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PHAN LOAI LOP CAC MD-PAI SO NAM CHIEU
VOI IDEAL DAN XUAT GIAO HOAN BON CHIEU

Lé Anh Vii'

1. Lich sir van de

1.1 MD-dai s6 12 gi ? Tai sao cin nghién ciru 16p MD-dai s6 ?

Xuat phat diém ciia van dé ma ching tdi quan tam 12 bai toan md td cdu
triic cAc C*-dai s6 bang phwong phdp K-ham tiz.

Nam 1943, 1. Gelfand va A. Naimark [3] dua ra khai niém C*-dai s6. Céc
C*-dai s6 nhanh chéng tim thay nhiéu img dung trong Toan hoc ciing nhu trong
Vit i, Co hoc. Tuy nhién, chinh vin dé mo ta céu tric C*-dai sd trong truong
hop tong quat lai rat phirc tap va cho dén nay van con la bai toan me.

Nam 1974, P& Ngoc Diép [2] da s dung cdc K-ham tr dong diéu cia
Brown-Douglas-Fillmore (con goi /a K-ham tr BDF) dé dic trung C*-dai s6
C*(Aff() ) ciia nhoém céc phép bién doi Affine trén dudng thang thyuc [ . Boi thé
phuong phap md ta céu tric C*-dai s6 bang cac K-ham tir BDF con goi 1a
phirong phép ciia P6 Ngoc Diép (Diep’s method). Nam 1975, J. Rosenberg [7]
d4 st dung phuong phap nay dé mo ta C*-dai s6 C*(AffU ) ctia nhom cac phép
bién doi Affine trén dudng thiang phic [ va C*-dai s6 ciia mot vai nhom Lie giai
duoc khac. Nam 1977, B4 Ngoc Diép [2] da cai tién phuong phap ciia minh dé
dic trung cac C*-dai s6 kiéu I bang cic md rong 13p nhiéu tang. Pén lic nay, cac
K-ham tir BDF duong nhu khong con thich hop véi viée mé ta C*-dai s6 clia cac
nhom Lie khac ciing nhu cac C*-dai s6 khac nira. Mot cach ty nhién nay sinh hai

van de€ 1on.

— Vian @@ 1: Tong quat hoa cac K-ham tiz BDF theo cdch nao dé dé c6

thé mé ta dwoc mét I6p réng hon cic C*-dai 6.
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— Van dé 2 : Pi Am 16p cdc C*-dai s6 hodc 16p cdc nhém Lie ma C*-dai
S6 cia chiing c6 kha nang mé ta dwoce bang cac K-ham tir mé réng.

Nam 1980, G. G. Kasparov [4] d4 nghién ctru van dé thtr nhat va thanh
cong trong viéc tong quat hoa cac K-ham tir BDF thanh cac K-song ham ti todn
tiz (cOn goi 1a cac KK-ham ti7) vira dong diéu vira dbi dong diéu. Ngay sau do,
Kasparov d st dung cac KK-ham tir ciia minh dé mo ta C*-dai s C*(Hs) cua
nhom Heisenberg Hs.

Van dé tht hai c6 lién quan mat thiét véi mot phuong phap ndi tiéng va
dong vai trd then chét trong li thuyét biéu dién nhém Lie — d6 14 phwong phdp
qui dao do Kirillov khoi xudng vao nam 1962. Nam 1980, chinh phuong phép
qui dao cta Kirillov d& goi y dé P4 Ngoc Diép dé nghi xét 16p cac MD-dai s6 va
MD-nhém. Lép nay rat don gian vé phuong dién phan tang cac K-qui dao nén
noi chung C*-dai sb ctia chiing c6 thé mé ta duge nho cac KK-ham tir.

Gia st G 1a mot nhém Lie thuc giai duge n chidu (n 14 mot sd tu nhién
duong). G dugc goi 1a mot MDn-nhdm néu cac K-qui dao ctia nd hodc 1a khéng
chiéu hodc ¢ chidu 12 mot hang sb k (chan) nao d6 khéng vuot qua n. Khi k =n
thi G con duoc goi 14 mét MDn-nhém. Pai sé Lie(G) ciia mdi MDn-nhom
(twong tmg MDn -nhom) duoc goi 1a mot MDn-dai sé (twong Gtng MDn -dai s4).
RO rang l6p MD 14 con caa 16p MD. Bén day, mot bai toan Ion duogc dit ra 1a
phan logi cdc MD-dai sé dong thoi mé ta C*-dai so ciia cdc MD-nhdm bang
phuong phap KK-ham tu.

