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TINH CHAT ACYCLIC CUA TAP NGHIEM PHUONG TRINH
TICH PHAN TRONG KHONG GIAN FRECHET

LE HOAN HOA ", PO HOAI VU ™

TOM TAT
Trong bai bao nay, ching tdi xét tinh chdr Acyclic ciia tdp nghiém phirong trinh tich
phan duoi day:
t t
X(t) = $(t) + v(t, (O (1)) +j F(t,s, x(6,(s)))ds + J K (t,5)g (s, X(6,(s)))ds, teR, (2)-
0 0

Trong do: R, =[0,+); (E,||) la khong gian Banach thuc; 6,60,,0,: R, —> R_;

$:R, > E ;K:[0,0)* > L(E,E) ; V,§:R, xE>E; F:R’xE - E;LEE)Ia
khong gian cac toan tir tuyén tinh lién tuc tir E vao E, Véi cdc gia thiét cia cdc ham F, g, K
dwoc mo rong (nhe) hon bai bao [2].

Trong bai bao nay, ching tdi xét tinh chdr Acyclic ciia tdp nghiém phirong trinh tich
phan duoi day:

X(0) = ¢(O+v(tx(O(1))+
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V,§:R, xE—->E; F:R?*xE — E. E is a real Banach space with norm ||

and L(E,E) is the Banach space of continuous linear operators with domain E and range
in E, with the hypothesis of the functions F, K, g that satisfy the conditions which are
more general than that in the article [2] .

1. Giéi thiéu

Khi khao sat mot phuong trinh vi phan (hodc tich phan) ndi chung, bén canh
viéc chimg minh phuong trinh ton tai nghiém thi sy xem xét vé cau tric cila tap
nghiém ciing dugc chu ¥ (trong trudong hop phuong trinh ¢6 nhiéu nghiém).

Nam 1890 Peano khi nghién ctru bai toan Cauchy:

{X'(t) = g(t, x(t))

X(0) = x, te[0,a] c R; (1)

voi g:[0,a]xR" — R" la ham lién tuc da chimg minh dugc trong truong hop n=1
tap nghiém S cia phuong trinh (1) la lién thong, compact (xét topo trén duong
thang thuc) véi t thudc 1an can to. Két qua ndy con duoc mé rong bai Kneser (1923)
khi xét n 1a s6 ty nhién ty y (khac khong) va Hukuhara (1928) khi thay R" bang
khong gian Banach thyc.

Nam 1942, N. Aronszajn d4 chimg minh dugc tap nghiém S cua (1) dong phoi
v6i day giam cac khong gian compact co rit (compact contractible). Diéu nay suy
ra duoc S compact, lién thong va khdng nhimg thé, mic du S khong don tri nhung
dung trén quan niém topo dai sb, S s& twong dwong véi khong gian diém (theo
nghia nhom déng déu cia S tring véi nhém dong déu ciia khong gian diém). Tap S
c6 tinh chat nhu trén goi 1a tap Acyclic va duoc ki hidu 1a R;.

Trong bai bao nay, ching t6i xét tinh chat Acyclic cta tip nghiém phuong
trinh tich phan dudi day:

x(t)=¢(t)+v(t,x(0(t)))+j'F(t,s,x(@l(s)))ds +j'K(t,s)g(s,x(02(s)))ds, teR, (2).

Trong d6: R, =[0,+); (E.|.|) 1a khong gian Banach thyc; 6,6,,0, R, - R, ;
¢:R, = E ;K:[0,00)2 —>L(E.E) ; V,0: R, xE—>E; F:R’xE > E; L(EE)
la khdng gian cac toan tir tuyén tinh lién tuc tir E vao E.

