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VE MQT PHUONG TRINH SONG PHI TUYEN LIEN KET
VOI PIEU KIEN BIEN KHONG THUAN NHAT CHUA TiCH CHAP

Lé Nguyén Kim Hing', Lé Thi Phwong Ngoc'

1. Mé dau

Xét bai toan gia tri bién ban dau cho phuong trinh song phi tuyén sau day:

o= (u(x0)u) + £ () = F(x1), 0<X<10<t<T, @
u(0.8)u, (0.t) = gy (1)+ [ ks (t=5)u(0,5)ds, (2)
(1), (1) = g, () + [k (t-5)u(1.s)os, ©
1(%,0) = (x), u,(x0) =, (x). @

trong do f (u,u,)= K|u|p_2u+ﬂb|ut|q_2 u vap,q>2,K>0,1>0 lacéc hing s6

cho trudc; F, w, go, g1, Ko, K1, Uo, U1 1a cac ham cho trude théa man mot sb diéu
kién s€ dugc chi rd ¢ muc sau.

Trudc day, An va Triéu trong [1] d4 nghién ctru mot trudng hop dic biét
cia bai toan (1), (4), voip=1;up=u:=0Vva f(u,u)=Ku+Au, lién két véi diu

kién bién duai day:
u, (0.t) =g, (1) +hu(0,t)— [ k, (t—s)u(0,5)ds, (5)

u(Lt)=0, (6)

trong d6 cac hang s6 K >0, L >0 va cac ham sé g, k dugc cho trude. Bai toan (1)
, (4) — (6) 1a mdt md hinh toan hoc moé ta sy va cham ciia mot vét ran va thanh
dan hdi nhot tuyén tinh tya trén mot nén cimg [1].
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Trong [2], cac tac gia Bergounioux, Long va Dinh d& xét bai toan (1), (4)
voi f(u,u,)=Ku+Au, va diéu kién bién:

u, (0.t)=g(t)+hu(0,t)- [ k(t-s)u(0,s)ds, (7)
u, (Lt)+Ku(Lt)+Au (Lt)=0, (8)

& day K>0,1>0,h>0,K:>0, L:> 0 la cac hang sb cho trude va g, k 1 cac
ham cho trudce.

Truong hop f (u,u)=Ku[" " u+2lu["u, véi K, L > 0; p, q > 2 va cac
ham cho trude trong diéu kién dau 1a (Uo, u:) € H2xH?, bai toan (1), (4), (7) va
(8) ciing d& duoc céc tac gia Long, Dinh va Diém nghién ctru, xem [9].

Dic biét, trong [9], Ngoc, Hang, Long di thu duoc sy ton tai duy nhat
nghiém, tinh 6n dinh va khai trién tiém can nghiém cua bai toan (1) — (4) cho
truong hop f (u,u,)=F (u)+Au,, trong d6 A 13 hing s6 va F eC*(1) thoa man

diéu kién sau: IZ F(s)ds>-C,z*-C/,vzel, C,C/ >0 cho trudc.
0
Trong bai b&o nay, ching tdi chimg minh sy ton tai duy nhat nghiém cia

bai toan (1) — (4) cho trudng hop f (u,u,) = Klu"*u+2|u|" " u, véi K> 0,1 >0
vap, q > 2. Két qua thu dugc & day c6 thé xem nhu I sy tong quat ctia cac két
qua trong [1], [2], [5] - [9]-
2. Sw ton tai va duy nhat nghi¢m

Trong muc nay, cac khong gian ham théng dung sau day sé dugc dé cap:
C"(Q), L"(Q), W™ (Q) véi Q = (0,1). B¢ tién cho viéc st dung, ta ky hiéu
W™P =W™P(Q), LP =W*P(Q), H" =W"?*(Q),1<p<o0, m=0,1,...(xem [3])

Ky hiéu chuén trong L2 sinh béi tich v6 huéng (--) béi |-| va chuan trong
L* bai |- .

Voi (X,|-|,) 1a mot khong gian Banach thyc, T > 0, ta ky hiéu L°(0,T; X)
la khdéng gian Banach gom tat ca cac ham do dugc u: (0,T)— X sao cho:
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Up )
”u"L"(o,T;x) :(J.OT "u (t)”i dt) <oc, VO1 1 <p <o,

Jull orox) =esssup|u(t)|  <or, voi p=oo.

