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1. Giéi thiéu
Trong bai bao nay, ching toi xét bai todn sau: Tim mot cap cac ham (u,P)
thoa

S

[Un - iﬂx—(n(x,t)ux)+ I |ut|p-2ut = F(x,1),0<x<1 0<t<T,

m(0,t)u, (0,t) = P(t), u(Lt) = O, @
lu(x,O) = (x), u,(x,0) = Gux),

trong 46 p3 2,1 3 0 la cac hang s6 cho trudc; m %, % F la cac ham cho
trude thoa cac didu kién s& dat ra sau. Ham chua biét u(x,t) va gia tri bién P(t)
thoa mot phuong trinh tich phan tuyén tinh sau day:

P(t) = g(t) + ku(0,t) + I u (0,t)- k(t - s)u(0,s)ds, (2)

trong d6 k,, 1, 1a cac hang so cho truéc va g, k 1a cac ham cho trude. Bai toan
(1) duoc quan tdm va khao sat boi nhiéu tac gia (xem [1], [5] - [16]) va céc tai
liéu tham khao trong do6.

Mot bai toan khac cung loai bai toan nay dugc thanh Iap tr bai toan (1),
trong d6, 1, = 0, k,3 0, mx,t)° 1 ham chua biét u(x,t) Va gia tri bién chua biét
P(t) thoa bai toan Cauchy sau day cho phuong trinh vi phan thuong

N

}PQt)+ WP(t) = hu,(0,t), 0<t<T,
¥P(0) = P, P&0)= P,

(3)

trong d6, k,° 0, w> 0, P,, P, 1a c4c hang s6 cho trudc.

" ThS, Khoa Khoa hoc Ty nhién - Hoc vién Hai quén;
"' TS, Pai hoc Kinh té Tp.HCM.
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Cac tac gia Long va Alain Pham [5, 6], Long va Thuyét [9] d& xét bai toan
(1) véi diéu kién bién tai x = 0 ¢6 dang

u (0,t) = g(t)+ H(u(O,t))- 6k(t— s)u(0,s)ds, @)

trong d6 g, H, k la cac ham cho trudc.

Long, Dinh, Diém [10] nghién ctu sy ton tai, tinh tron va khai trién tiém
can nghiém cua bai toan (1) trong trwong hop mx,t)° 1 u (Oit) = P(t),
Q(t) = Ku(Lt) +1u (Lt), trong d6 P(t) xac dinh & (3) clng Véi u (Lt) thay thé
bdi u, (0t).

B4o b4o nay gom ba phan chinh. Trong phan 1, truéc hét ching toi lién két
bai toan (1), (2) véi mot ddy quy nap tuyén tinh bi chan trong khdng gian ham
thich hop. Tir d6, su ton tai va duy nhat nghiém duoc thiét 1ap nho phuong phap
Galerkin, phuong phap compact va bo dé Gronwall. Phan 2 nghién ciru dang diéu
tiém céan ciia nghiém yéu (u,,P,) cua bai toan (1), (2) khi 1 ® 0,. Trong phéan 3,
ching tdi thu duoc mot khai trién tiém can cia nghiém yéu caa bai toan (1), (2)
dén cap N + 1 theo mot tham s6 bé | .

2. Sw ton tai va duy nhat nghiém

Pit W= (0,1), dé ngan gon chung toi khong nhac lai dinh nghia cac khong
gian ham théng dung C™(W, L°(W, H™(W Vva lan luot ki hiéu cac khéng gian
trén 1A Cc™, L°, H™ (c6 thé xem trong [2]). Ki hiéu || |, dung dé chi chuén trén
khong gian Banach X.

Trén L2 tich v hudéng thong thudng va chuan sinh béi né lan luot 1a:

2

\

1 1
av,wi= ¢ vew(x)dx, [|v | = yav,vii= Ec‘)vz(x)dx

0 0

i,

Tich v huéng va chuan twong tmg trén H* lan luot 12:

YA E - VAR I TV [P VAV S VAR Y | KA T T |
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batv = {v1T H':v() = 0}.
Trudce tién ta ¢6 bd dé sau:
Bo dé 2.1. Phép nhing v ¢ °(W l1a compact va

D11V oy V1L VTV, (5)

1
N

Viéc chimg minh b6 dé nay 1a don gian, vi vy chung t6i bo qua.