Cha y: Céu triic (compact, lién thong) tap nghiém cua phuong trinh dang (2) da
dugc khdo sat trong mot so bai bao gan day (xem [2]), trong do gia thiét cac ham
tham gia trong (2) déu lién tuc (cung thém nhiéu gia thiét khéc). Trong bai bao nay,
ching t6i xét tinh chat Acyclic cua tap nghiém cua (2) voi gia thiét cac ham F, g 1a
ham Carathéodory.
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Két qua chinh cia bai bao dugc trinh bay trong dinh 1y 3.1, dé chimg minh
dinh 1y nay chdng t0i sir dung cac dinh ly dudi day (trong d6 dinh 1y 2.1 1a co ban).
2. Cac dinh nghia va dinh ly sir dung trong bai bao
Dinh Iy 2.1[3]

Xét K 1a tgp con 16i khéng bi chan cia R, K, :{te K;|t—t0|£e}, E Ia khdng
gian Banach va C la khﬁng‘gian Fréchet cua cac h{:\m lién tuc bi chan dia phuong

f : K — E Vi topo hoi tu déu dia phwong. Gia sirrang T :C — Cla anh xq lién tuc
théa man cac diéu kién sau:

(i) TontaityeK va x,eC sao cho T(x)(t,) = X, V&i moi xeC,

(i) Tdp T(C) lién tuc dong bic dia phirong,

(iii) Vi moi & >0 néu X =Y i T, =TV, véimoi x,yeC,

(i) Moi day (¥,)pex X, €C , 530 cho lim (x, =T (x,)) =0 €6 giGi han diém.

Khi dé tap cdac diém cé dinh ciia T 1a Acyclic.

Chu y: Néu T 1a 4nh xa compact thi cac diéu kién (i) va (iv) ludn thoa.
Gid thiét 2.2 (Gia thiét (A) [1])
Cho X la khéng gian véc to t0p0 16i dia phwong, P la ho tich cdc nra chudn

trén X. Bat D 1a tdp con ciia X va U:D— X . Véi moi ae X, dinh nghia
U, : D —> X bang U,(X)= U(x)+a.

Toan tir U goi [a théa gida thiét (4) trén tdp con QO ciia X néu:

(A1) Véimoi aeQ, U, (D)c D,

(A.2) Véimoi a€Q, peP ton tai ka € ZJr ¢6 tinh chdt

Ve>0,areN,5>0: ol (x,y)<e+5=al UL (X)Ul(Y) <e,
trong d6

al(x, y):max{p(ug(x)—ug(y)),i, i :0,1,2,...,ka},
N={123..},Z+=N uU{0}.
Dinh Iy 2.3 [1]

Cho X la khéng gian day di theo day, 16i dia phwong véi ho tich cdc nira
chuan P. U, C la cac toan tu #€n X sao cho:

(i) U thda gia thiét (4),
(i) Vi p tay y thuge P ton tai k> 0 (déc Idp véi p ) sao cho:
pU (x) -U(y)) <kp(x-y), VX,ye X,
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(iii) Ton tai Xy X cO tinh chdt: Véi p tup ¥ thuc P, ton tai reN,
A €[0,2) ( r,A phu thuéc vao p) sao cho:
pUL () -UJ () < Ap(X-Y),
(iv) C hoan toan lién tuc va p(C(A)) <o khi p(A)<wo,Ac X,
v lim PEO) o vyex
p(x)>=  P(X)
Khi @6 U + C cé diém c6 dinh .
Cha y: Néu cac gia thiét cua dinh 1y 2.3 théa thi trong chimg minh cta dinh 1y nay
ta c6 anh xa (1-U)™"C 1a 4nh xa hoan toan lién tuc trén X va ton tai tap D 16i,
déng va bi chan (chtra phan tir 0) trong X sao cho (1-U)"C(D)<=D.
bat (€, %, u) 1a khong gian do do voi Q=[0,a],aeR,, u la do do
Lebesgue.
Dinh nghia 2.4 [4]:
LP(C;E) 1a khong gian cac lop cde ham twong twong do duoe (manh)
f:Q— E saocho |f|e L’ (Q)vsi pe[l+o0).

o -

Ghi cha: LP(Q;E) lakhong gian Banach v6i chuén || f ”p = I| f|Pdy | vatrong
Q

truong hop E = R, chling t6i dung ki hiéu LP(Q) thay cho LP(Q;E).

