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PHUONG PHAP PHAN TU HU'U HAN CHO BAI TOAN
PAN NHOT TUYEN TiNH TUA TINH

Trinh Anh Ngoc'
1. Giéi thigu
Bai toan tua tinh cua Iy thuyét dan nhét trong tu nhu bai toan trong trudng
hop dan hoi ngoai trir quan hé tng suat — bién dang dugc thay boi

‘7Cijk| (t—s)
o =Cia(0)ey, (u(t)) - £ o5 gq(u(s))ds (1)
0
trong d6 u=(u;(x,1)) la truong chuyén dich, o =(c;(x,t)) 13 trudng tenxo tng
Suat, ¢ = (g;(x,1)) la tenxo bién dang, x4c dinh tir chuyén dich nho hé thirc

1
& =§(ui'j+uj'i : (2)

C=(Cy, (x,1)) la tenxo ching tmg suat thoa céc diéu kién doi xtng
Cijkl = Cjikl ) Cijkl = Cijlk ) Cijkl = Cklij . (3)

V6i vat liéu dan nhét tmg xir tire thoi 1a dan hoi [3], nghia 12 ton tai hang s6
¢, >0 sao cho

Cii (0)§ij§kl > €y S - (4)

Dé don gian cach viét, nhu trong phuong trinh (1), thuong ta khéng ghi 13
su phu thudc caa cac dai lugng vao bién khong gian x va ca bién thoi gian t néu
khong gay ngd nhan.

Trong khoang thoi gian 1=[0,T], xét vat thé dan nhét tuyén tinh chiém
mién Q< R? (d=1,2,3) 1a tap ma bi chan véi bién =T, uT, chinh quy, gia
thiét meas(I'y) >0. Luc tac dung Ién vat gom: luc thé tich f =(f,(x,t)) xeQ,
t €[0,T]; luec mat g=(g,(x,t)), x eI, t [0, T]. Trén phan bién I, vat dugc giir
cb dinh. Bai toan tya tinh cua ly thuyét dan nhot tuyén tinh duoc phat biéu nhu
sau: Tim ham u=u(x,t) thoa

= f, trong Qxl, (5)

—0jj,j i

u=0 trong Iyxl, (6)
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u(0) =u, trong Q, (8)
trong d6 mg suat o lién hé véi chuyén dich u thong qua (1) va (2).

C6 nhiéu phuong phép giai s6 bai toan bién tya tinh. Mot trong cac phuong
phép théng dung 1a phuong phap dat co s¢ trén phép bién doi Laplace va nguyén
ly twong mg cia Iy thuyét dan nhét tuyén tinh [5]. Trong mot s6 truong hop dic
biét bai toan nhan dugc bang phuong phap nay c6 dang twong tu bai toan cua ly
thuyét dan hodi ¢o dién, diéu nay thu hit sy chi y cia nhiéu nha tinh toan sb. Tuy
nhién, nhu d4 biét, bai toan bién d6i nguoc Laplace 1a mot bai toan khdng chinh
do d6 d6 chinh xéc cua két qua phu thudc vao rat nhiéu yéu t6. Mot cach tiép can
khac 1a ap dung phép roi rac hoa theo bién khéng gian dya trén phat biéu bién
phan “ntra yéu”, bang cach nay bai toan dan vé mot hé phuong trinh tich phan
Volterra loai hai. Sau d6 4p dung phuong phap chon diém (collocation method)
giai h¢ phuong trinh tich phén nay. S. Shawetal., trong [6], d& ap dung phuong
phép phan tir hitu han dé xap xi bai toan theo bién khéng gian, véi thoi gian tac
gia xap xi s6 hang tich phan bang phép cau phuong. Van dé sai s6 dugc tac gia
dan theo [1]. Gan day hon, trong [7], S. Shaw dua cach tiép can roi rac ca khong
gian lan thoi gian bang phuong phap phan tir hitu han trén co s& cng thuc bién
phan day da. Cach lam nay dan dén mot cong thie xap xi khéc (véi quy tic cau
phuong ¢6 dién) s6 hang tich phan. Trong bai nay ching tdi 4p dung cach tiép
can thir hai dé giai gan dung bai toan (5)-(7) kép hop véi (1), (2). Céach roi rac
hoa theo bién khdng gian twong tu nhu [6,7], nhung & day, ching t6i dic biét
quan tdm dén céch xap xi theo bién thoi gian. Phép cau phuong duoc thuc hién
bang cac cdng thirc khac nhau, c¢6 chi y dén sai s6 ciia cong thirc va sy tién loi
khi cai dat trén may tinh. Phan con lai cua bai dugc to chirc nhur sau: Muc 2 trinh
bay cong thic bién phan nira yéu va bai toan xap xi phan tir hiru han theo bién
khong gian. Muc 3 gidi thiéu cac cong thirc tich phan s6 dé xap xi bai toan trong
Muc 2 theo bién thoi gian. Mot thi s dugc cho trong muc 4 ¢é minh hoa cach &p
dung va danh gia (theo quan diém thuc hanh) phuong phap.

