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TINH R; CUA TAP NGHIEM MANH

PHUONG TRINH VI TICH PHAN VOLTERRA
POI SO LECH PHI TUYEN LOAI HYPERBOLIC

LE HOAN HOA", NGUYEN NGOC TRONG"™

TOM TAT
Trong bai bdo nay, chang tdi ching minh tdap nghiém manh S cua phuong trinh vi
tich phin Volterra déi so léch phi tuyén loai Hyperbolic sau I3 tdp R;.
t
(1) = A u(t) +L{t)y +V (tu(t)) + [K(tsu(s) u)ds+F (), t=0 B
0
b =peC
- Do dé S khac réng, compact, lién théng. COng cu chinh c?‘uvc st dung la dinh l)f
diem bat dong cdaqtodn, tr dang Krasnosel’skii trong khong gian 161 dia phuwong, dinh Iy vé
tinh R, cua tdp diém bat dong cua anh xa hoan toan lién tuc.
Tir khéa: Tap R, phuong trinh vi tich phan Volterra dbi sé léch phi tuyén loai
Hyperbolic
ABSTRACT
The R; property of a set of strong solutions of the nonlinear hyperbolic Volterra
integro-differential equation with deviating argument
In this paper, we prove the R; property of a set S of strong solutions of the

following nonlinear Hyperbolic Voltera integro-differential equation with deviating
argument

u(t)=At) u(t)+L(t)q+V(t,u(t))+lK(t,s,u(s),us)ds+f(t),tzo

U =p<G
Hence, S is a non empty, compact, connected set. The Theorem of a fixed point of the
Krasnosel’skii-operator in a locally convex space and the Theorem about the R; property
of a set of fixed points of completely continuous maps are mainly used.

(1)

Keywords: R —set, nonlinear Volterra integro-differential equation with deviating
argument
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1.  Giéi thi¢u

Khi khao sat mot phuong trinh, trude tién ta mubn nghién ciru su ton tai nghiém
cua no. Khi phuong t;‘mh da c6 nghiém thi mét cau hoi ty nhién duoc dat ra la: liéu
nghiém do6 c6 duy nhat hay khong va trong truong hop phuong trinh ¢6 nhicu nghiém
thi tap nghiém c6 nhiing tinh chat gi?

Nim 1942, N.Aronszajn d4 chimg minh rang tip nghiém S cua bai toan gié tri
dau x' = f (t,x),x(0) =X, (trong 46 xel "tel =[0,T], f bi chin va lién tuc trén
I x[J") 1a mot tap R, trong khong gian C (1) tat ca cac ham lién tuc tr | vao 0",
Piéu ndy suy ra S khac rong, compact, lién thdng. Trong bai béo nay, ching tdi ching
minh tinh R cia tap nghiém manh cua phuong trinh (1) Cong cu st dung la dinh 1y
diém bat dong cua todn tir dang Krasnosel’skii trong khong gian 16i dia phuong, dinh ly
ve tinh R; cua tdp diem bat dong cua anh xa hoan toan lién tyc va mot so dinh 1y khac.
2. Kién thirc chuin bi
Dinh nghia:

Cho Q 1a khong gian metric day du. B 14 tap con khac rdng clia Q.

B goi 1a co rat dwoc (contractible) néu ton tai X, € B va anh xa lién tuc
h:[0,1]xB — B thoa h(0,x) =X, va h(1,x)=x véimoi xeB.

B goi 1a R, néu B ddng phoi voi giao ciia mot ddy giam (Bn)n, trong d6 B la
co rat duogc véimoi nell .

Mot tap R, thi khac réng, compact, lién théng.

Dinh nghia:

Cho X,Y la khong gian metric va anh xa f:X —>Y. f goi la &nh xa riéng

(proper map) néu f lién tuc va véi moi tap compact M cua Y taco f (M) Ia tap
compact cua X.
Diéu kign (A) ([2]) Cho X la khong gian 15i dia phuong va P 1a mot ho nira chuan
tach trén X, D la mot tap con cia X va U :D — X . V&ibatky ae X, ta dinh nghia
U,:D— X bsi U,(x)=U(x)+a.

