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VE MQOT PHUONG TRINH SONG PHI TUYEN
Uy —i(uX +0 f(u))+ Au, = F(x,t)
OX
LIEN KET VOI PIEU KIEN BIEN DIRICHLET THUAN NHAT
Nguyén Vin Y
1. Mé dau

Trong bai nay, ching toi xét bai toan bién va ban dau cho phuong trinh
so6ng phi tuyén

Uy —%(uX +6 f(U))+Au, =F(x,t), 0<x<10<t<T, (1.1)
u(0,t)=u(,t)=0, (1.2)
u(x,0) =0y (x), u,(x,0) = 0y(x), (1.3)

trong d6 A, 5 >0 la hai hang sb cho trudc va f, F, Gy, G, 1a cic ham cho trude
thoa cac gia thiét nao d6 ma ta sé dat sau.

Phuong trinh (1.1) viét lai dudi dang

un—aia(x,t)Jr/lut:F(x,t), 0<x<1,0<t<T, (1.4)
X
trong do,

c(xt) =u +5f(u). (1.5)

Trudng hop o = (x,t)=c(u,,u,) da cd rat nhidu cong trinh nghién ciu.
Khoi dau véi truong hop o=p(u)+Au,, A>0, BeC*(WU), B(0)=0,
B'>¢>0, bai toan (1.2) — (1.4) da dugc xét boi Greenberg, MacCamy, Mizel
[10]. Pay 1a mo hinh toan hoc mé ta dao dong doc ctia mot thanh dan hdi nhét
phi tuyén, u(x,t) 1a do dich chuyén so véi vi tri can bang. Tur khi xuat hién cong
trinh [10], d& c6 rat nhidu cong trinh cdng b lién quan dén bai toan nay, chang
han nhu: Greenberg [11], Greenberg, MacCamy [12], Dafermos [6], Andrews
[2], Clements [4].

"ThS, Trudng THPT chuyén Hing Vuong — Binh Duong
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Vé mit hinh thirc phuong trinh (1.1) ¢6 dang
u, —u_=g(xtuu,u), (1.6)

trong d6 g(x,t,u,u ,u)=F(x,t)+& f'(u)u, —Au, tuy nhién vé mit y nghia thi co
nhitng diém khac biét riéng.
Trong [9], Ficken va Fleishman d& ching minh sy ton tai va duy nhat

nghiém cua phuong trinh

u, —u

o — U, — 20U —a,u=¢u’+h, véi € >0 bé. 1.7)
Trong bai bao cua Caughey va Ellison [5], ¢4 hop nhat cac x4p xi trong cac
truong hop trude day dé ban vé sy ton tai, duy nhat va tinh 6n dinh tiém can cia
nghiém c6 dién cho mot hé dong luc phi tuyén lién tyc.
Bai nay gom 2 phan. Trong phan 1, véi cic diéu kién A>0, §>0,

G,e H:AH? 0 eH} F,%Fem(o,w;g), F(O,t)= F(Lt)=0, vt>0, VA
X

f eC?() thoa f'(0)=0, chlng t6i chimg minh sy ton tai va duy nhat nghiém
yéu u cila bai toan (1.1) — (1.3). Trong phan 2, véi cac gia thiét thich hop chiing
t6i nghién ctru sy khai trién tiém cin cta nghiém u=u(1) theo tham sb bé 4.
2. Sw ton tai va duy nhat nghiém
Chung ta bo qua dinh nghia cac khong gian ham thong dung. Ta ki higu:
L =L"(Q), H™ =H™(Q)=W"*(Q), W™ =W™(Q),
Q=(01), Q, =Qx(0,T), T >0.

Ta dung ki hiéu (.-) dé chi tich vo huéng trong L* hay cap tich ddi ngiu
clia mot phiém ham tuyén tinh 1ién tuc véi mot phan tir cia mot khong gian ham.
Ki hiéu ||-|| dé chi chuan trong L? va ki hiéu |-|l, dung dé chi chuan trong mot
khong gian Banach X. Goi X' la khong gian d6i ngdu ciia X. Ta ki hiéu
L?(0,T;X), 1< p<w la khong gian Banach cac ham do duogc u:(0,T) > X, sao
cho

T Yp
”u”L"(o,T;X) =[f||“(t)||§ dtj <400, Néu 1< p <o,
0
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va

ol

c oo = eSSSUP[u(), neu p=co.