2. R@i rac hda theo bién khong gian
2.1. Phat biéu bién phan nira yéu
Ky hiéu H'(Q) = (H'(Q))" khdng gian Hilbert véi tich trong

(W,V) = (W0 V),

va chuan twong tng || = /() -
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DPua vao khong gian cac ham thir
H={veH(Q)v=0tren I}

C6 dinh t e, nhan phuong trinh (5) véi v eH bat ky, nhd quan hé tmg
suat — bién dang (1), sau mot s6 bién d6i ta duoc bai toan phan nua yéu:

Tim ham u(t) e L(0,T; H) thoa

A(u(t),v) = L(t;v) + Z(t,s;u(s),v)ds €)]
V&1 moi v eH, trong do

AWw,v) = £ @z (w)e, (v)d2, (10)

B(t,s;w,V) = w% (w)e; (v)dQ, (12)

Lt:v) = A-fda+ A-gdr. (12)

Nhu mot hé qua cia dinh ly 7.2, [2], tr. 189, ta cO dinh ly sau.

Pinh ly 1. Duéi cac gia thiét:

(i) Cac thanh phan tenxo chiing img sudt Cy,(t) 1a ham don diéu gidm theo
t (tel), co dao ham theo cdp mét theo tthuse L1(0,T,L"(Q)); hon Nita, ton tai
hang sé ¢, sao cho

Ciu (1&Su > €.Cyya (0) &S (13)

VGi Moi tenxo doi Xitng (&)

(ii) f e 10,T; L2(Q))va ge L'(O,T; LA(T,)).

Thi bai toan (10) ton tai va duy nhdt nghiém.

2.2. Bai toan xap xi phin tir hiru han — H¢ phwong trinh tich phan
Volterra loai hai

Phan hoach mién Q thanh ne phan tir hitu han tuyén tinh (n-don hinh)
trong R¢. M&i phan tir hitu han ¢6 d +1 nGt. Chuyén dich nit «

q, ={0,...-,q.,} (a=1...,d+1). (14)
Vecto chuyén dich phan tir
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{ar={a,....a.}" (15)
Céac ham dang
N,=2,1,, (16)

trong d6 1, latoa d¢ trong tam, 1, la ma tran don vi cip d. Ma tran ham
dang cua phan ti:

[N]=[N,,....,N,,]. 7
Trong phan tir trong tng, vecto chuyén dich u duoc Xap xi boi
u=[N}a}. (18)
Vecto bién dang phan tir e =[,,,£,,65.7 237 137 o] »
e=D,u=[EKa}, (19)

trong d6 [E]= D,[N] véi D, la toén tir dao ham

0 0
2, 0
D, = 0 9% : (20)
03 0,
0 4
2, 0

’ A A 5 T
Vecto tng suat phan tr s=[0,,,0,,,04,03,013,05,] ,

[D(0)]e(t) - we(s)ds

° @y
poMERa0}- 22D erqspes

0

7
I

trong d6 [D] la ma tran cac ham chiing g suét suy tir tenxo C.

Tir céc cong thirc trén ta dwa vao ma tran d6 cimg cia phan tir e

KO = LEI [DOIEFdQ. (22)
Ma tran
[Gt-s)] = a[K(;—S‘S)] (23)
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lién quan dén anh huong cia lich sir bién dang, goi 1a ma tran di truyén
phan tur.