Cac ky hiéu u(t), u” (t)=u, (t), u,(t) va u,(t) ciing duge st dung dé lan

, ou o’u ou . ou
lu'Q’t chi U(X,t), E(X,t), a?(x,t), &(X,t) vVa y(x,t)

Trong H, xéet chuan duoc dinh nghia nhu sau:

1/2
Ve = (I ) 9)
Trude tién ta ¢ bo dé sau:
Bo dé 2.1. Phép nhiing H! £ C°([0,1]) la compact va
||V||c°([0,1]) = \/§||V”H1 (10)

Chtmg minh bb dé nay 1a khong kho khin, nén dugc bo qua.

Ta thiét lap cac gia thiét:

Khi d6 ta thu dugc dinh 1y sau day vé su ton tai va duy nhat nghiém.
Pinh ly 2.2. Gid sir cdc gid thiét (H,)—(H,) duoc théa man. Khi do, véi
moi T > 0, bai toan (1) — (4) ¢6 duy nhdt mét nghiém yéu u sao cho:

uel”(0,T;H?),u el”(0,T;HY),u, eL"(0,T;L%). (11)

Chirng minh. Chimg minh cua dinh 1y 2.2 gém 5 budc:
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Bwéc 1. Thue hién phwong phdp xdp xi Faedo - Galerkin. Goi {Wj}j : la

mot co s& dém duoc ciia H2. Ta tim nghiém x4p xi cta bai toan (1) — (4) dudi

dang:

un (t)= ¢y (W,

j=1
0 day u,, (t) thoa mén la hé phuong trinh vi tich phan sau:
(um (8),w )+ (0 (8), Wy, )+ Py (D) (0)+Q, (D) w (1)
+ K<|um|p_2um,wj>+/l< A
)+J.0 0
)

o
t
g,(t +J'Ok1

u

=

x~

t

P.(t)=9
Qn (1)

(t—s)u,(0,s)ds,
(t—s)u, (Ls)ds,

m

mj

L‘IOm =
L‘Ilm =

u, (0)
uy, (0)

> Byw; —>u, trong H™.

m
D oW, —>u, trong H?,
-1
m
=1

2ur’n,wj>=<F(t),Wj>,1£jSm,

(12)

(13)

(14)

(15)

Bang cach bién doi hé (13) — (15) thanh hé phuong trinh twong duong cb
cac an ham la céc Cy (t) va ap dung phuong phap diém bét dong, ta s& ching

minh dugc hé (13) - (15) c6 duy nhat nghiém (u,,P,,Q,) hdu khip noi trén

[0,T] €[0,T]. Cac danh gia tién nghiém dudi day cho phép ta liy T, = T Véi

moi m.

Buwdre 2. Thuce hién danh gia tién nghiém 1.

Thay (14) vao (13), va nhan phwong trinh thtr j ctia (13) véi ¢, (t), sau do

lay tong theo j va tich phan theo bién thoi gian tir 0 dén t, ta thu dugc
Su(t) =8, (0)+ [ ds[ g’ (x,5)u2, (x,5)dx~2] P, (s)u} (0,5)ds
—2‘|.;Qm(s)ur’n (1,s)ds+2J.0t<F(s),ur’n(s)>ds
=Sm(0)+i'j,

j=1

(16)
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trong do
17)

[t (O +[yu O, (0]

Céc s6 hang 1, j=1,2, 3,4 & vé phai ctia (16) s& dugc danh gia lan luot

2K
+T"um )l

nhu sau.

Tir (17), ta thu duoc bat dang thic

Jun @ <25, (1), (18)
U

0

dan dén

! . QT)J';Sm(s)ds. (19)

Dung tich phan timg phan d6i v&i 12, p dung bo dé 2.1 va bat dang thire

2ab < paz+(1/ B)b2, va, bell, VB >0, (20)
ta co:
< 2|g, (0)u, (0)|+ﬁgo #2000, +28]un (1)
(L 0h S Kl o Bl o @
<C; +28u, (1) H1+qjo||um s

V6i B> 0 va C, 1a mot hang sb chi phu thudc vao T. Chl ¥ rang, ky hiéu C, s&
luén duge sir dung trong muc ndy véi y nghia d6 va ludn chon duge C. dii 16n dé
cac truong hop duge xét dén twong ty nhu bat dang thuc sau cling ¢ (21) thoa
man.