Ta ki hiéu u(t), u, (t)=u(t) u, (t) =G(t), u (t)=Vu(t), u,(t)=Au(t) dé lan
lugt chi u(x,t), (x t) (X t), (X ), (x 0.
Bay gio ta dat
au,v) = jux(X)vx(X)dX- (2.1)

Khi d6 trén H; hai chuan |v] . va |v.]=+a(v,v) =|v],, 1& twong duong.
Ching ta c6 céac bo dé sau:
Bo dé 2.1. Phép nhiing H C°(Q) |a compact va

Moo gy < V2 [V v € HE (2.2)

Hl!

B6 d& 2.2. Phép nhing H! /¢ c°(Q) 1a compactva Vv e H}, ta c6

Vo <Iv.ll
1 (2.3)
7 Mhe =l <M

Bo dé 2.3. Dang song tuyén tinh a(-,-) dwoc dinh nghia trong (2.1) 1a lién
tuc trén HyxH, va cudong birc trén H;.

Viéc chirng minh cac bo dé 2.1 va 2.2 khong c6 gi kho khian, ta co thé bo
qua.

Ta thanh lap cac gia thiét sau day:

A>0, 6>0, (H,)

GoeHémHZ, JleHé, (H,)
oF .. ,

F, a—eL (0,00;1%) thoa F(0,t)=F(Lt) =0, vt=>0, (H,)
X
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f eC2(U) va f'(0)=0. (H,)
Bai toan (1.1) — (1.3) duoc viét lai

[j—Au+/lL]=@(x,t,u,uX), O<x<l1 O<t<T,
u(0,t) = u(L,t) =0, (2.4)
u(x,0) =0,(x), u(x,0) =1a,(x),

trong do
f(x,t,u,u)=F(x,t)+8f'(uu,. (2.5)
Véi M >0, T >0, ta dat:

K, =K (M, 1) =sup{| FO | :|u < MV2} (1 -1.2) (2.6)

W(M,T)={vel”(0,T;H;nH?):vel*(0,T;H;),Ve*(Q,),
”V v L”(0.T;H5) ’”V”LZ(QT) <M}, (2'7)

L*(0,T;H§NH?) ’"

W,(M,T)={veW(M,T):Vel(0,T;L)}.

Ta lién két bai toan (2.4) véi mot ddy qui nap tuyén tinh xac dinh nhu sau:
Trudc hét chon s6 hang dau u, eW,(M,T). Gia str rang

u, , €W,(M,T). (2.8)
Tatim u_eW,(M,T) thoa bai toan bién phan tuyén tinh

(Ui, (£), V) +a(Uy, (1), V) + AC0,, (1), V) = (F, (1),v) YV e Hy, (2.9)

u, (0)=0,, u_(0)=0, (2.10)

trong do

F. (1) =F(xtu, (), Vu, () =F(xt)+56f'(u, ())Vu, (). (2.11)

Su ton tai cia U_ duge cho boi dinh 1i sau

Pinh li 2.4. Gid st (H,)—(H,) la ding. Khi o, ton tai cic hang sé dwong
M,T va mét day qui nap tuyén tinh {u_}<W,(M,T) xdc dinh boi (2.9) - (2.11).
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Chirng minh. Viéc chimg minh dinh li bao gdm nhiéu budc.
Buée 1. Xdp xi Galerkin (xem trong Lions [8])

Xét mot co s6 {w;} cua Hg, w; =+2sin(jnx), j=1,2,... duoc lap tir cac ham

2
riéng cua toan tir Laplace —A = —% :
X
—AW; = AfwW;, 2y = jr, Wi e HonH?, j=1,2,.., (2.12)
bat
k
udd(t) = i (tw;, (2.13)
=1

trong d6 ¢ (t) thoa cac hé phuong trinh vi phan tuyén tinh sau:

(U8 (t), wyy +a(ul? (t), w;) + AUl (1), w,) = (F, (1), w)), 1< j<k, (2.14)

U$(0) = Uy, UY(0) =y, (2.15)
trong do

k

0y, = Z;a;'})wj — 0, manh trong H; " H?, (2.16)
J:
k

0, = Z;, BYw, — 0, manh trong HL. (2.17)
j=

Tir gia thiét u_, eW,(M,T) ta suy ra hé phuong trinh (2.14), (2.15) ¢6 duy
nhat nghiém u(t) trong khoang 0 <t<T.