Nam 1984, Ho Hiru Viét [8] d4 phan loai triét dé cac MD-dai s6. Lép nay
chi gdm céc dai s6 Lie giao hoan [ ", dai s Lie(Affl ) va dai sd Lie(AffD) ).
Ngay sau d6, H5 Hiru Viét d& dung phuong phap KK-ham tir d& mo ta C*(Iaff )
caa Aff , 6 d6 AffD 14 phii phd dung cua nhém AFf . Nhu vay, cling vé6i cac
két qua co trude ctia PO Ngoc Diép va Rosenberg, bai toan dbi véi cac MD -dai
s6 va MD-nhom xem nhu da dwoc giai quyét triét dé.

Thé con cac MD-dai s6 va MD-nhom thi sao ? Dang tiéc 1a ddi véi chiing,
van dé tré nén phuc tap hon nhiéu. Cha y rang moi nhom (tuong tng dai sb) Lie
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thuc giai dugce khong qué 3 chiéu déu 1a MD-nhém (twong tmg MD-dai s6), hon
nita chiing d duoc liét ké hét tir 1au trong i thuyét dai s6 Lie. Boi vay, ching ta
chi can bat dau tir cic MDn-dai s6 va MDn-nhém véin > 4.

Ngoai ra, chling ta quan tdm nghién ciru cac MD-nhém va MD-dai s6 con
do sy kién quan trong sau day : d6i voi mbi MD-nhém, ho cac K-qui dao chiéu
cuc dai cta no tao thanh mot phdn la do dwoc theo nghia cua A. Connes [1]. Cac
phan 14 nay dugc goi 1a cac MD-phan 14 lién két v6i cac MD-nhom da xét. Phan
l4 12 khai niém xuét xir tir Ii thuyét cac phuong trinh vi phan nhung ké tir cong
trinh ciia G. Reeb [6] nam 1952, li thuyét cic phan 14 da tro thanh mot nhanh
thudc linh vuc T6 pd — Hinh hoc va nhanh chdng phat trién. Nam 1982, nghién
ctru cac da tap phan 14, A. Connes [1] dwa ra khai niém phan 1a do dugc va gan
mdi phan 14 do duoc vi mot C*-dai sé ma dugc goi 1a C*-dai s6 ciia phan ld d6.
Lap tic ndy sinh cau hoi 14 liéu cac C*-dai s6 phdn ld c6 thich hop véi phirong
phap KK-ham tir hay khéng ? Cau tra 10i 1a khang dinh. Nam 1985, A. M. Torpe
[9] d4 ding cac KK-ham tir ¢é mé ta thanh cong C*-dai sd ctia cac phan 14 Reeb
trén xuyén 2 chiéu. Pén day, lai xuét hién thém bai toan mé ta C*-dai 56 ciia cdc
MD-phéan la.

D6 chinh 1a cac Ii do co ban dé chiing ta quan tdm nghién ciru 16p cac MD-
dai s6 va MD-nhém.

1.2 Céc két qua truwée day lién quan trye tiép dén bai béo

— Gidi quyét triét dé \6p MD4. Cu thé Ia phan logi tdt ca cic MD4-dai s6,
md ta hinh hoc K-biéu dién ciia cdc MD4-nhém lién thdng bdt kha phdan,
phan logi 16 pé tit ca cdc MD4-phdn lé dong thoi mé ta tat ca cac C*-dai
S6 ciia cac MD4-phan 14 bang phirong phdp KK-ham e ([10], [11], [12]).