Ta cling ching minh dugc

<C; +28u, (1) il +C; J'Ol”um (s) il ds. (22)

I <—J'||F |ds+ﬁj' (23)
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Két hop (16), (19), (21) — (23) va chon B = % 11,, dong thoi ap dung céac bat
dang thirc

U (t)||2 <Cy+ 2th S, (s)ds,

(24)
Ju, (V)] o < Jun ( )] +un, (0)] <C, +2tj S, ds+ﬂ—S (1),
0
trong d6 Co 1a mot hang s6 phu thudc vao uova, ta thu duoc
Sn(t)<M; +25, (0)+N, [ S, (s)ds, (25)
trong do
M, = 2{2(:T +4BC,+2TC,C, +%J.OT||F (s)||2 dsj,
(26)

_ 26, 1y,
NT—Z[ﬁ+8ﬁT+4T S, %“y L”(Qr)j'

Tir cac gia thiét (H:) — (H.), (Hs) va bo dé 2.1, ton tai hang s6 duong M

phu thudc vao uo, us, Ko, K1, go, g1, F, u, sao cho
S, (1) <M, +NI s)ds, vm, vt €[0,T]. (27)
Str dung b6 dé Gronwall, tir (27) ta suy ra:
S, (t)<M, exp(tN, ) <C,, vt[0,T]. (28)

Buwére 3. Thuce hién danh gia tién nghiém I1.

L4y dao ham hai vé cta (13) theo bién thoi gian t, ta co:

Qun’ ()W )+ (o () (8, W5 )+ (42" () Ui (1), W5, )+ P (8) w; (0)

#QU (1), (1)+ K (p-1){Jun " w4 2 (a-2){Jus | uiw, 29)
=<F’(t),wj>, 1<j<m.

Nhan phuong trinh thir j cua (29) véi ¢, (t) va liy tong theo j, sau do tich

phan theo bién thoi gian tir 0 dén t, ta thu duge
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Xy (£) = X (0)+ 24 (0) Uty ) +3], dsI ) (x.5)]
—2< ’(t)umx(t) ul, >+2J.< "( ( )., (s)>ds

+2I< >ds 2K (p-1) <|u " ul ullds (30)

m?

—2J. up (0,s)ds— 2J.Q (s)uy (1,s)ds

= Xm(0)+2<ﬂ/(O)U0mx'u1mx >+Z7:Ji’

i=1

trong do

up ( H HFU H +22(q 1I

Tir cac gia thiét (H1), (H4), (Hs), (31) va phép nhing H(0,1) £ C°([0,1]),
ton tai héng ) duong Do phu thudc vao uo, u:, p, F, sao cho:

Xm(0)+2<y/ (O)UOmx 1mx >< D (32)

Dung bd dé 2.1, (28) va (31), ta thu duoc cac bat dang thirc:

o (0] 2%, (1),

Hy
U, (x,1)|<C;, (33)

u ()< 501/Xm(t)+c

Tir d6, céc tich phan & vé phai cta (30) duoc danh gid 1an luot nhu sau:

(x, s,)‘q_2 u{n’(x,s)‘2 dx. (31)

jx @<cjx s)ds. (34)
+ﬁX t)<C; +BX, (1) (35)
J,<C, +C, I;H#”(S)\L X,y (s)ds. (36)

; ur’n’(s)H2 ds<C, +J';Xm(s)ds. (37)

<[IF' )
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3o 2K (P-1)C2[ S, (5)y/X, (5)ds <C; +C; [ X, (s)ds. (38)

Dung tich phén timg phan dbi véi J,, va str dung (15), (33), ta thu dugc

3, = 2P/ (0)u,, (0)—2P/ (0)u’, (0,t)—2u/, (o,t)jot P/ (s)ds

(39)
t t
+2[ P/ (s)up(0,5)ds <Cp +28X,(1)+2C | X, (s)ds.
M4t céach tuong tu, ta co:
3, <C; +2BX,, (1)+2C; [} X, (s)ds. (40)

Két hop (30), (32), (34) — (40), ta thu duoc

X (1)< Dy +6C; +5X, (t)+(6C; +1)[ X, (s)ds+Cy [ " (s)], X, (s)ds. )
<Cy +56X, (1)+C; [ (1+]u" (s)], ) X (s)ds.