Vecto tai phan tu:
o) = ATfedo+ NI gedr. (24)
Q° ry

Bang cach “lap ghép” va tir (10) ta dugc bai toan xap xi phan tir hiru han:
Tim ham vecto t — {q(t)}thoa phuong trinh tich phan Volterra loai hai

[K(O)Ha(t)} ={p(0)}+ Z(t -s)Ha(s)}ds, (25)

trong d6 [K()],[G(t)].{q}.{p} lan luot 1a c4c ma tran va cac vecto toan cuc.

Dinh Iy 2. Dudi cac gia thiét cia dinh 1y 1, bai toan nita roi rac (25) ton tai
va duy nhat nghi¢m.
3. Roi rac hda theo bién thoi gian

3.1. Céc cong thirc cAu phwong

Dé giai phuong trinh (25) ta tinh x4p xi tich phan ¢ vé phai phuong trinh

Z (t—s)Ha(s)}ds,

0

nghia 1, roi rac hda phuong trinh nay theo bién thoi gian. Chia khoang thoi gian
| thanh nt khoang con bang ludi

t={0=t, <t, <--<t, <t <<t =T} At =t —t. (26)

n+l
C6 nhiéu phuong phap xap xi nhung don gian hon ca 1a quy tac cau phuong

t

JZ(t —s)Ha(s)}ds ~ At; ((1-0)[G(t - t;){a(t))} + 6[G(t - t;,)H{a(t;..)1) (27)

¥

trong d6 6 €[01], cac trudng hop dic biét: quy tac Euler (6=0), quy tic
Euler i (0 =1), quy tic hinh thang (6=1/2). Theo [4], cap cia sai s6 trong
quy tic cAu phuong Voi =0 va =1 l1a At, vabang At® khi 9=1/2.

3.2. Bai toan xap xi khdng-thai gian

Tir ¢ong thirc (27), phuong trinh (25) ¢6 thé roi rac thanh bai toan: Tim day
cac vecto {q(t;)}, j=12,...,nt+1 sao cho, véi moi n e{1,2,...,nt+ 1}
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n-1
[K(n)]{q(tn+l)} = {p(tn+l)}+ z At] m_ 9)[G(tn+l - tj )]{q(tj )}+ Q[G(tm-l - tj+l)]{q(tj+l)}s
j=1
(28)
trong do
[K™]=[K(0)]-6At,[G(0)] - (29)

Pinh ly 3. Dudi cac gia thiét cia dinh 1y 1, VéiAt = maxAt, di bé, hé
phirong trinh (28) c6 nghiém duy nhat.

Cong thire cau phuong (27) voi 6=1/2 ¢6 sai s6 bé hon hai cong thirc con
lai. Tuy nhién, vé phuong dién tinh toan thi cong thac (27) véi 6=0 lai c6 loi
hon do [K™]=[K(0)] v&i moi n. Khi do viéc tinh nghich dao (giai phuong trinh)
chi thuc hién mét lan 12 du, trong khi véi hai cong thie con lai @ mdi bude tinh
(xac dinh {q(t;)}) ta phai tinh ma tran nghich dao [K™]™*. C6 thé thoat khoi kho
khan nay néu budc thoi gian 1a déu.

3.3. Ap dung

Phuong phap Xap xi trinh bay trong cac muc trén duoc &p dung cho bai toan
phang d6i xtmg truc.

4.  Bai toan - Nghiém giai tich

Cho 6ng try dan nhét dang hudng tiét dién ngang hinh vanh khin ban kinh
a,b(a<b). Hé toa d6 tru c6 truc z tring véi truc éng. Dudi ap suat p(t) trén
thanh trong, -o,(a,t)=p(t), 6ng chi bién dang theo huéng kinh
u, (r,t) = u(r,t),u, = 0. Thanh ngoai gitr ¢ dinh u(b,t) =0.