— Phan logi cdc MD5-dai s6 véi ideal dan xudt giao hodn chiéu khéng
qué 3, md ta Ainh hoc K-biéu dién cia cac MD5-nhém lién thdng bat
kha phdn twong vng va xét cac MD5-phdn ld twong vng voi cac MDS5-
nhom da xét ([13], [14], [15], [16]).
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1.3 Tom tat két qua chinh cia bai béo
Bai bao s& cho mot phan loai (chinh xdc dén dang cau dai sé Lie) tat ca cac
MD5-dai s6 véi ideal dan xudt giao hodn 4 chiéu.
Trude khi phat biéu va ching minh két qua chinh, chung ta s& nhic lai mot
s6 khai niém c6 lién quan dé ban doc tién theo ddi.
2. Nhic lai vai khai niém va tinh chit co ban
2.1 Biéu dién phu hop, K-biéu dién va dang song tuyén Kirillov
2.1.1. Biéu dién phu hop
Cho G la mot nhom Lie tuy y va I 1a dai s6 Lie cua nd. Gia st G tac dong
Ién T boi Ad : G—— Autl’ dugc dinh nghia nhu sau :
Ad(g): = (Ly-R:).:T——>T, VgeG;

trong do L, (twong ang R .) la phép tinh tién trdi (twong tmg, phai) cua G theo
phan tir geG (twong tng, g G). Tac dong Ad con goi 1a biéu dién phu hop cia
GtrongT.

2.1.2. Biéu dién ddi phu hop

Ki hiéu I'* 14 khong gian ddi ngiu cia I'. Khi d6 biéu dién Ad cam sinh ra

tac dong K: G—— Autl'™* cta G 1&n I'* theo cach sau day :
<K(g)F, X>: = <F, Ad(g”)X>, VFel'*, VXeT, VgeG ;

& d6 v6i mdi Fel'™, Xel™, ki higu <F, X> chi gia tri cia dang tuyén tinh FeI'™*
tai treong vecto (bt bién trai) XeI' . Tac dong K duoc goi 1a K-biéu dién hay
biéu dién doi phu hop cia G trong IT'*. Mbi qui dao tmg voi K-biéu dién duoc goi
la K-qui dao hay qui dao Kirillov cua G (trong I'*). Nhu vy, K-qui dao Q chira
phan tir F dugc cho boi

Qr:={K(g)F/geG }.
Mbi K-qui dao ctia G ludn 1a mot G-da tap vi phan thuan nhat véi s6 chiéu

chén va trén d6 c6 thé dua vao mot cu triic symplectric tu nhién (twong thich véi

tac dong cia G) cam sinh bdi dang song tuyén tinh phan xtng Kirillov.
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2.1.3. Dang song tuyén tinh Kirillov

V&i mdi FeT™, ta xac dinh dang Br nhu sau
Be(X, Y) :=<F, [X, Y]> VX, YeTI.
Hién nhién B 1a dang song tuyén tinh phan xtng vi méc Lie ¢ tinh chat do.
Ki hiéu Gg 1 cai 6n dinh hoé cua F dudi tic dong K cua G trong T'*, tic 1a
Gr:={9eG/K(g)F=F }.

Pit Te : = Lie (Gp) 1a dai s6 Lie ctia Gr. Dai sd Lie Tk va dang song tuyén
tinh Kirillov Be ¢ quan hé mat thiét voi nhau, hon nita chung rat cé ich trong
viéc xac dinh sb chiéu cua K-qui dao Qr chtra F.

2.1.4. Ménh @@ [5] Hat nhdn ciia B VA $6 chiéu ciia Qr dwoc cho boi cdc

hé thirc sau day -
KerBg =Tk vadimQg =dimIl’ —=dim k.
2.2 Cac MD-nhém va MD-dai so

2.2.1. Pinh nghia. Gia si G 1a mot nhom Lie thyc giai duge n chiéu (n 12
mot sd ty nhién duong nao d6). G dugc goi 1a moét MDn-nhém néu
cac K-qui dao cua no hoic 12 khong chiéu hoic ¢ chiéu 1a mot hang

s6 k (chan) nao d6 khong vuot qué n.

2.2.2. Pinh nghia. Pai s Lie cia mdi MDn-nhém duoc goi 1a mot MDn-

dai so.