Toan tr U : D — X goi la thoa diéu kién (A) trén tap con Q cua X néu

(A1)Vsibatky aeQ:U,(D)cD.
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(A2)Vsibatky acQ va peP , tontai k, el , Véi tinh chat: Vi moi &> 0,
ton tai rell va 6>0 sa cho véi moi x,yeD thoa af(x,y)<e+5 thi
al (Us(x),Ui(y))<e.

O day

al (xy)=max{p(Ui(x)-UJ(¥)):i, i =082 k.0 ={L2,..}, 04 ={012,..}.
Dijnh Iy (B)([2]). Cho X la khdng gian 16i dia phuong day di theo ddy véi ho nira
chuan tach P vagia st U,C latoan ta trén X sao cho

(B.1)U thoa diéu kién (A) trén X .

(B.2)Vsibatky peP , ton tai k, >0 (k, phu thudc vao p)sao cho:
p(U(x)-U(y))<k,p(x—y) véimoi x,ye X.

(B.3)T6n tai X, € X V61 tinh chat: Véi moipeP ton tai rell va
2€[0,1) (r,A phu thuoc vao p) sao cho p(UXrO(x)—UXrO(y))Sip(x—y) véi moi
X,yeX.

(B.4) C hoan toan lién tuc va p(C(A))<w véi Ac X, p(A)<eo

trongd6 p(A)=sup{p(x):xe A}.

(B.5) p('i)'ﬂwp(%i;)) =0 véimoi peP.

Khi d6 U +C c6 diém bat dong.
Chay 1: Tu chiing minh cua dinh ly (B) ta thiy: Trong truong hop X 14 khong gian
Banach, ton tai qua ciu  mé B(XO, r) cua X théa man
(I —U)flC(E(XO,r))Cg(XO,r), U +C co diém béat dong trong B(XO,I‘) va moi
diém bt dong cia U +C déu thudc B(XO, I‘), trong d6 E(XO, r) la qua clu dong tam
X,, ban kinh r.
Dinh Iy (C) ([2]). Cho X la khdng gian 16i dia phuong véi ho nira chuén tach P, D

la tap con day du theo ddy cia X . Cho U 1a mét toan tir lién tuc déu trén D (tic 12 vai
peP va £>0, ton tai §>0 sao cho néu p(x-y)<s thi din dén

p(U(x)-U(y))<e).
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Gia sit U thoa diéu kién (A) trén mot tap con Q cua X . Khi d6 toan tir
(1-U) " duogc dinh nghta tét va lién tuc trén Q. Vi bitky ae Q, toan tw U, c6 duy
nhat mot diém bét dong trén D 1a (I -U )7l(a) va limu; (X) = (I -U )7l(a) V&1 moi
xeD. n—>°°
Cha y 2: ([2]). Néu trong diéu kién(A), & duge chon doc 14p véi a e Q thi véi cac
gid thiét cia dinh 1y trén taco (1 —U) " lién tuc déu trén Q.

Binh Iy (D) ([1]). Cho X la khong gian metric, (E,|¢|) 1a khong gian Banach va anh
xariéng f : X — E. Gia st rang c6 mot dy cac anh xariéng f, : X — E thoa

(D.)|f, (x)-f (x)‘<% Véi moi Xe X .

(D.Z)Vdi moi kK ell va ueE thoa |u| S%, phuong trinh fk(x): u cé nghiém
duy nhat.

Khidé tap M = f7(0) la R;.
Dinh Iy (E) ([1]). Cho {xn,nn",u} la mot hé nguoe. Néu mdi X, 1a R, thi gi6i han
nguoc lim_ X, cingla R;.
3.  Két qua chinh
3.1. Gigi thi¢u bai toan

Cho r >0.Taky hiéu |0| la chuan ciia khong gian Banach E va [l | = [O,oo).
| =sup{ju(t):te[-r,0]}.

