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VE MQOT PHUONG TRINH SONG PHI TUYEN LIEN KET VOI
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1. Mé dau

Trong bai viét ndy, ching ti xét bai toan gia tri bién - ban dau cho phuong
trinh s6ng phi tuyén

Uy —%(u(u)ux)z f(xtu,u,u), 0<x<1, 0<t<T, @
u(0,t) =u(Lt) =0, )]
u(x,0) = 0, (x), U, (x,0) =, () 3)

trong d6 Gy, G, u va f 1a cac ham sb cho trude théa mot sb dicu kién s& duge
chi rd phan sau.

Trong trudng hop ham x(u) thay bai ham hang hay mot trong cac ham co
dang a(t), B(xt), toan tir Kirchhoff - Carrier y(tul’,u,|".|u[).... vdaham f &
vé phai c6 dang don gian, bai toan (1) véi cac diéu kién bién va dau khac nhau,
d4 c6 nhiéu tac gia quan tAm nghién ctru ¢ nhiéu chu dé khac nhau nhu sy ton tai,
tinh tron, cac tinh chat dinh tinh, Xxap tuyén tinh, khai trién tiém, decay cia
nghiém,..., chang han nhu, M. Bergounioux, N.T. Long, Alain P.N. Binh [1],
C.V. Easwaran [6], N.T. Long, Alain P.N. Dinh [4, 5, 9], N.T. Long, Alain P.N.

Dinh, L.X. Truong [14], L.X. Truong, L.T.P. Ngoc, N.T. Long [15], N.T. Long,
T.N. Diém [11], L.T.P. Ngoc, L.N.K. Hang, N.T. Long [18], M.L. Santos [21]....

Ficken va Fleishman [7] d4 thiét 1ap su ton tai, duy nhat nghiém toan cuc va
tinh 6n dinh nghiém nay cho phwong trinh:

" ThS. — Truong PH Kinh té Tp. HCM

" TS. — Truong PH Kinh té Tp. HCM

* ThS. — Truong PH Ban cong Hoa Sen Tp. HCM
$TS. - Truong CDSP Nha Trang
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u, —U, —2au,—Bu=¢cu’+y, £>0. 4)

XX

Rabinowitz [19] d4 ching minh sy ton tai nghiém tuan hoan cia phuong
trinh

u, —u, +2au, = f(x,t,u,u,u), 5)
& day & 1amot tham sé bé va f 12 ham tuan hoan thoi gian.

Trong [3], Caughey va Ellison d hop nhit cac truong hop trude d6 dé ban
vé su ton tai, duy nhat va 6n dinh tiém cén cua céc nghiém ¢ dién cho céac hé
dong lyc phi tuyén lién tyc.

Gan day, N.T. Long, N.C. Tam, N.T.T. Truc [13] d4 nghién ciu bai toan
(1), (3) V6i u(u) =1 va diéu kién bién hdn hop khong thuan nhat

u, (0,8) =hyu(0,t) = g, (t), ud,t) =g, (t), (6)

trong d6 h, 1a hang s6 khong am cho trudc, cac ham g,, g, e C3(0 ,) cho trudc
va s hang phi tuyén vé phai (1) c6 dang

@(x,t u,u,,u,) = f(x,t,uu,u)+ef(x,t,uu,u,). @)

Véoi feCV([0,4x0 , x0%), f,eC"([0,1]x0 , x0°%) va thém mot sd diéu
kién phu khac, cac tac gia d4 thu dugc mot khai trién tiém cin cia nghiém yéu u,
dén cap N +1theo tham s bé e.

Bai bao nay bao gom hai phan chinh. Trong phan 1, ching t6i lién két bai
toan (1) - (3) vai ddy quy nap tuyén tinh bi chan trong céc khdng gian ham thich
hop. Sy ton tai nghiém dia phwong ciing nhu tinh duy nhéat nghiém thiét lap duoc
nho vao phuong phap Faedo - Galerkin, phuong phap compact [8] va bo de
Gronwall. Cha ¥ rang phuong phap tuyén tinh hoa trong bai béo nay va trong cac
bai béo [5, 11-13, 16, 17, 19, 22] khong sir dung dugc trong cac bai béo [4, 9, 10,
14, 15, 18]. Trong phan 2, véi peCN2(U ), 1, eCN(0,), ut)>pu,>0, Vt=0,
f e CN([0,2]x[0 , x[%) va f, eC"([0,1]x[], x[J®), khi d6 ta thu dugc mot khai
trién tiém can cta nghiém yéu u (x,t) dén cdp N +1 theo tham s6 bé ¢ cho
phuong trinh
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u, ——([u(u)+gul(u)]u )= f(xtuu,,u)+&f(x,tuu,u,), 8)

lien két vai (2) va (3). Két qua nay tong quat hoa tuong ddi cac két qua trong [2,
4,5, 11, 13, 19] va s& dugc cong bb chi tiét trong [16].