2.2.3. Ménh d@ [8] Piéu kién can dé dai sé Lie gidi dwoc I'thude I6p MD-
dai so 1a ideal ddn xudt thir hai
‘= 1]=[[I1], [I1]]
Cua no giao hoan. [

Chi y rang diéu kién can néu trén khong phai 1a diéu kién di. N6i mot cach
khac, c6 nhitng dai s6 Lie giai duoc v6i ideal dan xuét thir hai giao hoan, tham chi
triét tiéu nhung van khong phai 13 MD-dai s6. Tuy nhién, nho diéu kién nay, dé
phan loai cac MD-dai sb, ta chi can xét cac dai sd Lie giai dugc voi r? giao hoén.
NGi riéng c6 thé xét 16p con cac dai s6 Lie giai dugc véi T triét tiéu, tirc 13 ideal
dan xuét thir nhat T'* giao hoan. Gan day, trong [Vu4], [Vu5], [Vu-Tr], [Vu-Th]

7
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tac gia d& xét cac MD5-dai s véi ideal dan xuat thir nhat giao hoan khong qua 3
chiéu. Bai nay s& phan loai nbt cac MD5-dai s v6i I' giao hoén 4 chiéu.
3. K&ét qua chinh
3.1 Cac ki hiéu
Tir day vé sau, T & 1a ki hiéu dé chi mot dai s6 Lie thuc giai duoc 5 chiéu.
Ta lubn chon mdt co s thich hop (X, X,, X,, X,,X;) trong I". Lac do, véi tu
cach 1a mot khong gian vecto 5 chiéu, I'=0°. Khong gian d6i ngau cia I' duoc
ki hiéu 1a T*. Ta cling c6 dong nhat thuc T* =0° véi co so dbi nghu
(X7, X5, X5, X5, X7) ciia co s& (X,, X, Xy, Xy, X,). DOi v6i cac MD5-dai s6 voi
ideal dan xut giao hoan 4 chiéu, ta c6 dinh 1i phan loai sau.
3.2 Dinhli
Gid sir I'Na mét MD5-dai s6 véi 't : = [I", I'] =0* (dai s6 Lie giao hodn
4 chiéu).
— Néu I'khd phdn thin6 c6 dang I'=h@0 , ¢ dé h 1a mét MD4-dai s6.

— Néu I'bdt kha phdn thi ta ludn c6 thé chon diegc mét co sé thich hop
(X, X,, X5, X,,X;) trong I' sao cho I''=<X, X, X, X,>=0*,
adxl eEnd(I"") (= Mat, (1), va I ding cdu véi mét va chi mgt trong

cdc dai so Lie duoi day.

L Tsan(d, 2,4 -
4 0 0 O
0 4 0 0f
adX1: 0 0 A O’j'u}“zijsem\{ol},lli/lziﬂs;tﬂ,l,

0 0 0 1
4 0 0O
0 4 0O

2. Tsaz(dy k) ¢ ady =| 02 L ol AeeDMOL A=A

0 0 01
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A 0 0O
0 42 00
3. T > ad, =  Ael \{0,1!.
543(A1) x"lo 0 1 0 € {}
0 0 01
(A 0 00
0100
4. T > ad, =  Aeld V0,1,
544(A) x=|g 0 1 0 el \{0,1
0001
1 00
010
5. T ©ad, =
S8 T T 01
0 00O

A 00
] 0 4 0 0
6. 1_‘5,4,5(]‘1,]‘2) . adxl= 0 0 1 1 ) ﬂ,l,/lz,GD \{O,l},ﬂ,l 7512.
0 0 01
A 0 0O
0O A 00
7. T > ad, =  Aeld \{0,1L.
54,7(1) "o 0 1 1 € { }
0O 0 0 1
A1 00
0 4 00
8. T >ad, =  Aeld 0,1,
5,4,8(&) Xy O O 1 1 € { }
0O 0 01
A 0 00O
0110
9. T > ad, =  Aeld\0,1L.
549(A) - ady 00 11 € { }
0 0 01
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1100
0110
10. T : ad, = :
S T T 0 11
0 001
11. 1_‘5,4,11(]‘1,]‘2’(0) .
cosp —singp 0 O
sinp cosep 0 O
ady = 0 0 L0 A, €00}, 4, % 4,0 (0, 7).
0 0 0 A
[cosp —sing 0 O]
sinp cosep 0 O
12. T > ad, = ;A el \{0!, 0,7).
saz(dp) T adg = 0 0 hAel\{0hpe(0)
| 0 0 0 2]
[cosp —sing 0 O]
] sinp cosp 0 O
13. 1_‘5,4,13(1,(0) . adxl= 0 0 11 Aell \{O},(DG(OJZ').
| 0 0 0 2]
cosp —-sinp 0 O
] sinp cosp 0 O |
14. 1“5,4,14(1,#@) .adxl= 0 0 P u ,)L,/JED,/J>O,(DE(O,7Z’).
0 0 u A