C([—r,oo),E) la khong gian céc ham lién tyc tir [-r,c0) vao E véi ho nira

C, =C([-r.0],E) véi chuén

chuén {|o| } dugc dinh nghia nhu sau: |x| =sup{|x(t)| ‘te [—r,n]},n el .
V&1 moi UEC( —r,© ) ) va t>0 dat u, € C, dinh nghia boi

u() (t+ )Vm@e[ ]
[T,

0
V&imoi U e ( d], ) va te[0,d] dit u, e C, dinh nghia boi

u() ( Q)VmQE[ ]

VéiueX,ditu :[—r,oo) — E dugc dinh nghia nhu sau
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_ u(s)+¢(0)-u(0), s>0
o(s) , se[-r,0]
Véi u eC([O,d], E), dat G:[—r,d] — E duogc dinh nghia nhu sau
_ s)+¢(0)—u(0), se(0,d
1(6) |99 0(0)-0(0). s<fo]
o(s) , se[-r,0]
Véi méi nell , dit X, :C([O,n], E) la khéng gian Banach gdm cac ham lién
u, :sup{‘u(t)‘:te [O,n]}.
X =C([ ,,E) lakhdng gian Frechet cac ham lién tuc tir [ , vao E v&i ho nira

tuc u :[O,H] — E vdi chuan

Chuén{”onn}nduqc dinh nghia nhu sau: ||u||n = Sup{‘u (t)‘ :tel0, n]} véinell .
Xét phuong trinh

u'(t)=A(t)u(t)+L(t)u, +V (t,u(t))+_1.K(t,s,u(s),us)ds+ f(t),t=0

(2)
u,=peC,

trong do {A(t)}tzo 1a ho toan tir tuyén tinh lién tyc tir E vao E,{L(t)}tzo la ho toan tir
tuyén tinh lién tuc tr C, vao E, f :[J | — E lién tuc, hon nira

(i) t—> A(t) lién tuc va t— L(t) lién tyc.

(ii)V:D,xE—E lién tyc va ton tai ham lién tuc w:0, —0 , sao cho
V (t.x)-V (t,y)| < o(t)|x-y| véimoi x,yeE vatel .

(iii)K :0 , xO , xExC, — E hoan toan lién tyc.

K (s xy)

(iv)‘ lim

=0 déu theo (t,5) trén mdi doan bi chan tly y cua
el x|+ y|
0, xt,.
Dinh nghia:

u :[—r,oo)—> E goi /a nghiém manh cia phwong trinh (1) néu
u|[0m) eCl([O,oo),E) va u thoéa phwong trinh (l), o day Cl([O,oo),E) la khdng
gian cac ham kha vi lién tuc u:[0,00) > E.

3.2. Cdcdinh ly
Dinh Iy 1.
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Cho (E|o|) la khong gian Banach, D 1a tip con md, bi chin cia E va anh xa
hoan toan lién tuc L ‘D - E. Gia st réng c6 mot ddy cac anh xa hoan toan lién tuc
L :D—E thoa

@)L, (x)- L(x)‘<% v&imoi xe D.

(1.2)Véi moi kell va ueE thoa |u|£%, phuong trinh x =L, (X)+u co
nghiém duy nhat.

Khi d6 tap diém bat dong caa L 1a R,.
Chitng minh: Ky hiéu i:D—E dinh boi i(x)=x. Pat f=i-L, f, =i—L, véi
kell. Theodinhly (D) tacé diéu phai chimg minh.
Pinh Iy 2.

Cho tap dong, khac réing M c X :C(D +,E). Voi nel, dat
M, ={X|[0'n]ZXEM}. Néumdi M_Ia R, thi M ciing I3 R..
Chimg minh: V6i m<p, dat =z} :M_ —M_ dinh b ﬂnﬁ(x)=x|[0m]. Ta c6
{M,, 7?0} lah¢ nguoc va M ddng phoi véi lim,_ M, . Theo dinh Iy (E), M 2 R,.
binh ly 3.

Néu cac diéu kién (i),(ii),(iii),(iv) dugc thoa man thi tdp nghiém manh cua bai
toan (1) la R;.
Chitng minh :

bit g:0 , xC, > E dinh boi g(t,u)=A(t)u(0)+L(t)u.

