Tap chi KHOA HOC PHSP TP. HCM Pham Thanh Son va cac tac gia

PHUONG TRINH SONG TUYEN TiNH
LIEN KET VOI MQT BAI TOAN CAUCHY
CHO PHUONG TRINH VI PHAN THUONG

Pham Thanh Son’, Lé Khanh Lu@nT, Trin Minh Thuyé'ti
1. Giéi thiéu.
Bai béo dé cap dén bai toan gia tri bién ban dau cho phuong trinh song
tuyén tinh sau day

S

[un— mtu, + Ku+lu = f(x,t), 0<x<1 0<t<T,

mt)u, (0t) = Y (t), - mt)u (Lt) = Il‘ut(l,t)‘a_zut(l,t), (1.1)
lu(x,O) = %(x), u,(x,0) = 9x),

trong do K, 1,1, a lacac héng s6 cho trude; m f, %, & la cac ham cho trude
thoa cac diéu kién s& dat ra sau; an ham u(x,t) va gia tri bién chua biét Y (t)
thoa mén bai toan Cauchy cho phuong trinh vi phan thuong sau

S

Y &)+ pY @) + oY (1) = bu,(O1), 0<t<T,

*Y 0=V, Y=Y, (1.2)

trong dé p,q, b,Y,, Y, lacac hang sb cho trudc, véi p?- 4q < 0.

Bai toan (1.1), (1.2) va cé4c dang twong tu Véi cac diéu kién bién khac nhau
d4 duoc quan tdm nghién ctu boi nhiéu tac gia (xem [1] — [8]) va céc tai liéu
tham khao trong do

Trong truong hop mt) ° 1, cac tac gid Nguyén Thuc An va Nguyén Dinh
Tridu [1] d4 xét bai toan (1.1)13, (1.2), véi

fx,t)=0 p=09g>0 &%=09=0Y, =0, (1.3)
trong d6 diéu kién bién (1.1), dugc thay thé boi

u (0,t)=Y (), ut)=o. (1.4)

" Hoc vién Cao hoc Gidi Tich K18, DPHSP Tp. HCM,
' ThS, Truong DH Kinh té Tp. HCM,
¥ TS, Truong PH Kinh té Tp. HCM,
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Trong truong hop nay, bai toan (1.1);3, (1.2), (1.3), (1.4) mod ta dao dong
cia mot vat ran va mot thanh dan hdi nhét twa trén nén cung.

Trong [2], Bergounioux, Long, Dinh, d& nghién ctu bai toan (1.1), 3, (1.2),
Vo1
mt)° 1L p=04g>0 (1.5)
trong d6 diéu kién bién (1.1); dugc thay thé boi

u(0t)=Y({), - u@t)y=1u@t)+ Kut), (1.6)

V6i cac hang sb cho trudc I, >0, K 3 0. Nhu vay bai toan chung toi xét voi
diéu kién bién phi tuyén tong quat hon (1.6) twong tng véi K, = 0.
Tir (1.2), ta biéu dién Y (t) theo dang

Y (t) = g(t) + bu(0,t)- k(- s)u(0,s)ds, 1.7)

0

trong do

gt) = e gYo - U (0))coswt + Wt (aY, + Y, + au,(0)- ul(o))sinwtg

k(t) = bw & ™ %awcoswt + (W>- a®)sin th

VGi a = % W= 4/4q- p°.

Do d6 bai toan (1.1), (1.2) dugc dua vé (1.1), (1.7).

Bai bdo gom 4 phan chinh. O phan 1, dwa vio phuong phap xap xi Faedo -
Galerkin lién hé voi cac danh gia tién nghiém, chdng toi chung minh bai toan
(1.1), (1.7) ton tai va duy nhat nghiém yéu toan cuc. CAc phan sau dugc xét trong
truong hop a = 2. Phan 2 khao sat tinh tron va tinh 6n dinh ciia nghiém phu
thudc vao dir kién bai todn. Phan 3 nghién ciru dang diéu tiém can ciia nghiém
yéu khi I, ® 0,. Cubi cting, phan 4 trinh bay mot khai trién tiém can cua nghiém
yéu cua bai toan (1.1) — (1.3) d&én cap N + % theo ba tham s6 bé K, I, 1. Két