3.3 Phép chirng minh cia dinh li
3.3.1. Bo dé

Méi dai sé Lie thuc 5 chiéu T N&i ideal dan xudt thir nhdt T giao hoan 4
chiéu déu 1a MD5-dai so.

3.3.2. Chitng minh bo dé
Gia str I' 1a mot dai sé Lie thuc 5 chidu véi It = 0*. Hién nhién 13 ta luén
chon dugec mét co sd (X, X,, X;, X, X,) thich hop trong I sao cho

10
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T'=< X,, X5, X, Xs >=0 %, ady €End@) =Mat,(0).
Gia s ady = (a;), ; 1, ] € {2,3, 4, 5}. Lay phan tix
F=aX +a,X, +aX, +a,X, +a X, =(a,,a,,a;,0,,0)

bat ki ciia Khong gian d6i ngdu I'*=0° véi co s6 ddi ngau (X;, X, X5, X, X;)
cha co sd (X, X,, X4, X, X, ). Xét K-qui dao Q¢ chira F. Ta can chiing to rang Qr
hodc khong chiéu, hodc c6 chiéu 1a mot hang s chin nao d6 khong vuot qua 4.
Theo ménh dé2.1.4, ta c6 KerBg = I'r va dimQ¢ = dimIC — dimI.
Nhé ring KerBe = {Ue T'/<F, [U, Xi] >=0:i=1,2,3, 4,5} Do dé ta c6
U=aX, +a,X,+a,X,+a,X,+a,X;=(a,a,,8,,3,,a) € KerB,

& <F U X]>=0;i=1,2345
< B(a,a,,a,3,a) =0;
o do ()T chi phép 1ay chuyén vi ma tran, con B 1a ma tran sau day

<F,[X,X]> <F,[X,, X.]> <F,[X;, X]> <F,[X,X]> <F,[X,,X]>
<F,[X, X,]> <F,[X,, X,]> <F,[X;,X,]> <F,[X,,X,]> <F,[X;, X,]>
B=| <F,[X, X;]> <F,[X,, X;]> <F,[X;,X;]> <F,[X,, X;]> <F,[X;, X,]>
<F,[X,X,]> <F[X, X,]> <F[X,,X,]> <F,[X,,X,]> <F,[X,,X,]>
<F,[X,X]> <F,[X,, X;]> <F,[X;, X;]1> <F,[X,, X;]> <F,[Xg, X;]>

Suy ra dimQ¢ = dimI" — dimI'¢ = rank(B). Tinh toan tryc tiép ta dugc

11
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5 5 5
0 _z a;,q; _z Qi3 _Z Qo - Z A5
i=2 i=2 i=2 i=2
5
z a;,o; 0 0 0 0
i=2
5
B= z a;3Q; 0 0 0 0
i=2
5
z a; o, 0 0 0 0
i=2
5
Y asa; 0 0 0 0

D& thay rang rank(B) € {0, 2}. Do d6 Q¢ chi hoic khong chiéu hoic 2
chiéu. Vay I' 1a mot MD5-dai sd. [

