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VE MQT PHUONG TRINH PARABOLIC CHUA TiCH CHAP
Tran Minh Thuyét’, Nguy&n Thanh Sang'
1.  Mé dau

Trong bai nay, trude tién xét bai toan

oC, 0 (oC,
— | — t)C C, = t
ot ax( ox +0, (X, 1) 1}"‘#2 1 =71(%1) (1.1)
+ (7, *C))(x,t), 0<x<1, O<t<T,
ﬁ(o,t)Jrql(O,t)Cl(O,t):O, 0<t<T,
OX
oc 1.2)
a—l(l,t)+ql(1,t)Cl(1,t)=O, 0<t<T,
X
C,(x,00=C(x), 0<x<1, (1.3)
trong d6 phuong trinh (1.1) chaa tich chap
t
(7, *CI(Y) = [7, (t—1)Cy(x, n)dr, (1.4)
0

V6i u, >0 la hang s cho trudc va q,, C?, y,, 7, & cac ham cho truée sé dugc gia
thuyét sau. Bai toan (1.1)-(1.4) c6 lién quan dén bai toan khuéch tan trong hoa
hoc (xem [1-3, 6, 7] va c4c tai liéu tham khao trong d6), ma mau chdt van dé vé
mat todn hoc dan dén bai toan sau.

Cho Q=(0,1), ta dat Q, =Qx(0,T),0<T <oo. Xeét bai todn : Tim (C,,C,)
thoa cap bai toén sau :

oC, o0(aoC
a_tl_&(a—xhrql(x,t)clj =R/(C.,C,), 0<x<10<t<T,
oC

a—xl(O,t) +0,(0,t)C,(0,t) =0, 0<t<T,

%(Lt)Jrql(l,t)Cl(l,t):O, 0<t<T,
X

(1.5)

C,(x,0)=C2(x), 0<x<1,
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oC,
=R,(C,,C)), 0<x<10<t<T,
at 2( 1 2) (16)

C,(x,00=CJ(x), 0<x<1,

trong do, q,, C2, C2 cho trudc, cac sb hang R, (C,,C,), R,(C,,C,) c6 dang cu thé

R(C..C,) = — 1,C, + Gy,
R, (Cl’CZ) =M+ l_‘zcl - ;_13C2, (1-7)
>0, m>0,i=123 la cac hang so dodng.
Bang cach khir an ham C, tir (1.5) - (1.7), ta thu dugc bai toan (1.1) - (1.4),
trong do
_ i, _ o
7 (X, 8) = 1, + g T(l_ exp(_ﬂst))+ M3 €XP(—£t)C; (%),

(7, *C)(t) = [ 7,(t=r)Cy (%, r)dr, (1.8)

7o (1) = s, exp(—st).

Bai bao gom 3 phan. Trong phan 1, véi cac diéu kién C? e L2(Q),
0, €C(Q,), 7 l2(Q,), y,<L?(0,T), u, >0, cing véi mot sé didu kién khac,
ching t6i chimg minh sy t6n tai va duy nhat cua nghiém yéu toan cuc cua bai
toan (1.1)-(1.4). Ching minh duoc dwa vao phuong phap Faedo-Galerkin lién két
V6i cac danh gia tién nghiém cing véi ki thuat hoi tu yéu va vé tinh compact.
Trong phan 2, véi didu kién dau C’eHYQ), q,eCYQ,), 7.7 eLl2(Q)
v, € HY(O,T), u,>0, clng véi mot s6 diéu kién khac, ching t6i chimg minh
nghiém thu dugc cia bai toan (1.1)-(1.4) c6 tinh tron tot hon, cu thé la
C,eL“(OT;:H)ALE0,T;H?) AC(0,T:H)AHY(Q,), C/el?(Q,). Cudi
cling, trong phan 3, véi diéu kién dau C e L*(Q), C° >0, ae. x e Q. cling v&i mot
s6 diéu kién khac, ching toi chimg minh duoc rang tén tai mot nghiém dia
phuong cua bai toan (1.1)-(1.4) cling khong am trén Qx (0,T).
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2. Céckét qua

Pau tién, ta dat cac ki hiu sau: Q=(0,1), Q; =Qx(0,T), T>0, va bo qua
dinh nghia cac khong gian ham thong dung: C™(Q), L"(Q), H™(Q), W ™P(Q),
LP(0,T;X), 1<p<co. Dé cho gon, ta ki hi¢u lai nhu sau: L°(Q)=LP,
H™(Q)=H™=W™2, W™P(Q)=W™P. Cac dinh nghia nay cd thé xem trong [4, 5].
Ta cling dung cac ki hiéu u(t), u’(t) =u,(t) = u(t), u”(t) =u,(t) =u(t), u (t) = Vu(t),

3 : ou o°u ou o%u
u,. (t) = Au(t) lan luot dé chi u(x,t), —(x,t), —(x,t), —(x,1), —(X,1).
w (1) ® : (x,1) at( ) atz( ) aX( ) axz( )

Ta thanh lap cac gia thiét :

(H)  Clel?=1%(0Y),

(H,))  9,eC@Q),

(H))  nel (@)

(H,) 7, € L*(0,T).