Trang thai bién dang: ¢ (rt) =%, £4y(r,t) - Gia thiét vat lidu 1a dong
r r

nhat dang huéng, quan hé umg suat — bién dang cho

oL () = A0S+ (A0 +2u(0)
_H(t =) U(s) | (At -3) + 24(t =) Ou(s)
0 05 r 05 or
(D) = A0S+ (0)+2u(0)
B (t —s) ou(s) N O(A(t—s)+2u(t—5s)) u(s)
0 05 or 05 r
trong do
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At) =K —%exppﬁl; u(t) =G, exppﬁl:

Phuong trinh chuyén dong tya tinh:

00 I =0.
or r

Bang phuong phap bién doi Laplace ta c6 nghiém giai tich ciia bai toan
(truong chuyén dich):

PG o] A GERTE) expkﬂ K ik
’ 2Ka K +G,(c® +1/3) +G,(c® +1/3) 7\

trong d6 ¢ =b/a. Tinh toéan tryc tiép ta thu dugc ing suat vong o, (b,t) tai

r=>nb.
__ Gy(1+?) S
O (bit) = p? K+ Gy(@ +13) EXpro(cz +1/3) &

Céc két qua nay dugc dung dé so sanh véi gia tri xap xi tim dugc bang
phuong phap trinh bay ¢ day.

4.1. Ap dung phwong phap xap xi
DPua vao khong gian cac ham thu:
H ={vv e H'(a,b),v(b) = 0}
véi tich vo hudng
(w,v) = Z(r)v(r)rdr,
ta c6 bai toan bién phan: tim ham u(t) e H thoa

A(u(t),v) = L(t;v) + Z(t,s; u(s),v)ds

v6imoi veH. O day

A(W,V)=M)@wa—uk(&(onzu(o» uov,
a r or ror r

42



Tap chi KHOA HOC PHSP TP. HCM S6 14 n3m 2008

B(t,s;w,v) = ﬁ)z\r’ au(s)
LOG(t-9) +2y(t ) ﬁw(s) oV, Uy I@

L(t;v) =av(a)p(t).
Cong thire phan tir hiru han tuyén tinh. Phan tir [r,,

1
[N]:T[rz_r’r_rl]vIzrz_rl1 [E]= W@ M—r)/r (r—r)/rt

2 A £
(D] - ﬁf“ A HO R k)= ZET IDIE]dr,

(1) A(t) +2u(t)

[G(t—s)] = Z] [D(t - 9I[E]rdr

{P®)}= $>( )* néur, =a, va {p(t)} = % néu khac.

4.2. Két qua so — danh gia

Tinh todn sé duoc thyc hién véi dit lidu cuthé: a=1b=2,c=2=2:
a

Alt) =K - geprFl;, u(t) =G, eprFI; trong do
3 T T

K =23333,G,=10769,7 =1.

Tinh toan sb theo quy tac hinh thang, 6 =1/2, cho két qua rat tot. Vi bude
lusi khdng gian h =01, budc thoi gian At =01 sai so giita nghiém xap xi va
nghiém chinh xac chi ¢& 107. Trén hinh 1 la cac duong cong chuyén dich (c.x.)
va nghiém xap xi (X.X.) ctia n6 véi t/z = 0;10;20 .

Két qua tinh toan khi ding quy tac Euler Ui, 6 =1, tuy 6n dinh nhung sai
s6 ¢ nhitng thoi diém lau dai 1a kha I6n (c& 10™) do su tich tu caa sai s6 1am tron
(hinh 2). Véi quy tac Euler, 6 = 0, két qua la khong on dinh.

Dung cong thirc (21) ¢6 thé nhan duoc tmg suat xap xi. Hinh 3 cho két qua
xap Xi (theo quy tac hinh thang) ung suat vong tai r=b, o,,(b,t), SO V&i ting
suét chinh xéac. Sai s cuc dai c& 107,
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Hinh 1: két qua tinh so v6i nghiém chinh xé4c theo quy tic hinh thang

1
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0.8 -
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um(a,t)

Hinh 3: Két qua tinh ting suat o, (b,t) so véi gia tri chinh xac theo quy tac hinh thang
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Tom tit

Bai nay trinh bay mot cach roi rac hoa phan tir hitu han theo bién khong
gian va cau phuong theo bién thoi gian cho bai toan dan nhét tuyén tinh tya tinh.
M6t thi du sé duge cho dé minh hoa cach 4p dung va thé hién tinh hiéu qua coa
phuong phép

Abstract

Finite element method for quasistatic linear viscoelasticity problems

In this paper, we consider a finite-element-in-space, and quadrature-in-
time-discretization of a linear quasistatic viscoelasticity problem. A numerical
application is presented in order to show validity of this discretization.
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