3.3.3. Chitrng minh dinh [i

Bay gio phép chimg minh dinh |i dia vao phan loai dong dang cia ma tran
thyc cap bon ad X, Chu y rang trong dang chuan tic ctia ma tran ad X, ta lubn co thé
d6i co s& mot cach thich hop dé cho mot trong cac gia tri riéng thuc hodc mé dun cia
gia tri riéng phirc cua ad X, bang mot. Tir d6 ta nhan dwoc dung 14 dang khéac nhau
cua ad X, nhu d4 liét ké trong dinh Ii 3.2. Hon nita hai dai s6 tmg véi hai dang khac

nhau cua ad, khong dang cau. Pinh I 3.2 duoc ching minh hoan toan. [

3.4 Nhan xét

Nhic lai rang, mdi dai s6 Lie thuc T' xac dinh duy nhat mot nhom Lie lién
thong don lién G sao cho Lie(G) = T'. Do d6 ta cling nhan dugc 14 ho MD5-
nhom lién thong don lién twong Gng voi cac MD5-dai s6 duoc liét ké trong dinh
li 3.2. Ching han, G =Gs41 (1,4, 4) la MD5-nhém lién thong don lién tuong
mg v6i MD5-dai s6 T =T's41 (1, 4,,4,)- C4c ho MD5-nhom nay déu bét kha
phan. Trong bai béo khéc, ching toi s& mo ta K-biéu dién ciia 14 ho cac MD5-
nhom nay va xét ho cac MD5-phan 14 tuong ing vdi ching.

12
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3.5 Vai bai toan mé can tiép tuc nghién ciru
3.5.1. Pbi véi tat ca cac MD5-dai s6 va MD5-nhom lién thong don lién da
Xét, can phan loai t6 po cac MD5-phén 14 twong g va mo ta C*-dai
s cua cac kieu MD5-phan 14 khéng phai phan thé bang phuong
phap KK-ham tur.
3.5.2. Xay dung luong tir hod bién dang trén ca&c MD5-nhom d4 phan loai.

3.5.3. Phan loai cac MD5-dai s6 v6i ideal dan xuat thir nhat khong giao

hoan dé hoan thanh viéc phan loai triét dé toan bo 165p MD5-dai sd.

3.5.4. Giai quyét cac van dé twong ty nhu da 1am cho cac MD5-dai s6 va

MD5-nhém da xét cho cac MD5-dai s va MD5-nhém con lai.

3.5.5. Tiép tuc xét 16p MDn v6i n > 6 dong thoi xét truong hop n téng

quat.

Mot s6 két qua tiép theo bai bao cua tac gia lién quan dén cac van dé néu o
3.5.1 va 3.5.2 s& dugc dang ngay trong quyén tap chi nay, dé 1a cac bai cua
Duong Minh Thanh va bai cta tac gia cung véi Duong Quang Hoa.

Loi cim on : Két qua chinh cia bai nay di duogc tic gia bao céo tai Hoi
thao qudc té 1an thir hai vé Pai s6 va T6 hop (ICAC-07) ¢ Bic kinh, Trung quéc
trong cac ngay 6-10 thang 7 nam 2007. T4c gia han hanh dugc cam on Ban t6
chuc Hoi thao, dac biét 1a giao su Shangzhi Li da tai tro cho tac gia tham du va

doc bao cao tai Hoi thao.
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Tom tit
Phan loai 16 cac MD-Dai s6 nim chiéu
v6i Ideal din xuit giao hoan bon chiéu

Bai bao nay xét mot 16p con cac MDS5-dai s, tire 1a cac dai sb Lie thuc
giai duoc 5 chidu ma nhém Lie lién théng, don lién twong tng chi ¢6 cac qui
dao trong biéu dién ddi phu hop (K-qui dao) hoic khong chiéu hodc chidu cuc
dai. Két qua co ban ma bai bao dua ra 1a phan loai (chinh xac dén dang ciu
dai s6 Lie) tat ca cac MD5-dai s v6i ideal din xuét giao hoan 4 chiéu.

Abstract
Classification of 5-dimensional md-algebras which

have 4-dimensional commutative derived ideals

The paper presents a subclass of the class of MD5-algebras, i.e., five
dimensional solvable Lie algebras that K-orbits of corresponding connected
and simply connected Lie groups are orbit of zero or maximal dimension.
The article is about the classification (exact to an isomorphism) of all 5-
dimensional MD-algebras which have 4-dimensional commutative derived
ideal.
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