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PIEM BAT PONG CUA ANH XA DANG ¢-5 CO
TRONG THANG CAC KHONG GIAN BANACH

Nguyén Bich Huy'
V6 Duy Thuwong?
1. Mé dau
Bai toan Cauchy tim ham x:[0,a] - X (X la mét khong gian Banach)
thoa man
x'(t)=f(t.x(t)), te[0,a],
x(0)=x,,

von ban dau duge nghién ciru véi énh xa f tic dong tr [0,a]x X vao X, sau
nay nho khai niém “thang cac khong gian Banach” d& dugc mo rong cho mot
|6p dnh xa f tac dong tir [0,a]x X vao mot X* mé rong hon X [1,4-6].

Mot cach tyr nhién, ta mudn xét bai toan twong tu vé mé rong mot sb
dinh 1i diém bat dong cua anh xa f tac dong tir X vao X 1én trudng hop f tac
dong tor X vao mot X' > X. Trong bai bdo nay, chdng tdi trinh bay mét mo
rong dinh 1i diém bat dong cua anh xa dang -5 co cia Leader [2,3] 1én
truong hop anh xa tac dong trong mot thang cac khong gian Banach.

2. Céac két qua chinh
Dinh nghia
Mot ho cac khong gian Banach (XS,|.|S), se[a,b] goi la mot thang céac
khong gian Banach néu véi mdi cap s,s' e[a,b] ma s<s' thi
X, X, x|, <|x|, vxeX,
Dinh Ii 1
Gia st [ la tap sé tu nhién va {qS ; SG[a,b]} la ho cac ham
q 0 x0 — [O,oo) thoa man cac diéu kién sau:
i) g,(mn)<g,(mn) néus<s'
i) g,(m,n)<g,(m,k)+q,(k.k)+a,(k,n)
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iii) Véi mdi >0 va se(a,b) tdn tai s6 §>0 va s6 rel] sao cho Véi
s's"e(s,b),s" <s' va mnell thi
ge (Mn)<e+8 =g, (M+r,n+r)<e

Thé thi lim g,(m,n)=0 Vvse(a,b)

Chirng minh
Bang cach xét ham %[qs(m,n)Jrqs(n,m)] néu can, ta c6 thé coi q, la

doi xtmg, nghia 1a g, (m,n) =g, (m,n).

Pat M;(n)zmax{qs(i,ern):i=n,n+m}

Buoce  1: C6 dinh m, ta chimg minh ring
inf{an'(n):neD s e(s,b)}:O(l)

Gia sir trai lai, vé trai cia (1) bang ¢ >0. Ta chon s6 §>0, s6 rell
tuong Gmg véi ¢ theo diéu kién iii) cua dinh 1i sao cho

s<s"<sq,(mMn)<e+5=0q.(m+r,n+r)<e (2)

Vi vé trai cua (1) bang ¢ nén ta tim duoc s'e(s,b), nel sao cho

M (n)<e+6 vadodé
9o (j.m+n)<e+s  Vjenn+m
Ly s" e(s,s'), taco do (2)
ge (j+r.m+n+r)<e  Vjienn+m

hay g, (i,n+m+r)<e Vien+rn+m+r.Vay M) (n+r)<e.

Diéu nay mau thuin véi gia sir clia ta rang vé trai cta (1) bang .

Buée 2: Cho ¢ >0, ta chon céc s §,r theo diéu kién (ii) cua dinh 1i dé
co (2).
Ap dung (1) véi m=r, tatim dugc s' >s va n, e sao cho Mg‘(n0)<mn£g,gj 3)

Ldy m>n,_, ta s& ching minh q,(m,n, +r)<e. That vay, ta chon k e[l
sao cho ny<m—kr<n +r (4)
T dinh nghfa cia M(n) va (3), (@4) ta co
g, (m—kr,n, +r)< Mg (n)<e. Tiép theo, ta sir dung diéu kién ii) ciia dinh Ii
va duoc
g, (m—-kr,n )<q, (m—kr,n +r)+q, (n,+r,n +r)+q, (n, +r,n,)