Nghiém yéu cua bai toan (1.1) - (1.4) dugc thanh lap tir bai toan bién phén :
Tim C, e L*(0,T;L*) N L*(0,T;H") sao cho :

d
E<Cl(t)’v> + a(t,Cl(t),v)+ y2<Cl(t)!V> = <71(t)aV> 2.1)
+((y, *C)(t),v), YveH'(0,),
C,(0)=C/, (2.2)
trong do
a(t,C,,v)= I(aa_%(x) + ql(x,t)Cl(x)j%(x)dx, C,, ve H'(0)), (2.3)
{y,(t),v) = j 7, (4 OV(x)dx, ve L2(0,). (2.4)

Khi d¢ ta cd dinh Ii sau day.
Pinh i 2.1. Gia sir rang cac gia thiét (H,)-(H,) ding. Khi dé bai toan (1.1)-
(1.4) ¢6 duy nhdt méz nghiém yéu C, e L*(0,T;L2)NL2(0,T;HY).
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Ching minh Pinh li 2.1. Ching minh dugc dua vao phuong phap Faedo —
Galerkin lién két véi cac danh gia tién nghiém cing véi ki thuat hoi tu yéu va vé
tinh compact. Chi tiét chimg minh c6 thé tim thay trong [8].

Néu ting cuong thém céc gia thiét vé diéu kién dau C° e HY(Q), cling véi
mét sb diéu kién khac, ching toi chimg minh dugc rang nghiém thu dugc cua bai
toan (1.1) — (1.4) c6 tinh tron tt hon.

Ta thanh lap bo sung cac gia thiét sau day :

(H)) CleH'=HY(®),

(H)) . eC'(@Q),

(Hy) 77 e Q)

(H))  y,eHYO,T).

Khi dé ta c6 dinh li sau.
Pinh i 2.2. Gid si rang cac gid thiét (H!) — (H!) ding. Khi @6 bai toan (1.1)-
(1.4) ¢6 duy nhdt nghiém yéu C, e L*(0,T;H*), sao cho C’ e L2(Q,).

Chu thich. That ra dinh 1i 2.2 cho nghiém tot hon, cu thé nghiém C, cua bai toan
(1.1)-(1.4) sé& thoa thém cc tinh chat sau :

C,eL”(O,T, HHN L0, T;H*)NC’([0,T];HHN Hl(QT), C'e LZ(QT). (2.5)
Chirng minh dinh Ii 2.2. Chi tiét chang minh c6 thé tim thay trong [8].

Phan tiép theo sau dé nhan dugc nghiém C,(x,t)>0, ta cin ting cuong
thém gia thiét thich hop.

Trude hét ta xét bai toan (1.1)-(1.4) véi y, =0, sau do s& xét truong hop
7,(t) >0 va y, khdng dong nhat bang khong.

Ta xét bai toan (1.1)-(1.4) dudi day twong ing Vi 7, =0, VA VGi gia sir rang
(Hy  Clel?(Q),Cl(x)>0 ae. xeQ,

(H)  a,eC@Q),

(H]) 7, € L2(Q;), 7, (x,t) >0 ae. (x,t) € Q;.

Khi d¢ ta cd dinh Ii sau day.
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Pinh li 2.3. Gia si rang cac gia thiér (H")-(H!) ding. Khi dé bai toan (1.1)-
(1.4) ¢6 duy nhdt méz nghiém yéu C, € L*(0,T;H*)NL*(0,T;L?) va C,(x,t)>0 a.e.
(x,t)eQ;.

Chirng minh dinh Ii 2.3. Chi tiét chang minh c6 thé tim thay trong [8].

Phan tiép theo, ta s& xét bai toan (1.1)-(1.4) véi truong hop 7,(t) =0 va 7,
khong dong nhat bang khong. Pé nhan dugce nghiém C,(x,t)>0 cua bai toan
(1.1)-(1.4), ta can tang cuong thém gia thiét sau day.