Buoc 2. Banh gia tién nghiém.
Bo dé 2.5. Véi cac gia thiét (H,)—(H,) la ding. Khi d6 ton tai cic hang sé
duwong M va T doc lap voi k,m sao cho

St)<M? 0<t<T, (2.18)

trong do
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it (s)| ds,

t
S0 = X PO +Y ) +
0

X ©(t) = 0 (s)[ ds, (2.19)

u ) +a(ufn“(t),u;“(t))+uj

YO =a(ul ©),u ) +|au o[ + miuvu;“(s)uz ds.
0

Chirng minh. B d¢ 2.5 dugc chimg minh qua nhiéu budc véi danh gia tién
nghiém kha dai dong.
Cac hang s6 duong M va T trén ddy duoc chon nhu sau:

Pau tién ta chon M >0, doc lap véi k,m sao cho

MZ

S5)(0) = ”alk ”2 +a (U, Ugy ) +a(ly, Uy ) + ”AUOk ”2 < Ty (2.20)
vo1 moi k,m. Sau d6 chon T >0 dd nhoé sao cho
MZ
—*D(MT)< M2 exp(~(8+3A2)T), (2.21)
trong do
D,(M,T) =227 F T|VF|f 5?M2T [ K2 1 (K, +2MK,)? |. (2.22
(M, )_? ” L*(O,T;L2)+ ” L"(0T;L%) + ? p (Kot 2)” | (2.22)
Vay ta co
u® eW (M,T) Vm,k. (2.23)

Tir (2.23) ta c6 thé trich ra tir ddy {u®} mot ddy con {u’’} sao cho:

u® —u_ trong L”(0,T;HIAH?) yéu*, (2.24)
ul —u_ trong L*(0,T;HY) yéu*, (2.25)
0% > trong L2(Q;) yéu, (2.26)
U, eW(M,T). (2.27)
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Qua gi¢i han trong (2.14), (2.15) béi (2.23) - (2.27), ta ¢6 u_ thoa (2.9),
(2.10) trong L2(0,T) Yyéu.

Mt khac, ta suy ra tir (2.9) rang

i =Au —2u_ +f(xtu_ ,,Vu )el”(0,T;L?). (2.28)
Do d6 u, eW,(M,T).Vay dinh li 2.4 duoc ching minh xong 0
Chu y rang

W,(T)={vel"(0,T;Hg):ve " (0,T;%)}. (2.29)

la mot khong gian Banach dbi véi chuan:

¥,y =V,
Pinh li 2.6. Gia sir (H,)—(H,) la ding. Khi d6 ton tai cic hdang so
M >0, T >0 sao cho bai toan (2.4) c6 duy nhdt nghiém yéu ueW,(M,T).

(2.30)

L*(0,T;L?) +||V L*(0,T;L2)

Mat khdc, ddy qui nap tuyén tinh {u,} dwoc xdc dinh boi (2.9) - (2.11) hgi
tu manh vé u trong khéng gian W,(T).
Hon nita, ta ciing c6 danh gid sai so

U =, (r, < Ck;™ ¥, (2.31)

W, (T

trong do k. =25(K,+MK,N2)T <1, va C |1a mét hang s6 chi phu thuéc vao
T, Uy, U, Va k.
Chirng minh.

a) Sw ton tai nghiém. Ta s& ching minh {u_} 1a mot diy Cauchy trong
W, (T).

Pit v, =u,,, —u, . Khido v, thoa bai toan bién phan sau:

{<Vm,V>+a(Vm,V)+/l<Vm'V> = (Foa()~-F, (0.v) Wve Hy, (2.32)

v_(0) =V._(0)=0.

Talay v=v_ trong (2.32); rdi sau d6 tich phan theo t, ta duoc
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Walb ry <K Vil oy Vi moi m. (2.33)

Do d6

u u

m+p  “m

k m
LMT) s||u1—u0|LN1(T) 1—TkT vm, p. (2.34)

Tir (2.34) tasuy ra {u_} l1a ddy Cauchy trong W,(T). Do d6 ton tai u eW,(T)
sao cho

u, —u manh trong W,(T). (2.35)

Tachi y rang u_eW,(M,T), khi d6 co thé lay tir {u_} mot ddy con {u, }

sao cho
u, —u trong L”(0,T;HynH?) yeu*, (2.36)
u, —U trong L*(0,T;Hg) yéu*, (2.37)
ti, — 1 trong L*(Q;) Yéu, (2.38)

(239)  ueW(M,T).