Tathay (I ) tuong duong vdi phuong trinh tich phén sau

u(t) =E|:.(g(s,us)+v (s.u(s))+f (s))ds+j;[j;K(s,a,u(a),ug)dajds+go(0),t >0

U, =

S

Bit P,H,U,C: X — X dinhboi P(u)(s)=g(s,(u) )+V (s.u(s))+ f (s).
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t

H(u)(t):JK(t,s,u(s)( ))dsU qu (s)ds, C(u jHu (s)ds+¢(0).
0

Pit A latap diém bat dong caa U +C va ¥ 1 tap nghiém manh cua (1)

_ {u(t), t=0

Khi ueA thi u(0)=¢(0) nén u(t)= o(t), te[-r,0]

bit F:A— ¥ dinhboi F(u)= u.Khido F 1a phép ddng phoi.
Vay ta s& ching minh A latap R,.Tacan cac bo dé sau.
Bédél. ([3]). g:0,xC, — E lién tuc va véi moi nel] ton tai k, >0 sao cho véi

moi X,y € C, va te[0,n] taco |g(t,x)—g(t,y)[<k,[x-y|.

Bo dé 2. ([3]). V6i moi se[0,n] va x,yeX ta co H(i)s—(ws <2|x-y| va

)
Bé @é 3. ([3]). Taco C lién tyc. Vi nel dit d, =max{w(s):se[0,n]} va
. ) nec,

0-uliy)], <7
X,y,ze X .Dodé U thoa diéu kién (B.1)—(B.3) cuadinhly (B).

Bé dé 4. C hoan toan lién tuc va H IHIm H ”l(J”)
uj| —oo

< 2|, +[e]

c, =2k +d,. Khi d6 ta co

x—y| voi moi jel va

n

=0 véimoi nell . Khi Qc X thoa

man || <o thitaco ||C(Q)||n <.
Chitng minh bé dé 4

Theo b6 d& 3 ta c6 C lien tyc. Liy QcX bi chin. Dit
P={X(S)ZXEQ,SE[0,H]},Q={(;)SZXEQ,SE[O,H]}.Khidé P,Q bi chin. Vi K

hoan toan lién tuc nén B:= K ([O,n]2 x P xQ) compact. Do d6 ton tai S >0 sao cho

‘K(t,s,u(s),(ﬁ)s)‘sﬁ v6i moi(t,s) e[O,n]Zva ueQ.
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Vay léy £>0 thi tdn tai & =& sao cho voi moi UeQ va t,t, E[O,n] ma

ng
max(t;,t) /s
|'[1—t2|<5 thi ‘CU(H)_CU(tZ)‘S J. (J. dajds

0

K (s,o,u (a),(ﬁ)g)

t—t,|]<nps<e.

min(t; t, )

<npg
Do dé {(Cu)\[0 gue Q} dang lién tuc.

Liy nta khong gian dong {u ek :b*(u)é r} chaa B, voi b eE” va r>0.

Theo tinh chét ciia tich phan Bochner va tinh tuyén tinh ctia b ta co :

b {%i{o K (s,o,u(a),(a)g)dajdsJ - n—lzmb(K (s,a,u(a),(ﬁ)g))da)ds <r
Vi moi U e Q va voi moi te[0,n].

Viay %j[iK(s,a,u(a),(a)g)dadee{ueE:b*(u)Sr} V6l moi ueQ va
0\0

te[O,n].

Vi giao cua tat cd céc nira khong gian déng chira B 1a bao 16i dong conv(B) cua

B nén ta co j[jK(S'G'u(a)'(a)g)dajdse n’(conv(B)) véi moi ueQ vate[0,n].
0\o0

Véi mdi te[0,n] dat (C(Q)), (t)= {((Cu)‘[o'n] J():ue Q} .

Khi d6 (C (Q))n (t)c nZ(COT/(B)>+(0(0). Do B la tap compact nén ta co
(C (Q))n (t) la tap compact tuong d6i. Vay C (Q) la tap compact twong d6i. Suyra C
hoan toan lién tuc.
Do (iv) nén véi moi & >0 ton tai m>0 sao cho véimoi xeE va yeC, ma
g
12n?
Do K hoan toan lién tuc nén ton tai p >0 sao cho véimoi xe E va yeC, ma

X[+ [y > m thi K (t,s,x,y)| < (IX|+]y]) véi moi (t.s) ef[o,n]’.
[X|+[ly] <m thi [K(t,5,x,y)| < p véi moi (t,5)<[0,n]".

