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Lé Khanh Luan’, Trin Minh Thuyét'
Lé Thi Phwong Ngoc*, Nguyén Anh Triét®
1. Giéi thigu
Trong bai b4o nay, chiing toi xét phurong trinh séng phi tuyén

u, - (rr(u)ux)X = f(x,t,uu,u), 0<x<1,0<t<T, (L1)
u (0,t) = g(t), u(rt) = 0, (1.2)
u(x,0) = 8(x), u.(x,0) = GKX), (1.3)

trong d6 @9, @ m f, g la cac ham s6 cho trude théa céc diéu kién cy thé s& dat ra
sau.

Phuong trinh (1.1) 14 trudng hop riéng cia mot phuong trinh ¢6 dang tong
quat sau:

u, - (rr(x,t,u)ux)X = f(x,t,u,u,u). (1.4)

Trong cac trudng hop dic biét, khi ham m(x,t,u) doc lap v6i u, chang han
m(x,t,u) = 1 hoic m(x,t,u) = mx,t), va ham phi tuyén f c6 dang don gian,
bai toan (1.4) voi cac diéu kién bién va diéu kién dau khac nhau da duoc nghién
ctu trong [1-3,5-19, 21, 22].

Trong [4], Ficken va Fleishman thiét 1ap su ton tai toan cuc duy nhat va su
6n dinh nghiém ctia phuong trinh

u, - u,- 2au - bu=-eu’+g, e>0. (1.5)
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Rabinowitz [20] da chimg minh sy ton tai nghiém tudn hodn cia phuong
trinh

u - u - 2au = ef(x,t,u,u,u), (1.6)
v6i e 1a mot tham s6 bé va f 1a mot ham tuan hoan theo thoi gian.

Trén co so cac cong trinh trén, trong bai viét nay, ching toi xét bai toan
(1.1) - (1.3). Bang cach lién két bai toan nay voéi mot thuat giai qui nap tuyén
tinh déng thoi st dung phwong phap Faedo — Galerkin va phuong phap compact,
su ton tai va duy nhat nghiém caa bai toan dugce chting minh. Hon nita, mot khai
trién tiém can cdp cao cia nghiém theo nhiéu tham sb bé ciing dugc thiét 1ap. Két
qua thu dugc 12 mot su tong quat hoa mot cach twong ddi cac két qua trong [1 —
22].

2. Céc ki hi¢u

bat W= (0,1). Trong bai bao nay, cac ki hiéu L* = L°(W, H™ = H™(W
duogc st dung va cho phép chung t6i bo qua dinh nghia cia cac khéng gian ham
thong dung dé. Tich vo hudng trong L? va chuan sinh bai tich vo huéng nay lan
luot duoc ki hiéu bai &efi va || €. Ki hiéu &ofi ciing duoc dung dé chi tich doi
ngau cua mot phiém ham tuyén tinh lién tuc véi mot phan tir cia mot khdng gian
ham. Ki higu [[ ¥|, la chuan cua khéng gian Banach X. Ki hiéu L°(0,T ;X),
1£ p£ ¥, dé chi khdng gian Banach cac ham thyc u : (0,T) ® X do duoc,

sao cho || u || < +¥ Vo

LP(0T X

1

1&. T ] :
T Igoo Iu@ I i, khi 1€ p< +¥,

LP(0T X)
flfesssup [fu)ll,, khip=%¥.

0<t<T

Ta dat

1

V={TH" :v(1)= 0} a(u,v)= gu (x)v (x)dx, "uviV.
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Khi d6 V 1a khong gian con dong cia H' va trén V, ||V||Hl va
[V ]I, = va(v,v) =||v, || 1acic chuan trong duong.

3. Pinh li ton tai va duy nhat nghiém

Ta thanh lap cac gia thiét

(H) TV CH? %IV,

(H) gTC ).

(H) mT C?), mz)® m>0 "zTj,
H) fTC'W i,  i?.