Dinh nghia 2.5 [4]:

Xét (2, 1) la mot khong gian dé do. Ham @ .QXE — E goi la ham
Carathéodory néu théa cic diéu kién

(i) Véimoi xeE ham t— g(t,X) do duoc,

(i) Vi moi teQ ham x — g(t, x) lién tuc.

Dinh nghia 2.6 [5]:

Ham g:QxE — E goi /a ham LP- Carathéodory (p € (1,%)) néu g la ham
Carathéodory va théa thém diéu kién: NGi méi hang sé6 C dwong ton tai ham khong
am h, € L*(Q) vatdp compact K. < E sao cho |x|<C = g(t, x) e h, (1)K, véi
hdu hét t e Q.

3. Két qua chinh
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Pit Xo=C([0,0); E) la khong gian gém tat ca cac ham lién tyc tir
[0,+OO)V30 E. V6i mdi sb ty nhién neN, trén X, Xxét ho ntra chuén

Pr(x)=sup {[x(®)|}, ta c6 X, la khong gian Fréchet voi metric
te[0,n]

o1 _pa(x-y)
()= Z T p Oy

Pt X, =C([0,n]; E) la khong gian cita tit ca cac ham lién tuc tir [0,n] vao
E. Ta c6 X, khong gian Banach véi chuén x| = sup {x(t)]}.
te[0,n]

Xét phwong trinh (2) Véi cdc gid thiét sau:
V2.1 0,60,,0, :[0,00) — [0,00) la cac ham lién tuc théa diéu kién
O(t)<t,6,(t) <t, 6,(t) <t; Vte[0,+x).
V2.2 ViR, xE = E laham lién tuc sao cho céc diéu kién sau thoa:
. t «
(i) Tontaiham |:R, - R, sao cho I(t) Sn véi moi t €[0,n],
+
(ii) V6imdihang s6 C>0néu |x|<C thi v(0,x) =0,
(i) |v(t,x)—v(t, y)| <It)|x-y].
V23 F:R, xR, xE — E théa cc diéu kién sau :
(i) VoéimditeR cbdinh F(s,x)=F(t,s,x) 1aham Carathéodory trén [0,t],
(i) Ton tai cac ham h,k: [0,00) —[0,+00) sao cho h Ia ham lién tuc,
k e L'([0,:0)) va |F(t,s,x)=F(t,s,y)| < h(s)k(t)[x—y] .
V2.4 g:R, xE — E thoa cac diéu kién sau:

(i)  V6imdi sb thuc t ham g 1a ham L"- Carathéodory trén [0,t]x E

: t, X 5 2 Az .
(i) ‘ I‘Im % = 0 deu theo bién t trén moi tdp con bi chan ciia R,
X|—>o0
V2.5 K:R, xR, — L(E,E) sao cho véi mdi s6 thuc t cac diéu duéi day thoa:
‘ -1
iy K, — K, 50 ddukhit—>t' véi q=P_,
(i) | t t ”L(E,E) L9 ([0,n]) q p
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(i) Ho ti=[K(ts)[ ¢ ¢ thoa diéu kién:

Ve>0,35>0:vVQc R,,u(Q)<5,VS:>IK(t,S)q du<e
Q

L(E,E)

Dinh Iy 3.1

Néu cdc gia thiét V2.1- V2.5 théa thi tdp nghiém cia phwong trinh (2) 1a
Acyclic.

Dé chiing minh dinh 1y truéc hét chiing t6i chimg minh cac bd dé sau :

te[0,n] te[0,n]

t
Pt K(t):jk(s) ds, H = sup { |h@®)[},L = sup {I(t)]} taco L< 1.
0

Trén X, xét chuan ”X”N = sup { e_NK(t)|X(t)|} , v6i N 1a hang s6 duoc chon sao
te[0,n]

cho N > 1|:|—L , taco chuén | x|, twong duong véi chuén |x] .
Dit
t
U (X)(t) = ¢(t) + v(t, x(1)) + _[ F (t,s,x(6,(s)))ds, U,(x)(t) = z(t) + UX)(1).
0
Bo dé 1
Néu cdc gia thiét V2.1,V2.2, V2.3 thoa thi U, 1a anh xa co rén (X[ x| )-
Chitng minh:

U, (0()-U, (1)(®)|=

t t
V(EX(O) ~v(t. YO)+ [ Fts X(@()ds - [ Fits, y(@x(s)es
0 0

t
<1®x®) - y®)|+ I k(s)h(s)[x(61(s))) - Y (6y(s))|ds
0

Tuong duong
e MO, 000 -V (O] < e OO xR - y(©)] +

t
L6 NK® J‘k (s)h(s)e< A NKEGD x(g,(s))) — y(6 (s))|ds.
0
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t
. NK (s)
S Lx-yly + e O [ ik, o
0

~(L+ B )x- ] veeon

Viy [U,00-U, () <(L+EL)Ix- vy

Vi N>-H_ nen suy ra L+H <1dodes U, la anh xa co.

1-L N
Bé dé 2
Néu gia thiét V2.4i va V2.5 théa thi

t
COOM = [ K(t,9)g(s,x(0(s)ds
0

la mg 108n tic hoan toan lién tuc rén (X, [, )-

Chitng minh:

Gia st A la mot tap bi  chan trong X, Khi d6
A= {X(@Z (s)):xeA,sel0, n]} la mot tap bi chan trong E, diéu ndy suy ra ton tai
hing s C sao cho X(6,(5))|<C voi moi x(0,(s))eA. Do g la ham LP-
Carathéodory nén ton tai ham khong am h. e L? (Q) va tap compact K. < E sao
cho g(s,x(6,(s))) € h. (s)K,, v&i hau hét se[0,n] ; diéu ndy suy ra dugc ton tai
hang s6 duong G sao cho |g(s, X(6, (S)))| <Gh.(s), véi hau hét s €[0,n].
1)  Ching minh C(A) lién tuc dong bdc

Véi moi t,t'e[0,n] : [t—t'|<5, dit ty=max{t,t} khi d6 véi moi
X € A taco:

t t'
CONM -CO|=| [ Kt.5) (95 x(@:(s))ds = [ Kt 5) (a5, x(0(5)) s
0 0
t t

< _ﬂ(K(t, s) - K(t',5)) (s, x(6,(s)))|ds + | [K(t',5)g(s, X(6,(s)))|ds

0 t
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1 1

n % L q q
< [J‘Q(S’ X(6(s)))” dSJ ,8) —K(t, iE,E) ds [ L(E E) J
0 0

1

n P 1 g
<6/ [reas | j [kas-Kes), j @9l e e
0

Do gia thiét V2.5 suy ra C(A) lién tuc dong bac.

2)  Chimng minh C lién tuc

Xét day {X, | _trong X,sao cho rlinooxm =X,. Dit A:{xm(s):s e[o,n],me N*}
thi A 14 tap compac (xem [1]), diéu ndy suy ra dugc A 1a tap bi chan trong E.
Dt P (S) =(9(S, X (65(5))) — 9(5, X0 (6,(5)))| ta co:

Pm(S) =0 va |p,(s)| < 2Ghe (S) véi hau hét s e[0,n].

bit K = sup {”K(t S)”L(E E)

te[0,n]

} ta co:
L*([0,n])

t
IC(Xn)(1) —C(xo) (V)| = I[K(t, $)9(S, X (65(5))) — K(t, )9 (s, % (6,(s))) Jds
0

t
< [IK () e 0|95 X (B2 (1) - (5, X0 B (M)
0

1
p

<K| [l9(s 5 (0,(5) - 95 %0 02 (5))|° ds]
0

1
p

<K j|pm(s)|p ds] ,vte[o,n].
0
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n
Suy ra |C(Xy) — C(%)||, <K I|pm(s)|p ds

Theo gia thiét V2.5 suy ra K hitu han, tir d6 theo dinh 1y héi ty, bi chin
Lebesgue va su lién tuc dong bac cia C(A) suy ra su lién tuc ciia C.