E
12n?

Vay [K(t,s,%,Y)|< p+—— (X +]y]) veimoi (t,s)e[0,n] . xeE,yeC,.
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Khi d6 véi moi te[0,n] va ue X taco:
[ K(s.onu(e),(u) | dajds+|go(0)|
[+ (b)), )}dajds+|¢(0)|

<2+ 2|ul, +lol +[o(0)

[Cy]

2
np ’M14\¢(0)\} Khi fuf, > g, thi ST

Py 3 Py

Chon u, > max{
Ly QcX thea [Qf <. Pit P={x(s):xeQse[0n]} va
Q={(§) ZXEQ,SE[O,“]}. Do |Q <o nén P,Q bichdn. Vi K hoan toan lién tyc

nén ton tai ¥ >0 sao cho ‘K(t,s,u(s),(a) ) <y V&i moi (t,s)e[o,n]z,u cQ.

Vay HC(U)Hn <yn? +‘qo(0)‘ véimoi U e Q. Do d6 HC (Q)Hn <00,

Ta chiing minh dinh 1y 3 qua hai budc.
Bude 1. Ta ching minh A =@, Theo bd dé 3 vabd dé 4 ta co U ,C thoa cac diéu kién
ciia dinh Iy (B) .Vay A= .

Buéc 2. Tachung minh A latap R;.
Pit A ={u|[0'n]
hi¢utadat P,H,V,G: X, — X, dinh boi

Pu(s)=g (s,(G)S)JrV (s,u(s))+ f(s), Hu(t)= _:[ K (t,s,u(s),(ﬁ)s)ds,

V(u)(t) =_:[ Pu(s)ds,G(u)(t)= _[ Hu(s)ds +¢(0) véite[0,n].

0

‘ue A}. Ta chimg minh A_ 1a R,. Dé d& ning né vé mat ky

Tuong tu chimg minh dbi voi U,C tacd V,G thoa két luan caa bd dé 3 va bd
i

. . nc,
! (o) ), < 2
d6 V théa didu kién (B.1)—(B.3)cua dinh Iy (B), V lién tuc déu, (1-V) duoc

IN

dé 4. Vay véi z,u,ve X, tacod

Ju—v] veimeijel . Do



Tap chi KHOA HOC BHSP TP HCM Sé 27 ndm 2011

dinh nghta tt va lién tuc déu trén X,. Dat A=(1-V) G.Khido A hoan toan lién tuc.
Tagoi tap diém bat dong ciia A 1a A
Bédés. A =R
Chiimg minh bo @é 5 :
Khi ue A thi uf, 1 diém bit dong ctia A. Vay A, € A.

t

Ly yeA.Taco y(t):JPy(s)ds+ij(s)ds +¢(0) véi te[0,n].

0

Xét phuong trinh
u'(t)=g(tu,)+V (t,u(t))+.:[K (t,s,u(s),us)ds+ f(t)t=n (2)
u(t)=y(t) te[-r,n]

Tuong tu phuong trinh (1) ta thdy phuong trinh (2) €O mot nghiém 1a u. Dat

X(t)z{y(t), te[0,n]

_Khido xeAvax .=y.DodoyeA .Tacla AcA .
u(t), t=0 fon =Y Y5 "

i i
. (nc o nc, . 5
Boi llm#=0 nén ton tai p €l] sao cho ( _I) <1 véi moi > p. bat
oo I )
(nCn)p . . , X . o4 R JORPA £ )
A= : <1 va r=nc,. Theo dinh ly(C) ton tai diém bat dong duy nhat z, cua V .
p:

-1 G
bat ,3=(1—l)l[pir'j>0. Ta co H IHim |‘|‘x ():)”” =0 nén ton tai R, >0 sao
i=0 W= | X = Zg ),

cho khi |x—z,||, = R, thi |G (x)

<i||x—z |-
n 2,3 0lin

Pat M ={xe X, :|x-z, <R}. Khidé |[G(M)| <o nén ton tai R, >0 sao

cho HG(X)Hn <R, véimoi Xxe X, thoa mén ||X— 20”n <R,.