1
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qua thu dugce & ddy 1a mot sy tong quat hoa mot cach twong ddi cac két qua trong
[1-5].
2. Céc ki hi¢u

bat W= (0,1). Trong bai nay, cac ki hiéu L° = L°(W, H™ = H™(W duoc
su dung va cho phép ching tdi bé qua dinh nghia cta cac khdng gian ham théng
dung d6. Tich v6 hudng trong L* va chuan sinh boi tich vo hudng nay lan luot
duoc ki hiéu bai &ofi va || x| . Ki hiéu &ofi ciing dugc dung dé chi tich d6i ngau
ciia mot phiém ham tuyén tinh lién tuc véi mot phan tir cia mot khdng gian ham.
Ki hieu [+, la chuan cua khong gian Banach X. Ki hiéu

L’(0T;X), 1£ p £ ¥, dé chi khdng gian Banach cac ham thuc u : (0T ) ® X do

duoc, sao cho || u ||L,, o7 530S +¥ VoI

I
||u(t)||§dt%, khi 1£ p< +¥,

0

Lp 0T ;X)
|esssup||u(t)|| khi p= ¥

0<t<T

Ta cling ki hieu W (T)={vT L*(OT;H"):v, T L¥(0T;L*} la khong gian

Banach thuc véi chuan dinh bai
|| v ”\N(T): || Vt |||_¥ (or ;LZ) + || v ||L¥ (or ;Hl) .
Bo dé 2.1. Phép nhing H'—C °(W 1a compact va

£ \/EHV

3. Tén tai va duy nhat nghiém

"vl H.

Ht'

cow

Ta thanh lap cac gia thiét
(A) (BT H' L
(A) 1 LYOT;LY,

(A) mic’[T], mt)s m >0 mel L'(OT),
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(A) g kTW™M0OT),
(As) a2 2b>0 1, Ti, K, ITj.

Khi do, ta c6 dinh 1i sau

Pinh 1i 3.1. Cho T > 0. Gid st (Ay) — (As) diing. Khi d6, bai toan (1.1),
(1.7) ton tai duy nhat nghiém yéu (uY )TW (T)” L* (0,T) sao cho

u(0,3T L¥(0T), u(LyTw*>@(0OT). (3.1)
Chirng minh dinh li 3.1. Chimg minh dinh 1i gdm 4 budc.
Buwéc 1. Xip xi Galerkin. Chon co s¢ dic biét {w;} cia H ' nghiém x4p xi
caa (1.1), (1.7) dugc tim dudi dang
u, =3 c,Ow, (3.2)
j=1

trong do, ¢ .(t) la nghiém cua hé phuong trinh phi tuyén sau

(use),w, )+ me) (u,, (€)W, )+ Y, (W, (0) + H_(ug(L t)w,(1)
+ (Ku, @+ lug®).w,) = (fO.w,), = 1m,

u (0)=u,,ué0=u_, (3.3)

t

Y, (t)=g(t)+ bu (0,t)- Qk(t- s)u,(0s)s,

0

a-2
H.(z) = ‘z‘ z,
trong do,
u, = é_l a,w, ® % manh trong H*, (3.4)
=
u, = a bW, ® % manh trong L°. (3.5)
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V6i T > 0 cho trude, chung t6i sir dung dinh 1i diém bat dong Schauder dé
chimg minh h¢ (3.3) ¢6 nghiém c(t) = (c,(t),-...c_(t)) trén khoang [0,T_11 [OT ].

B6 dé3.2.Cho T > 0. Gia sir (Ay) — (As) diing. Khi do, ton tai T_ > 0 sao
cho hé (3.3) c6 nghiém c(t) = (c,(t),....c_(t)) trénkhodng [0,T 11 [O,T ].

Danh gi4 tién nghiém sau diy cho phép ta lay T =T, "m.