Tachl y rang

Fo, — F(x.tu,u,) . < 5(K, + MK,~/2) Up, 1 — U LM(T). (2.40)
Tir (2.35) va (2.40) ta thu duoc
Fo, ()= f(x,t,u,u ) manh trong L*(0,T;L?). (2.41)

Khi d6 qua gidi han trong (2.9), (2.10), (2.11) khi m=m; — +oo, ta thu dugc
tir (2.36) — (2.38) va (2.41) rang

(i), vy +a(u(t),v) + Au(t),v) = (f (x,t,u,u,),v), Yv e H. (2.42)
va céc diéu kién dau
u(0)=4,, u(0) = .. (2.43)
Miit khéc, tir (2.39) Va (2.42) ta ¢6
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i=u,—Au+ f(xtuu)el*(0,T;L. (2.44)
Vay ta thu dugc

ueW,(M,T). (2.45)
Sy ton tai nghiém duoc chirmng minh hoan tat. (]

b) Sw duy nhdt nghiém. Gia sir u,,u, 1a hai nghiém yéu ctia bai toan (2.4)
sao cho
u eW,(M,T),i=12 (2.46)
Khi d6 u(t) =u,(t) —u,(t) thoa bai toan bién phan sau:
(L), v) +a(u(t),v) + AU(t),v) = (F,(t) - F(1),v), Ywe H},  (2.47)
va cac diéu kién dau
u(0) =u(0) =0, (2.48)
trong do
F.(t) = f(xtu,u)(i=12). (2.49)

L4y v =u trong (2.47) roi tich phén theo t, ta dugc

o (t) =u®)| +a(u(), u) < (K, + MKZﬁ)ja(s)ds, vte[0,T] (2.50)

Ap dung b6 dé Gronwall ta thu duoc ||L](t)||2 + ||uX(t)||2 =0, c6 nghia u, =u,.
Vay dinh i 2.6 dugc chimg minh hoan tét.
3. Khai trién ti¢ém cin nghiém theo tham s6 bé A.
3.1. Dang di¢u cia nghiém khi 1 — 0.

Ta xét bai toan nhidu (Q,) dudi day theo mot tham s6 bé A, 0< A< A, V6i

A.>0 1amot sb cb dinh
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U, —&(uxﬂﬂ(u)yﬂlut =F(xt), 0<x<1, 0<t<T,

u(0,t) = u(Lt) =0, @Q,)
u(x, 0) =0y (x), u,(x,0)=0,(x).

Vi Gy, G, F, f thoa cac gia thiét (H,)-(H,). Khi d6 theo dinh 1i 2.6, bai toan
(Q,) c6 duy nhat nghiém yéu phy thudc vao A, ki hiéu 1 u,. Ta c6 thé chimg
minh rang giéi han u, trong cac khong gian ham thich hop ctia ho u, khi
2 —0,, la nghiém yéu duy nhét cia bai toan (Q,) tuwong Gng véi A =0 thoa
u, eW,(M,T).

Hon nira, ta c6 dinh 1i sau.

Pinh li 3.1. Gid si cdc gia thiét (H,)—(H,) la ding. Khi dé ton tai cdc
hang s6 M >0, T >0 sao cho, véi moi A, v6i 0<A <A, baitoan Q,) co duy
nhdt nghiém yéu u, eW,(M,T) théa man

i) Bai toan (Q,) twong teng véi A =0 ¢b duy nhdt nghiém yéu u, eW,(M,T).

ii) Nghi¢m yéu u, ciia bai todn Q,) héi tu manh vé u, trong khdng gian
W,(T) khi 1 —0,.