3) Chung minh C(A)(t), Vt €[0,n] la tdp compact trong E

Pit b” e E” sao cho K¢ nam trong nira khong gian b~ < r nghia 1a
beK.=b'(b)<r.

Nhu vay véi mdi X € A vahau hét s € [0,n] taco

b™ (9 (s, x(6,(s)))) < h. (O)r -

Xét truong hop jhc (s)ds >0, theo tinh chit cua tich phan Bochner suy ra
0

[ 96 x(6,(5))ds j b" (9(s, (6, (s))))d rj he (s)ds
b'| +— < =r.

j h. (s)ds j h. (s)ds j h. (s)ds

Vi giao cua tat ca cac nira khong gian dong chira Kc 12 bao 16i dong nén ta duoc
[a(sx(@:(5)) € [Ih (s)ds]E(Kc),
0 0
Do do
jK(t,s)g(s,x(QZ(s))) Uh (s)ds] co(K(t, s)(K. )))E
0
Vay

C(A)(t) = U he (s)ds]E(K(t, $)(K.)) = K, Vte[0,n].
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t
Xét truong hop I he (s)ds =0 khi d6 ta c6 h = 0 véi hau hét te[0,n] vi vay
0
9(s,x(6,(s))) =0 vé6i hau hét te[0,n], do d6 dé dang suy ra duogc
C(A)(t) c K,,Vte[0,n].
Vi K, latap compact va K (t,s) la anh xa tuyén tinh lién tuc tir E vao E nén ta co
Ky 1a tap compact trong E, tir d6 két luan dugc C(A)(t), Vte[0,n] la tap
compact trong E.
Tir cac ching minh 1), 2), 3) va theo két qua ciia Ambrosetti, két luan C 1a
toan tir hoan toan lién tuc trén (Xn,”.”n) va do d6 ciing hoan toan lién tuc trén

(X ki )-

Bo dé 3
; , C
Neéu gia thiét V2.4ii thoa thi  lim M =0
My Xy
Chutng minh:
Tacé Ve>0,35>0: 96 <5&— v6imoix thoa |x| > 5 va se[0,n].
x| 2Kn

Khi |[x|<& vi g la ham LP- Carathéodory nén ton tai hing sé G > 0 sao cho

1
n p
|9(s,X)| < Ghe(s) véi hau hét se[0,n]. Pit H =G j h2(s)ds | ta c6 H hiu
0

han.

Chon &, :5l1< i khi do voi moi X & X,y véi x|, 25, dt

l; ={s €[0,n]:|x(6,(s))| < &}, 1, =[0,n]\ I
Ta co:

COy®|_ 1

Xy I,

t
[k (g6 x@sM)ds
0
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: ’
<t [loGsx@on)° ds]
0

[x(6,(s))]°

I,

i 1 1
p p p p
<ft ﬂg(s,x(ez(s)))lpds] al 90X XEON }
I2
1

=

p p p p
< K [g(sxoyon)Pas | +k| [[LEXCN HOON
| D ool K
sﬁwé—ﬂs *gl* +E<ERR L E<ELEo g Vielon].
n
C C
Suy ra ” (X)”” <g Vxe X, hay lim ” (X)”” =0,Vxe X,
X[ by [l
C
Do |.|. twong dwong véi |.|,, nén ta suyra duge lim M:O, vXxe X,.
n N n

Xy X

Viy bo dé 44 duoc chimg minh.
Chitng minh dinh Iy 3.1 :

Tir cac Bo dé 1, 2, 3 suy ra cac gia thiét cia Dinh 1y 2.3 déu thoa, do vay trong
chimg minh cua dinh 1y nay ta c6 anh xa (1-U )_1C I4 anh xa hoan toan lién tuc
trén X, va ton tai tap D 16i, dong va bi chin trong X, va sao cho (1 -U)™C(D)<=D.

Ap dung Pinh Iy 2.1 bang cach dat C=D, T = (1 -U)™'C, t,=0, Xo=0 thi 5 rang
cac gia thiet ciia Dinh 1y nay déu théa. Vay dinh 1y 3.1 dugc chiing minh.
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