Buwdc 2. Danh gid tién nghigm. Nhan (3.3); voi c¢ (t) va lay tong theo j,

sau d6 tich phan theo bién thoi gian véi can tir 0 dén t, va cudi ciing ap dung bod
dé Gronwall, chiing ta thu duoc két qua nhu trong bd dé sau:

Bo dé 3.3. Ton tai mét hang s6 C? chi phu thugc vao T sao cho

t

Hu) [+ [lu_ @) 7 +u20,t)+ 1 lub®s)[*ds£C¥, "tT [OT] " "m.
0

Buwéc 3. Qua gidi han. Tir két qua ctia B6 dé& 3.3 va cac dinh 1i nhing
compact, ta thu dugec mot ddy con caa ddy nghiém xap xi hoi tu vé nghiém yéu
cta bai toan. Trong qua trinh chuyén qua gidi han cia s6 hang phi tuyén chung
t6i d& sir dung bd dé sau.

Bo dé 3.4. Gid sir u la nghiém yéu ciia bai toan sau
Ju® mtu, =F, 0<x<1l 0<t<T,
mt)u (0,t) = bu(0,t) +Y (t), - mt)u (Lt) = Z(t),

u(x,0) = @(x), ux,0) = Gp(x),
|u TWT),u03T L*(OT), u@yT H}OT),Y TW*™0OT).

(3.6)

Khi do, ta co

1 1 1 1 1.
S{u) [P+ =mt) [Ju ) 172 Zlu, [P+ =mO0)[|u, [P+ = m&s)|lu (s)]]” ds
2 2 2 2 2"

t

- §Z(E)uELs)ds - %u?(o,t)+ %ug(O)- Y (®u(0.t) + Y (0)u,(0)
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t t

+ QY &s)u(0,s)ds + (&, (s),ugs)ids, a.e. t T [T ]. (3.7)
0 0

Hon nita, néu u, = u, = 0 thi (3.7) xay ra dang thirc.

B6 dé 3.4 dugc chimg minh bang Ki thuat twong ty nhu trong [8].

Buéc 4. Sw duy nhit nghiém. Dé ching minh sy duy nhat nghiém yéu
chung t6i sir dung bo dé 3.4 mot 1an nira va két hop voi bat dang thirc Gronwall.

Tur d6 dinh 1i 3.1 dugc chung minh.

Chu thich 1. Két qua thu duoc tong quat hoa cac két qua trudc day xem [1-
2].

4. Tinh tron cua nghiém
Trong phan nay, ching t6i ting cuong thém cac gia thiét sau:
(Br) (% 9p)T H*" H,
(By) f, £1L(0T;L%,
(Bs) miCHOT], mt)3 m >0 mE L'(OT),
(B) g kTW?(0T),
Bs) a=2b>0 1, T, K, ITj.

Khi d6, chiing t6i thu dugc nghiém yéu (u,Y ) ¢6 tinh tron tét hon nhu sau:

Pinh li 4.1. Cho T > 0. Gid su (By) — (Bs) dung. Khi do, bai todan (1.1),
(1.7) ton tai duy nhat nghiém yéu (u,Y ) sao cho

FuT LY (OT;H?), u T L¥ (0T ;HY), u,
fu(O,>)TW1'¥ (0,T), u(LyT H3OT),Y

L* (0,T;L?),

W (0T). (4.1)

Chirng minh dinh li 4.1. Trong (3.3),, thay a = 2, va sau d6 ldy dao ham

theo bién thoi gian t roi nhan hai vé voi c(t) va liy tong theoj, sau do tich
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phan véi can tir 0 dén t, va cudi cing ap dung bd dé Gronwall, ching t6i thu
dugc két qua nhu bo dé sau.
Bo dé 4.2. Ton tai mét hang s6 C? chi phy thugc vao T sao cho

t

u®e) [P+ [[u¢ @) 7+ [u¢O,t) [ +1 lulls)Pds £ CP?, "tT [0T]"m.
0
Tir cac bo dé 3.3 va4.2, dinh 1i 4.1 dugc ching minh.
Chu thich 2. Ta suy ra tir (4.1) rang

N

IU TCOTLH) CCHIOT L) GL* (0T ;H?),

. N 4.2
ju, ! C([0T L) CL* (0T ;HY, u, T L* (0T ;L. (42)

Do d6,u,u,u,u ,u,u TL*OT;L)I1 L*Q). Diéu nay dan dén
ul H?@Q,)GL* (0T ;H?). (4.3)

Tur (4.3) néu (8,99 1T H?" H* thi thanh phan u cua nghiém yéu (uY) s&
thuoc vao khong gian ham H*Q,)GL*(0,T;H?). Nghiém ndy kha giong voi
nghiém c6 dién thuoc C*Q,), ma (8 %) khong nhat thiét thudoc vé
CA(W" C'(W.