Ly >0, vi (1-V)" lién tuc déu tén X,, nén ton tai 6>0 thoa man

J0-v)" ()=(1-v)" (v)] <& véimoi xy e X, ma [x-y], <&. (3)

10



Tap chi KHOA HOC BHSP TP HCM Lé Hoan Hoa va tgk

Chon R, > 35 + R, + BR, thi twong ty phén chimg minh dinh 1y (B) trong [2] ta
thay (I-V )7IG(§(ZO,R3))C§(ZO,R3), V+G c6 mot diém bit dong trong
B(z,,R,) va moi diém bat dong ciia V +G déu thudc B(zy,R,), tic 1a A, < B(z,,R,).

bat P = {u(s):s e[0,n],u eg(zo, Rg)},Qn = {(G)S :se[0,n],u eE(zo, Rg)} Ta co
EH,Q_n bi chan. Do K lién tuc nén ton tai mé rong lién tuc K~ caa K|[o,n]2xﬁnx6n Ién
0 2xExC, sao cho K' (L 2><E><Cr)ccoT/K([O,n]2><En><Q_n).

Khi d6 ton tai toan tir Lipschitz dia phuong K_ xac dinh trén 0 *xE xC, sao

cho

Kg(t,s,x,y)—K*(t,s,x,y)‘<% véi moi (t,5,x,y)el*xExC, va
Kg(szExCr)CCOT/K*(DZxExCr)ch([O,n]szﬂxQ_n).

Vi K hoan toan lién tuc va P,,Q, bi chan nén K, (D ’xE xCr) compact tuong

ddi. Vay K, hoan toan lién tuc.

t S _
Pat C,: X, — X, dinh boi Cs(u)(t)zj.[f Ks(s,a,u(a),(u) )dajds+go(0) V6i
0\0
te [0, n]. Vi K, hoan toan lién tuc nén chiing minh hoan toan tuong tu bd dé 4 ta co

C, hoan toan lién tuc. Pt A =(1-V)"C,.Khido A, ciing hoan toan lién tuc.

dajds
dajds

Do 46 [C. (u)~G(v)], <5 véi moi u<B(z,R). (4)

Véimoi te[0,n] va u eg(ZO,Rg) ta co

|Cg(u)(t)—G(u)(t)|§i.[i. K, (s.ou(o),(u) )-K(s.ou(o).(u) |

K.(so0(0).(s), )-K (s.ou(o).(u) )

Tu (3),(4) taco HAS(U)—A(U)Hn <& voimoi UeB(z,,R,).

Lay he X, taxét phuong trinh u = A (u)+h véiueX,. (5)

11
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Ta thdy phuong trinh (5) twong duong phuong trinh  sau
u=V (u)+h-V(h)+C,(u). Pat W (u)=V (u)+h-V (h).
Bé dé 6. W +C,_ c6 diém bét dong.
Chitng minh bé dé 6 :
S(L”u V|| voimoi jell .
n j!
nén véi moi z,u,ve X, ta cing co

Voi z,u,ve X, taco

J(U)-V/! (v)
Lai co h c6 dinh va W, =V, .,
i
o (0) - (0], = "2 ool voi moi e

Tuong ty phan ching minh dinh 1y (B) trong [2] ta co

WET (20) -], < A
—A)l(gf‘j.

chFZTx) (2)-12

XxeX,vamell .

X)Hn Vi moi xeX, va mel, trong do

H ) Vol moi

Vay c, (0], <A(Jc. (-6

<p

n n

pm

(x)(ZO)_ZO

sﬂ@wmn

Do d6 véi moi x € B(z,,R;) va mell taco:

Lay x eg(zo, R3)~ Ta xét hai truong hop
THL. [x-z,| <R,.

chiTx) (z,)- Zo|,

W, (20) € B(Z,Ry).