2. Dinh ly ton tai va duy nhat nghi¢m

bat Q=(0,1). Chdng ta bo qua cac dinh nghia cua cac khong gian ham
thong dung nhu C™(Q), L"(Q),W ™ (). Ta ky hi¢u
L"=L"(Q), H" =H™(Q), H, = H;' (Q).

Chuan trong L* dwoc ky hiéu bail|-|. Ta ciing ky hiéu (.-} dé chi tich vo

hudng trong L2 hay cap tich d6i ngiu ctia mot phiém ham tuyén tinh lién tuc véi
Mot phan tir ciia mot khong gian ham. Ta ky hiéu |- I, dé chi chuan trong mot

khong gian Banach X va X’ 1a khong gian d6i ngau cua X.
Ta ky hiéu L°(0,T;X),1< p<+w, la khong gian Banach cua cac ham do

duoc u:(0,T)— X sao cho ||u||Lp orix, <0 VO

T p
”u”LP(o,T;x) = [J.”U(t)”;: dtj ) néu 1< p <400,
0

u

1) =esssup|u(t)], , néu p=+o.
Ky hiéu u(t), u (t)=u(t) u (t)=U(t) () =Vu(t), u, (t)=Au) dé chi
u(x,t), (x t), (x t) (x t) (x t), twong ung. V&1 f = f(x,t,u,v,w), ta

dat D, f = f, le:ﬂ, sz:ﬂ, D3f=ﬂ, D4f=ﬂ, D5f=ﬂ.
OX ot ou oV oW

Trén H*, ta s& dung c4c chuan twong duong

Y2 Y2
Mo = (M #1997 ) v, = (v @+ v ) ©)
Khi dé, ta c6 bd dé sau

Bo dé 1. Phép nhiing H' C°(Q) la compact va
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Mes @ < V2IM

vveH', (10)

ot
M) < V2IM}» vy e H™ (11)
Viéc chimg minh b6 dé 1 1a don gian, vi vy chung t6i bo qua.

Ta thanh lap cac gia thiét sau day

(H) g, € Héﬁ H2, U, Hé,

(H,) ueC?(U.), m(z)>u,>0,vzell ,

(H,) feCQxD 6 x0%).

Véimdi M >0 va T >0, ta dit

K =K(M,y)=su5(|u|+‘u/‘+‘u//‘)(n), (12)
n|<

5

K, =K,(M,T, f) =sup{Z|Di FIOxtu, v, w) 1 (Xt u,v,w) e D}, (13)
i=0

W(M,T)={ve L*(0,T;H;nH?):v, e L°(0,T; H}),v, € L(Q,), 14)

”V L”(0,T;H3NH?) ’”Vt L”(0,T;Hg) |Vn "LZ(QT) <M},
W, (M, T)={veW(M,T):v, e L"(0.T; ")}, (15)

& day Q. =Qx(0,T) va D={(x,t,u,v,w):0§x§l, 0<t<T,ul,|v[.|w < M}.
Ta xét thuat giai xap xi tuyén tinh sau

(i) Ta s& chon s6 hang dau tién u, =d, eW,(M,T). (16)
(ii) Gia sir rang u_, eW,(M,T), m>1. 7

(i) Tatim u_ eW,(M,T) thoa bai toan bién phan sau

(U (£), V) + (U, (1) VU, (£), VV) = (F, (t),V), YV € Hy, (18)
u,(0) =0, u,(0) =4, (19)
trong do
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Fo(t) = F O, tug, (1), Vg, (1), U, 4 (1)), (20)

Khi d0, ta c6 két qua sau

Pinh ly 1. Gid sir (H,) - (H,) dung. Khi do ton tai cac hang sé dwong
M,T sao cho

(i) Ton tai ddy quy nap {u_}<W,(M,T) xdc dinh boi (18) - (20).
(i) Bai toan (1) - (3) c6 mgt nghiém yéu duy nhdt ueW,(M,T).
(iii) Ton hang so dwong C chi phy thuéc vao T, G,, G, va k. théa

m

lu, —u

+|u, —u

, <Ck', vmell, (21)

L*(0.T;Hp) ECANE
trong dé k. e (0,1) 1a hang s6 dwong déc lgp véi m.
Chumg minh chi tiét ciia dinh 1y c6 thé tim thay trong [16].
Chu thich 1

e Trong truong hop u=1 f=f(tuu), feC0, x02), f(t0,0)=0,
vt>0, chung t6i thu duoc két qua ton tai va duy nhat nghiém tong quat hon
trong [5].