5. Sw 6n dinh ciia nghiém vao dir kién ciia bai toan

Trong phan nay, ching t6i khao sat tinh sy 6n nghiém cua bai toan (1.1),
(1.7) twong tmg v6i a = 2. Gia s cdc ham (95, 8p) thoa gia thiét (B,). Theo dinh
ly 4.1, thi bai toan (1.1), (1.7) ¢6 duy nhat nghiém yéu (u,Y ) phu thudc vao
K,l,b,l ,mf,gk.

u=u(K,l,bI ,mf,gk), Y =Y (K,I,bl mf,gKk). (5.1)
trong d6 (K,1,b,1 ,mf,g,k) thoa cac gia thiét (B,) — (Bs).
Pit

Am) = {(K.,1,b,1,mf,gk):(K,1,bI,mf,gk) thoa (B) - (Bs)}
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véim > 0 lacac hang s cho trudc.

Khi d6, ta c6 dinh ly sau

Pinh ly 5.1. Gia sir (B1) — (Bs) théa. Khi d6, véi méi T > 0, nghiém cua
bai toan (1.1), (1.7) la on dinh véi dir kién (K,1,b,I ,mf,gk) trong A(m,),
nghia [a:

Néu (K,I,b,I

L

mf,g,k), (K', 17,5 1), m, f),¢' k) T A(m)) sao cho

L

K- K+ 10 - 1 [+ 1, ®0
= Moy ® O N - F g+ T f 1l @ O khij@ +¥, (52)
19" 9llyaier,®@ O 1K - Koo @ O

thi

(u, u,@3Y,)® (uu(@ 3y ) trongw (T)" H'OT) L*0T) khi j ® +¥,(5.3)

trong d6 u, = u(K', 17,6710, m, f1,g7 k1), Y, =Y (KI11,b/ 1), m f1,g kl).

L l’ 1 11
6. Dang di¢u ti¢m can cia nghi¢ém khi | ® 0,

Trong phan nay, ta gid st rdng a = 2 va (9,89,k,mf,K,l,b) thoa cac
gid thiét (A1) — (As). V6i m&i | > 0, do dinh 1i 3.1 bai toan (1.1), (1.7) c6 duy
nhat nghiém yéu (u,Y ) phu thudc vao I, :

u=u, Y =Y . (6.1)

Ta xét bai toan nhiéu sau, v6i | > 0 1a tham s6 nho

u - mtu +Ku+lu =f(x,t), 0<x<1 0<t<T,
mt)u (0,t) = Y (t), - m(t)u (Lt) = I u (Lt),
u(x,0) = &(x), u,(x,0) = GH(x), (P)

Y (t) = g(t) + bu(0,t)- Gk(t- s)u(0,s)ds.

0
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Ta s& nghién ctu dang diéu tiém can ctia nghiém yéu (u,Y ) cia bai toan
(Pll) phu thudc vao tham so I .

Khi do, ta c6 dinh 1i sau

Pinh1i6.1. Cho T > 0. Gid si (A1) — (As) diing. Khi dé

(i) Bai toan (P,) twong ung voi | =0 cO nghiém duy nhat

(u,Y)TW () L¥(0T) thoa
u, (03T L*(0T), u,(L¥T HYOT). (6.2)

(i) Nghi¢m (u, .Y, ) héi tu manh trong W (T )" L* (OT) vé (u,.Y,) khi
1, ®0,.

1

Hon nita, chung ta co danh gia tiém cdn

U, = Uyl # TUEE - UBL A Dlr, + 1Y, = Yo Il gr £ Cr i, (6:3)
trong dé, C_ la hang s6 dwong chi phu thuéc vao T .