(H"y  Clel?(Q),C(x)>0 ae xeQ,

(HY) 9, eC@Q),

(H)Y 7, e 2(Q), y,(x,t) =0 ae. (x,t) e Q;,

(H!)y  y,el?(0,T), 7,(t)>0ae.te(0,T).

Khi d6 ta cd dinh Ii sau day.

Pinh i 2.4. Gid si rang cac gia thiét (H)")-(H)) ding. Khi dé ton tai T >0 sao
cho bai toan (1.1)-(1.4) c¢6 duy nhat mét nghiém yéu C, e L2(0,T;H*)NL"(0,T;L?)
va C,(xt)>0 a.e. (xt)eQ;.

Chirng minh. Ta thiét lap mot ddy ham {u_} nhu sau :

i/ Cho trudce u,(x,t)=0.

il Gia st u_,clOTHYNL"(OT:%), ta xét bai toan tim
u_ eL?(0,T;H)NL*(0,T;L?), langhiém yéu cua bai toan

ou o0 (aou
m_ | X, U, |+ pu, =7, (Xt
ot ax(ax +q1( )mj HoUp }/1( )
+(y, *u, )(X1), 0<x<1, 0<t<T,
ou,,

0,t)+q,(0,t)u,(0,t) =0, O<t<T,
OX (2.6)

a;m Lt +g,@Lu (L) =0, 0<t<T,
X

u,(x,0)=C(x), 0<x<1,

N 1
u; , =max{0,u,_,}= E(Ium'l| + um_l).
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Khido C?, q,, vaham 7,(x,t) = y,(x,t) + (v, *u’,)(x,t) > 0, lan luot thoa cac
gia thiét (H/), (H”), (H/). Ap dung dinh Ii 2.3 cho bai toan (1.1)-(1.4) twong
ung Voi y, =0, va y,(xt) thay cho y,(x,t)=y,(x,t)+(y, *u; )(x,1), ta co duy
nhat mot u, e L2(0,T;H)NL*(0,T;L?), u,(xt)=0 trong Q, =(01)x(0,T) la
nghiém yéu cua bai toan (2.6).

Ta s& ching minh rang ddy ham {u_} hoi tu manh vé nghiém C,(x,t) cia
bai toan (1.1)-(1.4) (theo mot chuan thich hop).

Khi d¢, di nhién ta cling co C,(x,t) >0 a.e. (x,t) eQ;.

Pt w, =u_, —u_, khido w, la nghiém yéu cia bai toan

w, 0 (awm

_— +q, (W [+ 1w
ot ox\ ox q,(x,t) J H

2(72 * (U, —U;_l))(x,t), 0<x<10<t<T,

w, _
o 00+ 0w, (0, =0 0<t<T, (2.7)

a\évm @t)+9,@Lt)w, (Lt)=0, O<t<T,
X

w, (x,00=0, 0<x<1,
w_ eL?(0,T;H)NL*(0,T;L?).

Nhan phuong trinh thir nhat cua (2.7) béi w_, tich phan timg phan theo
bién x, va ding diéu kién bién (2.7),3, sau do tich phéan timg phan theo bién t,
va sap xép lai, ta co

ow,
= (s)

t 2 t
o O] +2] ds + 241, [ |w, (s)]" ds
0 0

ow,,
OX

= —2]' dsjl' a, (X, s)w,, (S) (s)dx (2.8)
+ 2}<(y2 # (Un = Us ) KS) Wy (8))ds = T, + T,

Ta lan luot danh gié hai tich phan bén vé phai cia (2.8) nhu sau
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t 1
Panh gia tich phan I, = -2 j ds j g, (X, )W, () ag(m (s)dx.
0 0
~1 2 2 tllow 2
||1|s ! o (S)]7- [wi ()] s + ! ~2(9)] ds. (2.9)

Panh gia tich phan 1, = 2j<(y2 # (Uf — Uy, 1) )S), Wy (5) )ds.
0

- t t
|I2|s J'"(;/Z * (U’ — u;_l))(s)"Z ds + I”Wm (s)|" ds. (2.10)
0 0
Str dung cac bt dang thirc sau
X" -y <|x-y, VxyeR, (2.11)

iy, =W))< j).|}/2 (f)|2dfi||w(f)||2df, vwe L2(Q,), Vy, e L2(0,T), (2.12)
ta danh gia s6 hang thir nhat caa vé phai (2.10) nhu sau
l||(y2 Uy —us DS s <Tly, e ooy l"wm_l (@) de. (2.13)
Do d6 ta danh gia I, nho vao (2.10), (2.13)
<l l"wm_l @ de+ j;||wm S ds (2.14)