Pit j (x,t) = (x - 1)g(t). Bang cach doi bién v(x,t) = u(x,t)- j (x,t),
ta s& dua bai toan (1.1) — (1.3) vé bai toan diéu kién bién thuan nhat nhu sau

;;vn - (fT(V+ i )vx)X = P/@,t,v,vx,vt), 0<x<10<t<T,

;;vX(O,t) = u(Lt) = 0, (3.1)

E:V(X,O) = 9/(9()()1 Vt(X’O) = 9/1(()()’
trong d6

PPt v, V) = FOGEV+ v+ v +f)- (x- 1g%t)
| + mgv + j ) (v, + 9)g,

06(x) = Bp(x) - j (x,0) = Gp(x)- (x - 1)g(0),

X)) = B(x) - j,(x,0) = 9x)- (x- 1)g€0),

g va 84 thoa dicu kién twong thich g(0) = u_(0,0) = 4§0).
Codinh T > 0, voimdiT 1 (0T "JvaM > 0, ta dat

WM T)={TWM,T):u, TLOT;L},
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trong do

WM, T)={TLOTV CH):v,TLOTV), v, TLQ),

EMIV I oy £ MY Il £ MY,

|| v ||L¥ (0T ¥ CH?) Y oTVv) it ||LZ(QT)

vaQ. = (0,1)" (OT).
Thuét giai xap xi tuyén tinh
Chon s hang ban dau v, = 9.
Giaswrangv_ T W (M,T), talién két bai toan (3.1) véi bai toan sau:
Timv_ T W, (M,T) thoa bai toan bién phan tuyén tinh sau:

TFé\lnf}i“:wﬁ+ am (tvw fi= & (t),wi "wiV,
I (3.9)

v, (0) = 96 v$(0) = 9%
VGi

N

Tmm(t) = mh, (©), h,(@)=v, (©)+](),

! 3.10
%Fm(t): P/Qx’t,\/m_l,Nvm_l,V&_l). (3.10)

Khi d6, ta ¢ cac dinh li sau

Pinh li 3.1. Gid sir (Hy) — (Ha) diing. Khi dé ton tai cic hang sé6 M > 0 va
T > 0 phu thugc vao T, 9, 9 m g, ¥ sao cho, véi v, = 9, ton tai mét déy

quy Nap tuyén tinh {v_}1 W (M, T ) xdc dinh boi (3.9) va (3.10).
Pinh li 3.2. Gid sir (Hy) — (Ha) diing. Khi dé:

() Ton tai céc hcfng s6 M >0vaT > 0 duwoc xdc dinh nhu trong dinh li
3.1, sao cho bai toan (3.1) c6 duy nhdt nghiém yéu v T W (M,T).

(i) D3y quy nap tuyén tinh {v_} dwoc xdc dinh boi (3.9), (3.10) hgi tu
Manh vé nghiém v trong khdng gian

W, T)={wl L¥(0T;v):wel L*(0,T;L*}.
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Homn nita, ta ciing co danh gia sai so

m " T
1%, = VIl gry, * 11VE- VOl o o8 CKP, "mT ¥,

trong dé hang sé k. 1(01) va C 1a hang sé6 chi phu thudc vao
T, T, og, 9, Yvak. .

Chumg minh céc dinh li trén dya vao phuong phap xap xi Faedo — Galerkin
lién hé véi cac danh gia tién nghiém. St dung cac dinh li nhdng compact, ta thu

dugc mot ddy con cua ddy nghiém xép xi hoi tu vé nghiém yéu cua bai toan. Két
qua thu dugc tong quat hoa cac két qua trude dy cua ching t6i [18, 19].