® Trong truong hop u=1, f e C}(Qx[] L x0¥), f(1,|t|,u,v,W) =0,Vvt,u,v,well,

va diéu kién bién trong [11] thay cho (2), ching tdi ciing thu dugc mot s két qua
tuong tu trong [11, 13].

3. Khai trién tiém can ciia nghiém theo tham s6 bé
Gia st rang (H,) - (H,) ding. Ta thanh lap thém cac gia thiét sau
(H)) meC*(.),
(H,) f, eCHQxD, x0?%).

Ta xét bai toan nhiéu sau déy, trong d6 ¢ e (-1,1) la tham sb bé:
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utt _%(ﬂg(u)ux): Fg(x’t’u'ux’ut)’ O<X<1’ O<t<T'

u(0,t) =u(Lt) =0,

(P.) {u(x,0)=0y(x), u (x,0) =0,(x),

1, (U) = p(u) + e, (U),

F.(x,t,u,u,,u) = f(x,t,u,u,u)+ef(xtuu,u),

X!

Goi u, eW,(M,T) la nghiém yéu cta bai toan (P,) twong tmg véi =0
(nhu trong dinh 1y 1).

Khi do, ta dinh 1y sau

Pinh Iy 2. Gia sir (H,) - (H,) ding. Khi dé, ton tai cic hang sé dwong
M,T sao cho Véi méi e (-11), bai toan (P,) cO mét nghiém yéu duy nhdt
u, eW,(M,T) thoa danh gia tiém cdan sau

u, —u,

&

us _UO

L”(0,T;HJ) + L”(0,T;L2) < CT |‘9|’ (22)

trong C, la o duong chi phu thudc vao
T, M, K(M,u), KM, ), K,(M,T, f) va K,(M,T, f).

Trong phan tiép theo, ching tdi thu dugc mot khai trién tiém can cia
nghiém yéu u_ dén cap N +1 theo tham sé bé &. Bé cho gon, ta ding ky hiéu

flu]= f(x,t,u,Vu,u).
Vi mbi da chisb a =(aj,..,a,) €0 VA x=(x,..x,) el ", tadit

an

{|a|=al totay, al=oloay !, X=Xy,

a,pel,a<p < a <pB, Vi=1..,N.
Bay gio, chung ta thanh lap bo sung thém céc gia thiét sau
(Hg) peC™?(0 ),  eCY(0 ), u(@) 2 py =1, Vzell
(H,) feC"(Qx0, x03%), f,eCN(@Qx0 , x0%).

Trudce hét, ta can sir dung bd dé sau
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B6d&2.Chom, Nel, x=(x,...xy) el " va g el). Khi do

(i xieij =3 R ()", (23)

trong @6 hé s6 PM™(x), m<k <mN phu thudc vao X =(x,,...,x,) duoc xdc

dinh boi cong thurc

P (X) = P (X, ... %, )

I
Z ﬂl'x",mSKSmN,

aelém) a

N
1™ ={aeDT Ja|=m, i, =k}.
i=1

(24)

Viéc ching minh b6 dé 2 dugc nghiém lai tir cac phép tinh toan dai sd
thong thudng nén ching tdi bo qua chi tiét.

Goi u,eW,(M,T) la nghiém yéu cta bai todan (P) va
u eW,(M,T), I=1..,N

(véi M >0 va T >0 la cac hing sb thich hop) 1an luwot 1a nghiém yéu cia
cac bai toan sau
.0
U, —&(u(uo)Vu,)z Flul 0<x<1,0<t<T,

(Q|) U, (O’t) =y (Lt) =0, (25)
U, (x,0)=u,(x,0)=0, 1 =1,...,N,

o day

CO[f], |f I ZO;
Flu]= Cl[f]+c|_1[f1]+i§[(dk[u]+dk_l[ﬂl])w,_k], if 1=1,..,N, 20)
VGi
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flu,]= f(x,t,u,, Vug,u,), if 1=0,
I 1 POADT
6Lf1={2 2 gD DD Lol 27)
x Yy PP (vu)RM), if I=1..,N,
S
u(u,), if 1=0,
d[u]=1< _ 2
[ Zilu@)(uo)P,[P](u), if 1=1..,N, (28)
p=1 p
va PP (u)=R™ (U, uy), R (Vu) =R (Vu,,...,Vuy),

PP (u) = RV (Uy,... uy).
N .
Let u, eW,(M,T) langhiém yéu cia bai toan (P,). Khido v=u,-> &'y
i=0
=u_—h=u,—u,—h langhiém yéu cta bai toan bién sau

v—%(ug(w h)Vv)=F [v+h]- Fg[h]+%[(y8(v+ h) -, (h))Vh]

+E,(xt),0<x<1,0<t<T, (29)
v(0,t) =v(Lt) =0,
v(x,0)=v(x,0)=0,
trong do
E.(x )= L[N F[u]+ [ (1. () - () VR ] - Y o Fi ) (30)