Chon p=1/10, tir (41) ta thu dugc

X ()<2C, +2C, [ (14" (s)] ) X (5) . (42)

Ap dung bét dang thirc Gronwall, ta co

X, (t)<2C, exp(chjo‘(nHy” (s)”x)ds) <C,, vte[0,T]. (43)

Mat khéc, tir cac gia thiét (H:), (H:) va (14), (28), (43), ta thu duoc

[Pl o) < Cr (44)

”Qm ”\Nz‘“‘(O,T) s CT ) (45)

Buéc 4. Qua gidi han. Tir (28) va (43) — (45), ton tai cia mot ddy con cia
day {(u,,P,.Q,)}, van ky hi¢u Ia {(u,,P,.Q,)}, sao cho:

u, >u  tong L*(0,T;H") yéu*,

m

/ /

u, —>u’ trong  L7(0,T;H) yéu*,

ul —>u’ trong  L(Q) Yeéu,
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u’ —u"  trong L“(O,T;LZ) yéu*,
u, (0,0) > u(0,0) trong W (0,T) yéu*,
U, (L) > u(L0) trong W (0,T) yéu*,
P,—>P trong W (0,T) yéu*,

Q,—>Q trong W (0,T) yéu*.

(46)

Theo bo dé compact caa Lions [4, p.57], tir (46) ta suy ra ton tai mot day

con van ky hiéu {(u,,P,.Q,)}, sao cho:
u,, —Uu manh trong L*(Q, ), vaa.e. trong Q.,
u,, ->u’ manh trong L*(Q; ), vaa.e. trong Q;,
u, (0,0) > u(0,0) manh trong C° ([OT])
U, (L) > u(LL) manh trong C° ([OT])
P — P manh trong Cl([O,T]),
Q,, — Q manh trong Cl([O,T]).

T (14) va (47)3.4 ta co

Ry (1) 80 (1)+ [k (t-5)u(0.5)d8 = (1), manh trong C°([0T]).

Qu (1) =, (t)+ [k, (t-s)u(1,s)ds =Q(t), manh trong C°([0,T]).

Dung bat dang thirc

‘|x|p'2 x—|y["* y|<(p-1)R"2|x~y| ¥x,ye[-R,R],

Vi moi R >0 vap > 2, tir (33), va (47): dan dén

i

lu,|" " u,, —[ul”* u manh trong L2(Q, ).

m

Tuwong tu, tir (33)s, (43), (47)2, ta co
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u [0 5 |u/["" o’ manh trong 12(Q, ). (52)
m T

m

Qua gidi han (13), (15) nho vao (46)124, (48), (49) va (51), (52), ta co u
thoa bai toan bién phan sau day:

<u” (t),v>+<y(t)uX (t),vx>+ P(t)v(0)+Q(t)v(1)+K <|u|’)'2 u,v>

) (53)
+A<‘u/‘ u/,v>=<F(t),v> vV e HY,

véi didu kién dau

u(0)=u,, u'(0)=u, (54)
trong do

P(t)= j; ko (t—s)u(0,s)ds, Q(t)= jo‘ k, (t=s)u(Ls)ds. (55)

Mat khac, tir (46)124, (53) va céc gia thiét (H+), (He), ta thu duogc

u, = ﬂ(i,t)(u” +Ku["u +/l‘u/‘q_2 u' - pu, — F) el (0,T;L). (56)

Do d6 ue L (0,T;H?) va sy ton tai nghiém u cuia bai toan (1) - (4) da dugc
chirng minh.

Buéc 5. Tinh duy nhdt nghiém. Gia st u1, U= la hai nghiém yéu cia bai
toan (1) — (4) thoa

u; e L (0,T;H?), uj e L (0,T;HY), uf e L (0T; %), j=12 (57)

Khido, (u, P, Q) véiu=u: —U: vaP=P: -P., Q=0Q:-Q: thoa mén bai
toan bién phan:

(U” (£),v)+(u(t)u, (1),v, )+ P()v(0)+Q(t)v(1) + K <|u1|p'2 u, —[u,|”? ul,v>

+l<‘ul"q_2 u; —‘ué‘q_z ué,v>=0 vveH?', (58)

u(0)=u’(0)=0,

trong do

35



Tap chi KHOA HOC PHSP TP. HCM S6 16 nam 2009

P(t) = k (t—s)u(0,s)ds, Q(t)=[ k, (t—s)u(Ls)ds. (59)
L4y v = u’ trong (58) va tich phan theo bién thoi gian tir 0 dén t, ta duoc
Z(t) =J';<y/ (s)u; (s >ds ZI (0,s dsI s—r)u(0,r)dr
_2J' (Ls) dsJ' (s—rju(Lr dr—2KJ'0<|u1|p'2 u, — [y |”? ul,u’>ds (60)
4
:ZLJ"

j=1

trong do

z(t)=|u' (t) +

Ta d4nh gia cic tich phan L, L,, L, twong tu & budc 2. Trudce hét, ta co:

O 2] (i ui s ui s, (61)

1 t
L < u_oH“/HL“QT) L 7 (s)ds. (62)

Str dung céc bat dang thirc sau

lu(f <t L Z(s)ds, Ju()f’, <t L Z(s)ds + Hioz (®, (63)
ta 6

B ng(t)JrCT (ﬂ,ko)I;Z(s)ds, (64)
v6i

C, (B.k,) =BT +[4\k \+ ko[l + o cor j[T2+uioj'

Mot cach twong ty

L, sﬂﬁoza)mT (ﬂ,kl)I;Z(s)ds. (65)

Tir bat dang thtc (50), ta cling ¢6
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L, sZK(p—l)Cl”ZrZ(s)ds, (66)

0

v6i C, = max|u,
=L

Lf(o,T;HZ) '

Két hop (60), (62), (64) — (66), ddng thdi chon B = %, ta suy ra duoc:
t

Z(t)sNTI Z(s)ds, Vte[0,T], (67)
0

g 2 :
voi N, = ﬂ_OH“/HmQT) +2C, (B.k,)+2C, (B.k,)+4K(p-1)C .

Str dung bo dé Gronwall, ta thu duge Z = 0 va dinh 1y 2.2 dugc chimg minh
xong.
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Tom tit.

Vé mjt phwong trinh séng phi tuyén lién két véi diéu kién bién khong
thuin nhit chira tich chap

Trong bai b4o nay, ching tdi nghién citu si ton tai va duy nhdt nghiém ciia
bai toan gia tri bién ban dau cho phwong trinh séng phi tuyén:

U, —%(ﬂ(x,t)ux)-i- K|u|p_2 u+/’L|ut|q_2 u =F(xt), 0<x<10<t<T,

t

(*) p(0,t)u, (0,t) =g, (t)+ J.O ko (t—s)u(0,s)ds,

—u(Lt)u, (L) = g, () + [k, (t-5)u(
u(x,0) =, (x), u,(x,0)=u,(x).

6diyp, q>2 K>0, 1> 0lacac hang sé cho truéc va F, u, g0, g1, Ko, Kz, Uo,

1,s)ds,

u: 1a cac ham cho trudc thod cdc diéu kién sau: F,F e *(Q); ue Cl(a),
uneLl(O,T;L“), p(x,t)=pu, >0 ae(xt)eQ va (Uou:,gog:Koek:) thuge

H2xH1x(H2(0,T))2x(W“(O,T))Z. Trong ching minh, phwong phdp Faedo-

Galerkin, phwong phdp compact yéu va cac Ky thudt cia giai tich ham phi tuyén
dwoc dp dung. Két qua thu dwoc da Cai tién két qua vé tinh gidi dwoc va gidi
dwoc duy nhdt trong bai bao méi day [9].

Abstract
On a nonlinear wave equation associated with the nonhomogeneous
boundary conditions involving convolution.

In this paper, we show that there exists a unique solution of the following
initial-boundary value problem for the wave equation:

U, —%(ﬂ(x,t)ux)-i- Klu"“u+2lu]™"u =F(xt), 0<x<10<t<T,
) 1(0,8)u, (0.t) = gy (t) + [ k, (t—5)u(0,5)ds,

—u(Lt)u, (Lt) =g, (t)-i—J.O k, (t—s)u(

u(x,0)=u,(x), u (x0

~—
I
c
=
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>
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where p, q >2, K> 0, A > 0 are given constants and F, u, go, 91, Ko, Kz, U, U
are given functions such that (uo,u:,go,g:,Ko,k:) € H2 x Hx (H%0,T))?
x(W2(0,T)); F,Fel’(Q); neC(Qr), ty € L1(0,T;L7),
p(xt)=u, >0ae (x,t)eQ,. The proof is based on the Faedo — Galerkin

method associated with the weak compact method. The result obtained here
improves the one in recent paper, see [9].
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