Két hop (2.8), (2.9), (2.14), tasuy ra

T t
Zo ) < T[] 0r, [ W2 @) dz + | (1+||q1 6. )z (s)ds, (2.15)
0 0
trong do
>, tlow, ‘ 2
Z, () = w, @O + j -~ (s)| ds+2u, j W, (s)[" ds. (2.16)
0 0

Do bo dé Gronwall, ta thu dugc tir (2.15) rang

g )is}llvvm_l (c)

.
Zm(t)gTZH},z”iz(ovT) exp{‘.ﬁJr”ql(s) (2.17)
0

2
L°(0,T;L%) "
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Cha y rang W,(T) =L"(0,T; L) N L2(0,T;HY), 1a khong gian Banach dbi voi
chuan

ow
||W||W1(T) = "W Lx(O,T;Lz) + & LZ(O'T;LZ) (218)
Chiing ta can bo dé sau.
Bo dé 2.5. Trong khong gian W, (T), chudn (2.18) twong dwong véi chudn
|"W| - "W| L*(0.T;L%) +||W||LZ(O,T;H1)' (2-19)

Chirng minh bé dé 2.5. Ching minh bo dé 2.5 khdng khé khan, chi tiét ching
minh c6 thé tim thay trong [8].

Tré lai chimg minh Pinh li 2.4, ta chon T >0 sao cho

. 2
ks =Tl &9 3[04 )ds} = (2.20)
L= 0
bat
an
Om =”Wm L”(0,T;L?) * OX L2(0,T;L2) :”\Nm”Wl(T). (2.21)
Tu (2.17), tasuy ra
o, <Ko, .. (2.22)
Tir day ta suy ra rang
||Um _um+P W, (T) < 1i‘0k-|— I('Ir'n’ Vél mOI m1 p = 01 11 21 (223)

Nhu vay {u_} la ddy Cauchy trong W, (T), do d6 ton tai ueW,(T) sao cho
u, —u (2.24)
trong W, (T), manh.

Tir cAc bat dang thue (2.11) va (2.12), ta suy ra tir (2.24), rang
¥, *Ut =y, *u* trong L*(0,T;L?), manh. (2.25)

Qua gidi han trong dang bién phan cia (2.7), nho vao (2.24) va (2.25), ta
thu dugc u 1a nghiém yéu cua bai toén
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ou o f(ou
a_&(&"‘ql(x’t)uJ"'ﬂzu =7,(X1)
+(y, *u")(xt), 0<x<1,0<t<T,

%U(O,t)Jrql(O,t)u(O,t):O, 0<t<T, (2.26)

%u(l,t)Jrql(l,t)u(l,t) =0, O<t<T,

u(x,0)=C.(x), 0<x<1.

Do u, (x,t)>0 trong Q, Va tir (2.24) ta suy ra rang u(x,t)>0 trong Q,, do
d6 u=u* trong Q,. Ciing tir day ta suy ra u la nghiém yéu cua bai toan (1.1)-
(1.4). Tir tinh duy nhat nghiém ta suy ra C,(x,t) =u(x,t) >0 ae. (x,t)eQ;.

Pinh Ii 2.4 duoc chirng minh hoan tat.
Cha thich. Bén canh bai toan (1.5)- (1.7) d& duoc trinh bay trong bai bao nay,
van cOn ton tai bai toan ma (1.5), (1.6), véi cac sé hang R (C,,C,), R,(C,,C,) 1
phi tuyén c6 dang

{Rl(clicz) = py — Gy + psC, — 11,C.Cy, (2.27)
R, (Cl’CZ) =+ l_‘zcl - l_‘scz - l_‘4C1C2’

w, >0, I >0, i=1 2, 3, 4 lacéac hang s duong [3].

Chung t6i van tiép tuc tim kiém thém cong cu thich hop dé giai bai toan nay
hira hen cho thém maot s6 két qua vé bai toan nay trong thoi gian sap toi.

TAI LIEU THAM KHAO

[1] R. Alexandre, Alain Pham Ngoc Dinh, A. Simon, Nguyén Thanh Long (2003),
A mathematical model for the evaporation of a liquid fuel droplet inside an
infinite vessel, Nonlinear Analysis and Application : to V. Lakshmikantham on
his 80" birthday. Vol. 1, 2, 117-140, Kluwer Acad. Publ., Dordrecht.

[2] R. Alexandre, Nguyén Thanh Long, Alain Pham Ngoc Dinh, A mathematical
model for the evaporation of a liquid fuel droplet, subject to nonlinear
contraints, Applied Mathematics and Computation (to appear).