Khi dé, ta c6 bd dé sau
Bo dé 3. Gia sir (H,), (H,) va (H,) ding, ta co

E

&

L*(0.T;L2) SC(M’T’N’@’QO)MNH (31)

trong d6 C(M,T,N,K,Ko) 1a hang s6 dwong chi phy thuéc vao M,T,N va
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cac hang sé sau

R=R(|v|,N,u,ul)=sup{(\u“>\+\uf”\)(n):|n|s|v|, 0<i<N+1, ostN},
Ko=Ko(M,T,N,f, f)=sup{ > (D D; Dy D" f

|er]<N -1, BI<N

+‘Df1 DD/ D fl‘)(x,t,u,v, w): (x,t,u,v,w) e D},

Voi
a=(oy,05,0,0)€l?, B=(B,Bs B Bs) el
D={(x,t,u,v,w):0§ X<1,0<t<T,ul,]v.|w< M}.
Chumg minh chi tiét bo dé 3 c6 thé xem trong [15].

Str dung bd dé 3, ta xdy dung duoc dinh 1y sau (chimg minh chi tiét c6 thé
tim thay trong [16])

Pinh ly 3. Gia st (H,), (H,) va (H,) dang. Khi d¢, ton tai cac hang sb
M>0 va T>0 sao cho, véi mdi & e(-11), bai toan (P.) c6 nghiém yéu duy

nhat u_e W,(M,T) théa d4nh gia tiém can dén cdp N +1 nhu sau
Hu—Z:iN:ouiei +HU—ZiN:0L]i8i

trong d6 €1 la hang s6 duong doc lap v6i & va cac ham u,,u,,...u, la

S@T |8|N+l, (32)

L”(0,T;Hg) L”(0,T;L%)
nghiém yéu cua céc bai toan (P), (Q), ... (Q,) twong tmg.

Chay?2

e Voi u=1 p=0, f,=0, f="f(tuu) va feC" ([, x0?), ching toi
thu dugc mot sd két qua trong [5].

o Véi u=1 =0, feCV([0,4x0,x0°% va f eCV(0,1x0  x0?),
chung t6i ciing thu duoc cac két qua tuong tu trong [11, 13].
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Tom tat
Vé mdt phwong trinh séng phi tuyén lién két véi diéu kién bién Dirichlet:

Sw ton tai va khai trién tiém ciia nghiém

Bai bdo dé cdp dén bai toan gia tri bién - ban dau cho phwong trinh séng phi tuyén

U, _%(ﬂ(u)ux) = f(x,t,u,u,,u,), 0<x<1, 0<t<T,

u(0,t)=u(Lt) =0, *)
u(x,0) = Uy(x), u, (x,0) = 0, (x),

trong d6 Gy, G, u vaf la cac ham sé cho trude. Trong bai béo nay, ching
toi lién kér bai toan (*) Véi mét so do xdap xi tuyén tinh, két hop véi phwong phdp
Faedo — Galerkin va compact yéu d@é chimg minh sw ton tai va duy nhat nghiém dia
phwong cua bai t0an (*). Trong trwong hop cdc ham ueC"*?(U ), w eC"(0)),
ut)y=1 vt>0, feC"™([0,1x0  x0°%) va f, eC([0,0x0 ,x0°%), khi @6 ta thu
dwoc mot khai trién tiém cdan cia nghiém yéu u, (x,t) dén cd'p N +1 theo tham sé bé

& cho phwong trinh sau lién két voi (*), 5:

Uy —%([u(u)Jrgul(u)]ux) = f(x,t,u,u,u)+ef(x,t,u,u,u).m

Abstract
On the nonlinear wave equation associated with the Dirichlet boundary
condition: Existence and asymptotic expansion of solutions.

The paper deals with the initial - boundary value problem for the nonlinear
wave equation

U, _%(ﬂ(u)ux) = f(x,t,u,u,,u,), 0<x<1,0<t<T,

u(0,t)=u(Lt) =0, *)
u(x,0) = Uy (x), u, (x,0) = 0, (x),
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where ,,0, and f are given functions.

In this paper, we associate with problem (*) a linear recursive scheme for
which the existence of a local and unique weak solution is proved by applying the

Faedo — Galerkin method and the weak compact method. In case of ©eC"*?(0 ),
w eCN(O ), u(t)>1 vt >0, f e CN(0,2]x) , x[1 %) and
f, e CV([0,2]x0 . x[1®), a weak solution u_(x,t) having an asymptotic expansion of

order N+1 in a small parameter & is established for the following equation
associated to (*),.3:

U, —%([u(U)Jrg/ll(U)]Ux) = f(x,t,u,u,,u)+ef (x,t,uu,u,).
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