5 O
<g+—+—=¢+0
2 2
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Tur day va (2), taco
e (M=Kkr+r,n,+r)<e VGi 8" e(s,s').
Lai 4p dung diéu kién ii) va i) ta dugc
qe. (M —kr+r,n )<g.(m—kr+r,n +r)+q.(n,+r,n +r)+q.(n,+r,n,)
<e+0q,(n,+r,n,+r)+q,(n,+r,n,)
<ég +%+%: £E+0
va do vay, lai c6 thé &p dung (2) dé co
Qe (N—Kkr+2r,n +r)<e VGis"e(s,s")
Lap lai mdt s6 1an can thiét 1y luén nhu trén, ta co
g (m,n,+r)<e  vm=n (5)
Bay gio, vdi m>n_,n>n_, ap dung (5), ta cd
gs(m,n)<qg,(m,n, +r)+0g,(n, +r.,n, +r)+q,(n, +r,n)<3e
Dinh 1i 1 dugc ching minh.
Dinh li 2
Cho thang céc khéng gian Banach (XS,|.|S),5e[a,b] va anh xa
U: X, — X, lién tuc véi mdi cdp s, €[a,b] ma s<s' va thoa man diéu kién
(A) sau day
(A) V6i mdi & >0, mdi se(a,b) ton tai s6 §=5(e,8)>0, r=r(eg,s)el” sao
cho khi s<s" <s' taco
X,y e X |x-y|, <e+5=

Ur(x)—Ur(y)L“ <e
Khi d6 U c6 trong mdi X,, se(a,b) diém bat dong suy nhéat x_. Dy
lap {U" (x)} vé6i x e X, hoi tuvé x,.

Chirng minh
V6i  x,yeX, ta dinh nghia ham g,:0x0 —[0,0) bai
q,(m,n)= Um(x)—U”(x)L. Do dinh nghia thang cac khéng gian Banach, ta c6

g, (m,n)<q, (m,n) néu s<s'. D& thay diéu kién ii) trong dinh 1i 1 ciing dugc
thod man. Ta kiém tra g, thod diéu kién iii). Véi ¢>0 va se(a,b) ta chon

5,1 theo diéu kién (A). V6i s"<s' va g, (m,n)=|u"(x)-U"(y)|, <&+5, ta

co

Ur(Um(X))—Ur(U”(y))L" <& hay g, (m+r,n+r)<e. Vay ham q, thoa tat

ca cac diéu kién cua dinh 1i 1 nén taco lim g,(m,n)=0. Do d6 (U"(x)) va
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(U"(y)) 1a cc day Cauchy twong duong trong X,. it x, =limu"(x) trong

X,, tasé chimg minh x, =U(x,). Lay s<s thido U lién tuc tir X, vao X_ nén
limu (U"(x))=U(x,) trong X

n—oo

Mt khac limU (U"(x))=1imU™*(x)=x, trong X, nén do phép nhing

n—oo n—ow

X, — X_ la lién tyc ta ciing c6 limU (U” (x)) =X, trong X.. Vay U(x,)=x

Pé ching minh sy duy nhat ta gia sir c6 x e X, thoa x=U (i) Chon
s<s, ta co {U”(x)},{u”(i)} la hai day Cauchy tuong duong trong X.. Ma
§=U”(§),xs =U"(x,) Vnel néntrdaytacod x=x,.

Dinh 1i 2 dugc ching minh.
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Tom tat
Trong bai béo ching tdi chirng minh sy ton tai diém bat dong cua mot
I6p anh xa dang &£ -4 co trong thang cac khong gian Banach.

Abstract
Fixed points a class of ¢ -5 contractive operators in a scale of Banach
spaces
In the present paper we prove the existence of fixed points for a class of
&—4 constractive operators in a scale of Banach spaces.
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