[3] R. Bader, W. Mers (2001), Local existance result of the single dopant
diffusion including cluster reactions of high order, Abstract and Applied
Analysis, 6 (1) 13-14.

62



Tap chi KHOA HOC PHSP TP.HCM Sé 12 nam 2007

[4]
[5]

[6]

[7]

[8]

Toém tit

H. Brézis (1983), Analyse fonctionnelle, Théorie et Applications, Masson Paris.

J.L. Lions (1969), Quelques méthodes de résolution des problémes aux
limites nonlinéaires, Dunod; Gauthier — Villars, Paris.

DS Cong Khanh (2001), Gigi tich Toan hoc va cac &p dung, mi sb
1.3.11/98, d¢ tai nghién ctru Khoa hoc Co ban giai doan 1998-2000, B&o cdo
nghiém thu.

Nguyén Thanh Long (2007), Phuong trinh vi phan va hé déng lue, ma sb
100106, dé tai nghién ciru Khoa hoc Co ban giai doan 2006 — 2008, Bao céo
dinh ki két qua thyc hién dé tai.

Nguyén Thanh Sang (2007), Phuong trinh parabolic chiza tich chdp, Luan
van Thac sf, Khoé 11, Pai hoc Can Tho.

Vé mét phwong trinh parabolic chira tich chap

ChUing t6i xét bai toan bién va ban dau cho phuong trinh parabolic tuyén tinh

oC, o0(aoC
a_tl_&(a_xl—i_ Q1(X’t)C1j+ #,Cy =7, (X, t)
t
+J. y,(t=r)C (x,r)dr, 0<x<1,0<t<T,
0 1)
oC

a—xl(o,t)+ql(o,t)cl(o,t) =0,0<t<T,

44,006,000 0t
X

C,(x,0)=C(x),0< x <1,

trong d6 1, >0 1a mot hang sé cho truée va q,, C., ., 7, i, >0 la cac
hiang so cho truéc. Bai bao gom 3 phan. Trong phan 1, véi cac diéu kién
Clel’(Q), q EC(Q_T)I 7€ Q). 7,€Ll*(0,T), , >0, ching toi
chirng minh sy ton tai va duy nhat ctia nghiém yéu todn cuc cua bai toan (1).
Chung minh dugc dya vao phuong phdp Faedo-Galerkin va phuong phap
compact yéu. Trong phan 2, Vvéi @€ Cl(Q_T), Yo 71 € L2(Q),
y,€ H'(0,T), u,>0, ching tdi ching minh nghiém duy nhat
C,eL"(O,T;H) AL (O,T;H*) nC (0, TLHY) NHY(@Q;), Cel*(Q)),
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néu diéu kién dau C. e H'(QQ), véi mot sd dicu kién khac. Cubi ciing, trong
phan 3, véi diéu kién dau C? e L*(Q), C? >0, a.e. x € Q. cling véi mot sd
diéu kién khac, chung t6i ciing thu dugc mot nghiém khoéng 4m C, cua bai
toan (1) néu ta gia s rang C € L*(Q), C) >0, a.e. x e Q.
Abstract
On a parabolic equation involving convolution

We consider the initial-boundary value problem for the linear
parabolic equation

oC, o(oC
a_tl_&(a_xl—i_ ql(xit)ClJJ’_yZCl =7,(X1)
t
+J' y,(t=r)C (x,r)dr, 0<x<1,0<t<T,
0 1)
oC

a—xl(o,t)+ql(o,t)cl(o,t) =0,0<t<T,

%(Lt)"‘ql(l,t)cl(l,t) = O, O<t<T,
X

C,(x,0)=C2(x),0< x <1,
where u, >0 is given constant and q,, C/, ,, 7, are given functions.

In this paper, we consider three main parts. In Part 1, under conditions
Clel’(Q), ¢,eC@Q) 7nel’@Q) 7,el(0T), 4 >0, we prove a
theorem of existence and uniqueness of a weak solution C, of problem (1).
The proof is based on the Faedo-Galerkin method and the weak compact
method. For the case of q, e CY(Q,), 7., 7! € L2(Q;), 7, e HY(O,T), u, >0,
in Part 2, we prove that the unique solution C, belongs to
L*(0,T;H) N L2, T;H*)NC°([0, T HD) N HY(Q,), with C/ e *(Q,),
if we make the assumption that C” e H'(Q2), and some others. Finally, in
Part 3 we obtain a non-negative solution C, of the problem (1) if we make
the assumption that C) € L*(Q), C >0, ae. x e Q.
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