Hon nita, ta co danh gia

Ju, = o]y, r, <CA, (3.1)

trong dé C, 1a hang sé6 chi phu thuéc vao M, T, A.
3.2. Khai trién tiém cin theo tham s6 1 dén cap N +1.
Ta dinh nghia mot s6 ki hiéu sau:
V6&i mdi da chi s a = (ay,...,0y) €0 VA x=(X,... Xy ) eV, ta dat
la| =0y +..tay, al=alay !, X“ =X (3.2)
Trudc hét ta st dung bo dé sau

Bo dé3.2.Cho m,N e[, x=(X,...x,) el N, Aell. Khidé
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N ™ mN
(Z Xilij = > PM(x)A¥, (3.3)
i=1 k=m
trong d6 hé so6 PM™(x), m<k <mN phyu thuéc vao x=(x,..,x,) dwoc xdc dinh
boi cong thirc

!
PMx) = > ﬂ;x“, m<k <mN,

acA™

y (3.4)
A™ ={aeDT al=m, Yig, =k}.
i=1

Viéc ching minh bd dé 3.2 dugc nghiém lai tir cac phép tinh dai sé thong
thuong nén ching tdi bo qua chi tiét.

Bay gio, chung t6i gia thiét thém

feC2(). (H.)

Ta ciing xét cac ham u,,i=12,..,N trong d6 u, eW,(M,T), (v6i M >0,

T >0 duoc chon thich hgp), 1a nghiém cta bai toan sau:

i, —Au =F, 0<x<1 0<t<T,

u,(0,t) =u;(1,t) =0, Q)
u;(x,0) =u,(x,0)=0, i =1,..., N,

trong do

F =—ui_l+5i(zmi f(m)(uO)Pi[m](U)j, i=1..N,

ox\ &5 m! (3.5)
u=(u,...,uy).
Gia sir u, eW,(M,T) 1a nghiém yéu ctia bai toan (Q,). Khi d6
N
v=u,-> Ay =u,-h (3.6)

thda bai toan
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\'/'—Av=—/l\7+5§(f(v+h)— f(h))+E,(xt), 0<x<1 0<t<T,
X

v(0,t) =v(L,t) =0, (3.7
v(x,0) =v(x,0) =0,

trong do

0

E,(X,t)=-Ah+6—
(X, 1) =

N .~

(f(h)-f(u))-D A'F. (3.8)
i=1

Khi do ta thu dugce danh gia sau.

Bo dé 3.3. Gia sir N >1, va (H,)—(H,), (H,) la ding. Khi do

IE, C AM™?, V2 e(0,4). (3.9)

om) S
Chirng minh. Viéc chimg minh bo dé 3.3 dugc trinh bay chi tiét trong [14].
Ta cling c6 két qua vé khai trién tiém can ctia nghiém yéu caa bai todn Q,)
theo 4 dén cap N +1 nhu sau:
Pinh li 3.4. Gid si cdc gia thiét (H,)—(H,), (H.) la ding. Khi dé ton tai
cac hang sé M >0, T >0 sao cho, VA e[0, 4], bai toan (Q,) c6 duy nhdt nghiém
yéu u, eW,(M,T) Va théa danh gid tiém cdn dén cap N+1 theo A nhw sau

N ~
U, = A0l ry < K AN [1(3.10)
i=0
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Trong bai nay, chiing toi xét bai toan bién va ban dau cho phuong trinh
so6ng phi tuyén

1)

Uy —%(ux+5 f(u)+Au, =F(x,t), 0<x<L0<t<T,

u(0,t) =u(Lt) =0,
u(x,0) =0y (x), u,(x,0) =0, (x),

trong d6 4,5 >0 la hai héng 6 cho truéc va f, F, U,, 0, 1a cadc ham cho trudce.

Chung t6i ching minh sy ton tai va duy nhat nghiém yéu cua bai toan, va thu
duoc khai trién tiém cén cua nghiém u =u(A) theo tham sé bé A.
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Abstract

On a nonlinear wave equation u,, —ai(uX +6 f(u))+ Au, = F(x,t)
X

associated with the pure dirichlet non-homogeneous conditions

In this paper, we consider the initial and boundary problem for the
nonlinear wave equation

Uy —%(ux+5 f(u)+Au, =F(x,t), 0<x<L0<t<T,

1) u(0,t)=u(d,t) =0,
0(x,0) =T, (X), U, (x,0) =0,(x),

where 4,5 >0 are two given constants and f, F, 0,, G, are given functions.

We prove the existence and uniqueness of weak solution to the problem, and
obtain an asymptotic expansion of the solution u=u(1) in accordance with the

small parameter A.
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