Chirng minh dinh li 6.1.

i) Tuwong tu nhu ching minh Pinh 1i 3.1.

ii) Xétddy {1} saocho I ® 0,, khi m ® ¥, ta ching minh dugc ring
{, Y, )} la day Cauchy trong W (T)” L¥ (0,T). Tir d6 ta suy ra rang nghiém

(U, .Y, ) hoi tu vé (u,,Y,) manh trongW (T)" L¥ (0T) khil, ® 0,.

7. Khai trién tiém cin ciia nghi¢m theo ba thamsé bé K, 1, | .

Trong phan nay, tagid st a = 2, b @ 0 va (8,8 mf,g,k) thoa céc gia thiét

(A1) - (Ag). Vi (K,1)T §, 1,1 i . thitrdinh 3.1, bai toan (1.1), (1.7) c6 duy

1

nhat nghiém yéu (u,Y ) phu thude vao(K,1,1,):u = u(K,l1,1), P = P(K,1,I).

1
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Ta xét bai toan nhiéu dudi day theo ba tham s bé K, I, |  thoa |[K | £ K,
[L1£1,, 0£1 £1, (K, I, 1,lacachangso co dinh).
Au® u - mtu =-Ku- lu +f(x,t), 0<x<L0<t<T,

mt)u (O,t) =Y (t), - mt)u (Lt)=1u (Lt),
u(x,0) = 9(x), u,(x,0) = &(x), (PKJ h)

Y (t) = g(t) + bu(0t) - (‘)Otk(t - s)u(0,s)ds.

Chung t6i khai trién tiém can nghiém yéu cia bai toan (P, )° (P;) theo

K,

ba tham s bé K, I, | , tclataco thé xap xi nghiém yéu u béi mot da thirc theo
ba bién K, I, | , va danh gia duoc sai sO giita nghiém chinh xac va nghiém xap
Xi.

O day, ta s& dung cac ki hiéu sau, v6i da chi sé g = (9,,0,,9,)1 ¢ va
&= (K,I,1)T i° tadat

S

}|g|= 9,+9,+9, 9'=9'9,'9,}
gg = K% % %, ||£||: K2+ 12+ 12 (7.1)

a,bT¢3,bEalb£a,"i=123

Gia str ug © u,,, 12 nghiém yéu duy nhét cua bai toan (B9 ° (P2 ) (nhu

0,0,0
trong dinh 1i 3.1) tmg véi (K,I,1,) = (0,0,0), tirc 1
Aur = Fr° f(x,t), 0<x<10<t<T,
mt)ug (0,t) =Yy (t), - mit)us (L) = 0,
(PO fug(x,0) = §4(x), ulx, 0) = #(x),

Yi(t) = g(t)+ bur(0,t)- c‘)otk(t— )u(0,5)ds,

UpY) TW(T) L*(0T), ug(0,3T L*(0,T), ug(L3T HYOT).
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Xét ddy hitu han cac nghiém yéu (u,Y,), gl ¢i, 1£ ‘g‘£ N duoc xéac
dinh bo1i cac bai toan sau
Aug: Fg, 0<x<1 0<t<T,
mt)u,, 0.) =Y (1), - mtu, L1 = Z,,
(PO lu (x,0=0, u (x,00=0

Y, ()= g(t) + bu (0,1)- (‘)Otk(t - s)u, (0:5)ds,

(u, Y )TW(T) L*(0T), u (03T L*(OT), u (13T H'(OT).

trong d6 F , Z (t), |g|£ N, dugc xac dinh boi cong thirc truy hdi sau
g g g

f(x,1), o= 0,
0, gl:g2:0,1£\g\£|\1

P =1 Uy 1gq, 0,° 1 g,= 0 1£ [g|£ N, (7.2)
-uf 9,=0 g,° 1 1£ \g\£ N,
Uy g U, o0 6% Lg% L 2f o[£ N,

va

g(t), o[=0,
0, g,= 0 1£ |g[£ N

Zy = (7.3)
uf(L ), 9,=9,= 0 1£ [g[£ N,
u¢, o (&0, 2£ [o|£ N,

Gid st (u,Y ) = (u;,Yr) langhiém yéu duy nhat ctia bai toan (P;). Khi do

v=u- g uggg, R=Y- § Yggg, (7.4)