4. Khai trién ti¢ém c4n clia nghiém theo nhiéu tham s6 bé

Trong phan nay, gia st (H;) — (H,) dung, ngoai ra ta con bod sung cac gia
thiét sau:

(H) mTC*i), m2 0, i=1..,p

1
Ta xét bai toan nhiéu duéi day, trong do e, K € la p tham sb bé sao cho

Ofefe,i=1.,p:

fu, - grr(u)+ em(u)+ ...+ epmp(u))uxg = f(x,t,u,u ,u),
0<x<10<t<T,
(Pr) I
tu (0,t) = g(t), u(Lt) = 0,

Tu(x,0) = 8(x), u,(x,0) = §(x).

Theo dinh 1i 3.1, bai toan (Py) ¢ duy nhat nghiém yéu phu thugc vao cac
tham sb & = (e,K,e): u; = u(e,K,e). Khi e=(0,K,0), (P) duoc ki
hi¢u 1a (P,). Ta s& nghién ctru khai trién tiém cén ctia U; theo p tham so bé

e ,K.e.
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by R , , PN r -~ R
Trong phan nay, ta sa dung cac Ki hi¢u sau: cho e = (e ,K ,ep) I P, va

motda chiso a = (a,K,a )T ¢7, tadat

llaj]=a, +K+a, al=a Ka |
L3 p 1 p

[e* = eKer, [[e]l= e+ K+ e, (4.1)

fa,b1 ¢?,a£bU a £h,"i=1p

Bodé4.1.Chom,N T ¥ vau T i,al ¢° 1£]a|E N. Khids
0 r Q“ 0 r
a ue'x = a T uE, (4.2)
lE‘a‘EN ﬁ mE‘a‘EmN

trong do cdchéséT;m)[u], m£]a|£ mN phy thugc u = {u_}, al ¢?,

1£|a|E N dwoc xdc dinh boi cong thire truy hoi

ITOul=u,, 1£]a|£ N,

a-b b
T A(M)
bIAam

::Ta‘”‘)[u]: 4 u T™Yu] m£|alE mN, m? 2 (4.3)

ééAg‘”: bie :bea 1£/a-bleN,m-1£[bJE (m- DN}
Chung minh ciia B dé ¢6 thé tim thiy trong [13].

Bay gio, ta gia sir rang:

(H) mT CM (), mTCM(j), m3 m>0 m3 0 i=1p,
(H) fTCYY01 i, 7).

Pé thuan tién ta sir dung Ki higu f[u]= f(x,t,u,u,u.).
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Gia st u, la nghiém yéu duy nhét coa bai toan (Igg’) tuong ng voi
e = (0,K,0), tucla

u(glt- (”(“o)UOX)X = f(th,UO,UOX,ug?), 0<x<10<t<T,
ééUOX(OJ) = g(t), u,(L,t) = 0,

PY |
Tu,(x,0) = 8(x), ul(x,0) = &xx),

u, TW (MT).
Xét day hitu han céc nghiém yéu u , gT ¢, 1£|g|£ N dugc xéc dinh
bai cac bai toan sau
fug- (rr(uo)ugx)X =F,0<x<10<t<T,
fu (0t)=u @t =0,

) |
ffug(x,O) = ug¢(x, 0)=0,

fu TW,(M.T),

trongdo F, g T ¢%, 1£]g|£ N, dugc xac dinh boi cong thire truy hoi sau

N

lf[uo]" f(x,t,u U, ,ug, 9|= 0
F = , q , s 6 U (4.4)
plf1+ QA —&r [m+ g r:)[ml]iNug_nEI 1£ ‘g‘£ N,
1€ e Jol. n£ g Tx i=1 [) o}

voi roml=rm{u Y, rOml= rOmfu Yl pfl= Pl U Y]

[d| £ N, duge xéc dinh boi cong thite truy hoi sau

;‘l;m(uo), 1d|= 0,
r [ml= Loy (4.5)
#a T ], 1£] dIE N,
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r, m], ds 1

,4-1d,, Kd[ i

rml=r, [m= (4.6)

e
{rde Kd[m]_ d =0
d.

