

O phan tiép theo, ta s& chimg minh sy ton tai ciia nghiém cuc dai. Trudc hét
ta s& chi ra tinh duy nhét ciia nghiém ciia bai toan (P) trén doan bat ky [0, ](z 1a
c4c s6 thyc thoa méin phan dau cia dinh 1i). That vay, gia sir u, v 12 2 nghiém cua
(P) trén [0, 7], ta dat t:=max{te[0, z]:u(s) =v(s), Vs [0, t]}. Gia st t<r, dit

y, =u(t) =v(t) va
h(t) :=j'K(t, s, u(s))ds+ f(t) =j.K(t, s, v(s))ds+ f(t), t e[’E, 7].

Boi vi he W ([t, 7], X) nén theo phan diu cua dinh Ii, ton tai & € (0, r 1]
sao cho bai toan

u't) = A(t)u(t)+j.K(t, s, u(s))ds+h(t), teft, t+e]

U(t) =Y
c6 mot nghiém duy nhit. Do d6 u(t) =v(t) Yt e[t, t + <], diéu ndy mau thuin voi
dinh nghia cia t. Vay t=7, tc 1a u=v trén [0, z].

Cubi clng nghiém cyc dai cua (P) duoc xay dung thong qua cach ndi
nghiém thong thuong.

Dinh li dugc ching minh.
Trong phan tiép theo ta sé nghién Ciru tinh chat ciia nghiém cwc dai.
Dinh Ii 2.6.
Gia str ngodi cac gia thiét cua dinh Ii (2.5) dugc théa mén, ta con co thém

gia thiét sau :
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(iv) K va K, la bi chin trén mdi tap bi chin ctia A(0,t,)xD.
Khi d6 nghiém cuc dai u*:[0,z') > D cua (P) thoa man mot trong hai két
qua sau :

a) " =t, va u" cd thé dugc md rong thanh nghiém cia (P) trén [0, t,].

b) lim sup |u” )] ==
tor~

Chirng minh.

Gia st b) khong xay ra, ta chiing minh a) phai xay ra. That vay, khi d6 anh
cia u” la mot tap bi chan trong D. V6i 0<t<t+h<r,tadat
v(t) =u(t+h)—u(t)
t+h t

g(t) = f(t+h)— f(t)+ j K(t+h, s, u(s))ds—IK(t, s, u(s))ds.

0 0

Tasuyra:

{v‘(t) = Alt)v() +9(t), t [0, z—h) (2.21)

v(0) =u’(h)-u*(0)

Ap dung (2.1) va (2.2), ta suy ra ton tai y khong phu thudc t va h sao cho :

Hu* (t+h)—u’ (t)” <y [Hu (h)—u’ (O)H +| A©V(0) + g (0)]| +] g (t)[ + j (lo)]+|lo '(s)||)dsj

(2.22)

Theo gia thiét (iv) ta ¢ :
C, =sup{HK(t, S, u*(s))H:OS s<t <r} <o

C, =sup{HKt(t, S, u*(S))H:OSSSt<T} < oo,

Vivaytasuyra :
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o)) < IHK(H h, s, u*(s))— K(t, s, u*(s))”ds+] HK(t+h, s, u*(s))”ds +|ft+hy- f @)

t+h

< [t (s)|ds+c,rh+ch.

t

(2.23)

Theo b dé (2.2) ta o :
g'(s)=f'(s+h)—f'(s)+K(s+h, s+h,u"(s+h))—K(s, s, u™(s)) +

s+h S

+j K.(s+h,r, u*(r))dr—J.Ks(s, r, u(r))dr hau khip noi trén [0, 7 —h).
0 0

Turdaytasuyra:

j||g (s)| ds < j'||f (s+h)— f '(s)||ds+jHK(s+h, s+h, u”(s+h))—K(s, s, u(s))]ds+

t
+[]]
0

—

Ky(s+h, r+h, u'(r+h))—K(s, r, u"(r)]drds

K,(s+h, r+h, u*(r+h))Hdrd3+m
00

=3

(2.24)

Tir (2.22) dén (2.24) va tir dang thie u”'(h)—u”'(0) = A(O)v(0) + g(0), ta thu
duoc két qua sau : Vo1 ¢ >0, ton tai 8, >0 sao cho :

O<h<o, =

u*(t+h)—u*(t)H<g, O<t<t+h<r.

Do d6 ton tai a € D : lim

tor”

u*(t)-af =0.

bat u'(r)=a thi u” thoa man (P) trén ca doan [0, z]. Do tinh cuc dai ctua
u” taphaico r=t,.

Dinh li dugc ching minh.
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Tom tit
Phwong trinh vi tich ph&n Volterra loai hyperbolic

Trong bai b4o nay ching tdi s& chi ra sy ton tai va duy nhit nghiém
cua bai toan Cauchy dang vi tich phan sau day :

u'(tt)= A(t)u(t)+j'K(t, S, u(s))ds+ f(t),t>0
u(0) =u,.

Abstract
Hyperbolic Volterra integrodifferential equations

In this article, we prove existence and uniqueness of solutions for the
following Cauchy integro-differential equations :

u'(t)= A(t)u(t)+j'K(t, s, u(s))ds+ f(t),t>0

u(0) =u,.

75