loleN lole N

thda bai toan sau
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Av+ Kv+lv =E (xt), 0<x<10<t<T,
MV, (0.t) = R(t), - mtv, (Lt) = 1 v (Lt)+ ES 1),

v(x,0) = v (x,0)= 0, (7.5)
R() = bv(0t) - c‘)otk(t— SV(0,5)ds,
trong do

E )= - & (Ku, +1ug)es, Eo1)=1,8 ugLee. (7.6)

g=N gl=N

Bo dé 7.1. Gid sir (Ar) — (Ay) théa. Khi dé ta c6
) 11Ey Il oran® G ITEIM (7.7)
i) 1128 Ilr £ OO NE I, (7.8)

trong do Cf/fN va Cf/‘z’N la cac hang s6 dwong chi phu thuéc vao cac hang sé
181111, T g e g Tl g 11U, o 105 N 19 1= N

Ké tiép, ta c6 dinh 1i sau

Pinh li 7.2. Gid si (A) — (As) théa. Thi moi (K, 1)T i, IlT i , thoa

|IKIE£K,, [I'|E£],0£1 £1, bai toan (Peys) cO duy nhat nghiém yeu

(UY)=(u,Yy) TW(T) L*(0T) théa danh gid tiém cdn téi cap N + % nhw

sau
0 I 0 I
lu- & Uil +I, ULy~ & usye ||,
oleN jleN
0 r v 1 LN (7.9)
Y = QY &% M or Alell
e
voi moi (K,1)T i, 1,7 i, théa [K[E£ K, [I[£1, 01 £1,, (u.y,) la

nghiém yéu cia bai toan (I%O), gl ¢3,|gl£N, va (9/2 1a hang so doc lap voi
e=(K,I,1).
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Chu thich 3. Trong [4], v6i truong hop déc biét cua bai toan (1.1), (1.7), thi
Long, Ut, Trlc, d& dat duoc khai trién tiém can cta nghiém t&i cdp N + 1 theo
hai tham s6 bé (K,1). Theo su hiéu biét cia ching t6i, chwa c6 nhiéu cong trinh

nghién ciru vé khai trién tiém can nghiém theo nhiéu tham s6 bé, mot s6 két qua
vé van dé nay co thé tim thay trong [6, 7] va c4c tai liéu tham khao trong do.
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Tom tit

Bai b4o nay nghién ctru mot bai toan bién cho phuong trinh séng tuyén tinh
u, - mtu, + Ku+lu = f(x,t), 0<x<1 0<t<T, trong d6 diéu kién bién
tai x = 0 lién két voi mot phuong trinh vi phan thuong cip hai c6 vé phai 13
bu (0t) va diéu kien bién tai diém x=1 c6 dang
- mt)u (1,t) = Il‘ut(l,t)r_zut(l,t), voi K, 1 ,a,b la cac hang s6 duong cho
trude. Sy ton tai va duy nhat nghiém yéu dugc chimg minh bang phwong phap
Faedo — Galerkin. Trong truong hop a = 2, tinh 6n dinh va tinh tron ciia nghiém

cling dugc khao sat. Cudi cing, ching toi thu duoc mot khai trién tiém cén

nghiém ciia bai toan t6i cap N + % theo ba tham s6 bé K, I, I .

Abstract.
A linear wave equation associated with

a cauchy problem for an ordinary differential equation

We consider the initial boundary value problem for the linear wave
equation u, - mt)u + Ku+1lu = f(x,t),0<x<1 0<t<T, where the
boundary condition at x = 0 associated with a second order differential equation
and the boundary condition at x=1 in the form

- mt)u, (Lt) = Il‘ut(l,t)r'zut(l,t), where Kl and a are given positive

1

constants. Existence and uniqueness of a weak solution are proved by using the
Faedo — Galerkin method. In the case of a = 2, the stability and regularity of

solutions are also discussed. Finally, we obtain an asymptotic expansion of the
solution of the problem up to order N +% in accordance with three small

parameters K, I, I ..
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