vei d) = (d,K,d_,,d- 1d, ,K,d) d=(d,K,d)T ¢?,

1! i+1'

ng[uo]’ |d|: 0

1 m m m 'l m
plfl=da & =D flu,F " uT,"’NuT,™[ug 4.7)
Egleme\d\(a,g,ggfg(r;\aN) m:

1£|d|E N,

Vi1

— T 3
m=(m,m,m)I ¢,

= I=mIm Im ! D"f = D™MD™D™
m‘ m+m,+m,m!=m!mIm! D"f =D,'D,*D,"f,

Am,N) = {(a,b,g)T (¢°) m ElalEmN, m E£[b[EmN, m £|g[£ mN}
Khi do, ta c¢6 dinh li sau

Pinh 1i 4.2. Cho (Hy), (H,), (He) va (H;) théa. Khi do, ton tai hang sé
M >0 vaT > 0 sao cho V&i moi €, Véi HerHE e, < 1, bai toan (P;) c6 duy
nhdt nghiém yéu u = u; sao cho u- g1 W (M,T) va uthéa mgt khai trién
tiém cdn dén cap N + 1 nhw sau

r
Jlut- § ¢eg I et
HEN

Fllu - @ g Ul
L¥ (0T ;%) X gleN T ox L¥ (0T ;%)
trong do cdc ham u ‘g‘E N & nghiém yéu twong img cia cac bai toan
(B9, [o|£ N.

Két qua thu dugc ¢ day da tong quat hoa twong d6i cac két qua trude day
cta ching t6i. Dé chimg minh dinh 1i 4.2, ching t6i da thiét 1ap hai bo dé can
thiét nhu sau:
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B6 dé 4.3. Cho p[f], |n|£ N, ld cdc ham dwgc xic dinh boi cong thikc

(4.7).Dath= § ue’, khidotacd

e
fh1° f(thh,h)= & pFE+ (el RYI, €]

bFN

o day RIS, éj

)£ C, Vdi C la hang sé chi phu thuéc vao N, T, f, m u,,

L*¥ (0T ;L2

‘g‘ £N.
Bo dé 4.4. Cho (Hy), (H,), (He) va (H-) théa. Dt

£t = 1] fl+ (i) - mug+ & Cemen)- & FE0

£ fglEN
Khi do Eg(x,t) ¢0 mot danh gia nhu sau

2 I
£ K. [el™

1Eg Il gy

VoI K* 1a hang s6 chi phu thuéc vao cac hang s6 N, T, f, m m, u,, ‘g‘E N,
i=1p.

Cha thich. Bai toan khai trién tiém can theo mot tham sb bé c6 thé tim thay

trong [3, 6, 8, 9, 13, 14, 16] va cac tai li¢u tham khao trong d6. Tuy nhién, theo

sy hiéu biét ciia chung ti, chua c6 nhiéu cong trinh nghién ctru vé bai toan khai

trién tiém cén theo nhiéu tham sé bé, mot s6 it két qua vé van dé nay co thé tim
thay trong [10 — 12, 17, 18].
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Toém tit.

Trong bai bao nay, ching toi xét phuong trinh séng phi tuyén voi didu kién
bién hdn hop khong thuan nhét. Bang cach lién két bai toan véi mot thuat giai qui
nap tuyén tinh dong thoi sir dung phuwong phap Faedo — Galerkin va phuong phap
compact, sy ton tai va duy nhat nghiém cua bai toan dugc chimg minh. Hon nita,
mot khai trién tiém can cap cao theo nhiéu tham sd bé ciing dugc thiét 1ap.

Abstract.

On a nonlinear wave equation with mixed non-homogeneous boundary
conditions: asymptotic expansion of solutions in accordance with many
small parameters

The paper is about the study of a nonlinear wave equation associated with
mixed non-homogeneous boundary conditions. By associating the problem with
inductive linear method as well as the Faedo — Galerkin and the compact one,
existence and uniqueness of the solution are proved. What‘s more, an asymptotic
expansion of high order in accordance with many small parameters is also
established.
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