Céac ki hi¢u u(t), u&t) = u, (t) = &), u®t) = u () = &), u )= Nu(t), u_(t)

i) [IvIIE —=Ilv']l, "vIV. (6)

2 1 2
= Du(t) duoc st dung dé lan luot chi u(x,t), %(x,t), %(x,t), %(x,t),

T°u
—(x,1).
v

Ta ch( ¥ rang w )= 4T LY (OT:v):v, T LY (OT;L)} 1& mot khong gian

Banach d61 voi chuan ||v = IV 11 orvy IRATP o7

Pit
WAT) = (v LY (OTv) v, TLY (0T V), v, T LY (OT;LH)}.
Khi d6 nghiém yéu cua bai toan (1), (2) la cap ham (u,P)T WAT)” HX(0,T)

thoa man bai toan bién phén sau:

]éun,vﬁ+ amt)Nu, Nvi+ P(t)v(0) + 14 u, [~ u,vii= & (t),vii "vTV,

t

P(t) = g(t) + ku(0t) + I u (0,t) - k(t- s)u(0s)s, @)
u(x,0) = 9, u,(x,0)= . ’

Ta thanh lap cac gia thiét:
(A1) (Upu,)T (7 cH? (D) Hi(OD),

(A F, RTLQ), Qp = (01) (OT), "T >0,
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(A) mic'@u i,)mxn® m>0 "xnTE i, mTL0T;L")

"T >0,

(Ag) k, gT HY(OT), "T >0,
(As) p2 2,1 >0, 1,>0 k2 0.

Chotrudc T > 0. Véimoi M >0 vaT 1 (0T"], tadat

N

IW(M,T)= VIWAT) IVl oy £ MUY
WM, T)={TWM,T):v, TL(OT;L%},
PMT)={PTHQT)IP I, E M}

y (o,T,v)£ M.l

H(OT

tt ”L¥ (T L?)

£ M},

(8)

Ta xay dung ddy quy nap tuyén tinh {u®™,P™)} trong W (M,T)" P (M,T)
sao cho day nay hoi tu manh trong khong gian ham thich hop vé nghiém yéu cua

bai toan (1), (2) véi su lya chon M > 0 va T > 0 thich hop.
Trude hét, chon bude 1ap ban dau
u® =10 P@ =g,
Gia sir rang

" PCNTW MT) P(MT).

Tatim @®,P™)TwW,(M,T)" P (M,T) langhiém cia bai toan:

1ag v+ amt)Nu®, Rvii+ PO t)v(0) = & ™(t),vi "v TV,
u™(0) = 4, &(0) = &,

trong do

PM(t) = g(t) + ku™(0t) + 1 & (0,t) - k(t - s)u™(0,s)ds,

0

F@0) = F(t)- | L&"'”\')'ZLSE'”.

Khi d6 ta c6 dinh li sau:
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Pinh li 2.1. Gia si (A;) — (As) duing. Khi do ton tai cdc hang sé dwong M,
T sao cho ton tgi ddy (u™,P™)TW (M,T)" P (M,T) xdc dinh boi (11) — (13).

Chtg minh chi tiét cua dinh 1i ¢6 thé tim thay trong [16].

Tiép theo, ching t6i chimg minh dugce {u®™,P™)} xac dinh boi (11) — (13)
hoi tu manh vé (u,P) trong khéng gian ham thich hop va sau do kiém ching
dugc rang (u,P) la nghiém yéu duy nhat cua bai toan (1), (2). Két qua cho bai
dinh 1i sau:

Pinh li 2.2. Gia sit (A1) — (As) duing. Khi do ton tai cdc hang sé dwong M,
T sao cho bai toan (7) ¢ duy nhdt nghiém (u,P) théa man

JuT LY (OTV GH?)CW, (M,T),

*u(O,%T H2(0,T), P T HYOT). (14)

Hon nira, day quy nap {u™,P™)} duoc xdc dinh nhu trong dinh i 2.1 hoi
tu manh vé (u,P) trong khdng gianw ()" L(0,T), trong do
W)= {0 ©OTv):y T LT}
Mat khac ta ciing co danh gid sau:

U = Ul gy + 1P - P Ly £ CK, ™02 1, (15)

o day 0< k, <1, C > 0 la hang s6 chi phy thuéc T, u u, ml,vak.

Chting minh chi tiét c6 thé xem trong [16].
3. Déng di¢u tiém cdn cia nghiém khi | ® 0,
Trong phan nay, gia sir rang gia thiét (A;) — (As) diing, ching t6i thu duoc
(U, P,) langhiém yéu duy nhét ctia bai toan (1.1), (1.2) tmg v6i | = 0. Theo dinh
li 2.2, bai toan bién phan (7) twong tng véi mdi | > 0, ¢6 nghiém duy nhét
(u| 1P| )
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Lay bat ki ddy {1_} sao cho I, ® 0, khi m ® ¥ , ta ching minh dugc
{(u, ,P, )} la ddy Cauchy trong khong gian ham thich hgp, tir d6 thu dugc danh

gia tiém can cua nghiém (u,,P,) khil ® 0,, két qua cho bai dinh 1i sau:

Pinh li 3.1. Gia sit (A,) — (As) duing. Khi do ton tai cdc hang sé dwong M,
T sao cho

i) Bai toan (1), (2) twong vmg véi | = 0 ¢ duy nhdt nghiém yéu (U, P,)

thoa man
Tu, TLY (0T V GH?) QW (M,T), (16)
u,(0,3T H30,T), P, T HY(O,T).
ii) Hon nita, chung ta co danh gia tiém cdn:
Uy = g by oy * 1TUKO Y- KO ]2y * TP - Pl E c, (17)
Voi | > 0 du nho, trong do C™> 0 la hcfng 56 chi phu thugc T, u,, u, m k, k

val,.
4. Khai trién ti¢ém cin ctia nghiém theo mdt tham sé bé |

Phén nay, ta gia st (u,,u,mF,g,k) thoa cic gia thiét (A1) — (As). T dinh 1i
2.2, bai toan (1), (2) ¢ duy nhat nghiém yéu (u,P) phu thudc vao | :
u=u, P=P.
Bay gio, ta bo sung thém gia thiét:
(Ag) P2 N+1N?2 2

Trude hét, ta can c6 bd dé sau

B6dé4.1.Chom,NT ¥, val,u,.,u T i.Khids
N ok mN _
Eé ul'E = 8 TRy (18)
i=1 g i=m
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trong dé cdc hé so Ti‘m)[u], m £ i £ mN phy thugc u = (u,,...,u ), duoc xdc

dinh béi cong thike truy hoi

ITOul=u, 1£i£N,
IT™u1= u. T™9ul, mEi£mN, m3 2 (19)
I jTam

" oA

55Ai<m>:{]| ¢ :jEi, 1£i- JEN, m- 1£ jE (m- DN}

Viéc chimg minh bo dé 4.1 1 don gian, chung toi bo qua chi tiét.

Xét bai toan nhiéu dudi day theo tham s6 bé | théa 0£ 1 £1,,(1, 1a hang
s6 cb dinh).
u, - ﬁﬂx—(n'(x,t)ux)+ I ‘ut 2ut = F(x,t),0<x<1 0<t<T,

m(0,t)u (0,t) = P(t), u(L,t) = 0,
u(x,0) = 8(x), u (x,0) = &x),

i

Q

~—

P(t) = g(t) + ku(0,t)+ I u (0,t)- 6k(t - s)u(0,s)ds,

Goi(u,, P,) la nghi¢m yéu duy nhat ciia bai toan @Q,) (nhu trong dinh Ii

31)tngvoil =0, tacla

\uén' ﬁﬂ;(n(X:t)UOX): F(x,t),0<x<1 0<t<T,
MO, 1)U, (0.t) = Py(t) = g(t), u,(Lt) = 0,

u,(x,0) = @(x), ul(x,0) = 9p(x),
l(uO,PO)TWI(M T) P(M,T),

()

Xét day hitu han cac nghiém yéu (u,P),i=1..,N duogc xic dinh bdi cac

bai toan sau
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ug (mx,tu, )= F,0<x<1,0<t<T,

m0,t)u_(0,t) = P.(t), u (Lt) = O,
((3(?) u,(x,0) = ukx,0) = 0,

t

P.(t) = ku,(0,t)+ 1 ug0,t)- k(t - s)u,(0,s)ds,

u,P)TW (MT) P(M,T),o

trongdo F, i = 0,1,...,N duoc xic dinh boi cong thire truy hdi sau

IF, =0,
Fo= 1 Hu), =1 0
I it
-4 S HOEET "G = 20N,
Som

& day, ta ky hieu H™ 1a dao ham cdp m cua ham sé H, véi H@Z) =z ?z,
T.™[uq biéu thirc phu thudc vao u¢= (ug...,u$), nhu trong cong thirc (18).

Khi d6 ta c6 két qua vé khai trién tiém can ctia nghiém yéu cho bai dinh 1i
Sau:

Pinh li 4.1. Gidg stz (A)- (A,) théa. Khi ds, méi | T [0,1,], bai toan (Q,)

c6 duy nhdt nghiém yéu (u,P) = (u,,P,) thoa mot danh gia tiém cdan dén cap

N + 1 nhw sau

N N
0 i 0 i
lu- @& ol 'l * 1U€03- & w0 Il
Q' i N+1
+IP- & Pl £C I (21)

i=0
véi C |a hang so duong doc ldp véi |, cap ham (u,,P,) la nghiém yéu cua bai

toan @9, i = 0,..,N.
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Tom tit

Bai bao nay nghién ctu sy ton tai va duy nhdt nghiém yéu ciia mot phuong
trinh s6ng phi tuyén véi didu kién bién chira tich phan tuyén tinh. Dang diéu tiém
can va khai trién tiém can cia nghiém yéu dén cip N+1 theo mot tham sb bé
cling dugc khdo sat.

Abstract
On a nonlinear wave equation associated with
boundary conditions involving a linear integral

The paper is about the study of existence and uniqueness of a weak solution
of nonlinear weave equation with boundary conditions involving a linear
integral, asymptotic behavior and expansion of weak solutions to N + 1 order in
accordance with a small parameter is also investigated.
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