TH2. R <||x—z,| <R,.Taco:

Khi do ( +|e(x)|. j =+ BR, < R,. biéu nay cho ta

m 0
’\NC’:(X)(ZO)_ZO S[3(_4'”(3( j<ﬁ{§+ﬁnx 20”j
o 1 R, R,
2 x-al, <2 B,

bieu ndy cho ta W () (2, ) € B(2y,Ry)-

12
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Vay WC‘ZTX)(ZO)E B(ZO,R3) V&1 moi Xeg(ZO,RS) vamel .
Theo dinh Iy (C) ta co r!]i_rﬂowcrir(nx)
(I —W)ilCS(X)EE(ZO,RS) Vo1 moi XEE(ZO,RS).

(z,)=(1-W)"C,(x) véi moi x € X,. Do d6

Nhu vy (1-W)"C,(B(2,R,)) < B(2,R; ).

Theo dinh 1y (C) tacé (1-W) " lién tucnén (1 -W)"C, lién tuc. Do C, hoan
toan lién tuc nén (I -W )71 C, (E(ZO, RS)) la tap compact twong d6i. Vay theo dinh Iy
diém bat dong Schauder ta thﬁy(l -W )7l C, co diém bat dong trong E(ZO, R3)~ bo
ciing chinh 13 diém bat dong ctia W + C..

Vay phuong trinh (5) €6 nghiém thudc E(ZO, R3) .Ta ching minh nghiém do6 1a
duy nhat. Gia st X,y la hai nghiém cta phwong trinh (5) toc X,y 1a hai diém bt
dong cia W +C, . Khi d6 x(0) = y(0) = ¢(0) + h(0).

bat b= max{a € [0, n] : X(t) = y(t),Vt € [O,a]} . Tachung minh b=n.

Gia st trdi lai b<n. Do K, Lipschitz dia phuong trén [0, n]2 x ExC, nén ton tai

p >0 sao cho K_ Lipschitz trén [O, rl]2 x B, x B, v&i hang s6 Lipschitz 1a m, trong d6
Bl={Z€EZ|Z—X(b)|<p},BZ={ z—(i)bH<p}.

Bit 7, =k, +d,.V6i mdi ue X, ¢ dinh thi cic 4nh xa s+ (u) Vva s> u(s)

S

lién tuc nén ton tai o, >0 sao cho o, <m,b+a1 <n; x(s),y(s)eB, va

(i)s ,(9)8 e B, véimoi se[b,b+a,].
Vay v&i moi S E[O,ﬂ] va o e[b,b+61] taco
K. (s.0x(@)(x), )= K. (s:0:v(@)(v). | <m{lx(@)-ve)|+|(X), ~(¥), )

I, =max{‘u s ‘ZSE[b,b-ﬁ-Gl]}.

bat X, =C([b,b+(71],E) V6i chuan

Ta thiy voi moi oe bb+c7l H X) H<||X y||b Do do6

KS(S,G,X(G),(Q)U)—Kg(sv‘j’y(g)’(y)g)

<2mfx-y,

13
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Véi o €[0,b] thi x(o) = y(a),(x) :(y) :

t b ) ’
aal

K, (S,G, X(O'),(i)g)— K, (S,G, y(a),(?)o )‘dajds =0.

Ta lai co X,y la diém bit dong caa W +C_ nén voi te[b,b+o,] ta co

J.Px ds+IUK 5,0, ( )U)dajds+x(b)

y(t) =ij j[iK s o,y(o y)g)dadeer(b). Do dé

0

g (s,(i)s) -9 (S(Y/)S )‘ds +I!.’V (s.x(s))=V (s, y(s))‘ds
e 5, st 5 o

() -y (0] 7, [yl (t-b) + 2l Y], (1-b) < e, + 2mm)o ],

< %”X— y||b Véimoi t e [b,b+al] .

. 1 A
Do d6 [x-y], < Lfx-yl, - vay [x-v], =0

Do vay x(t)=y(t) véi moi te[bb+o,]. Vay x(t)=y(t) véi moi
te [0,b+01]. Diéu ndy mau thuin véi dinh nghia cia b.Vay b=n. Do d6 x=y.
Vay phuong trinh (5) c6 nghiém duy nhét thudc E(ZO, R3) .
fry VA L =Aly, o - Tathay A, I3 tap diem bat dong cia L va
L thoa cac didu kién cua dinh 1y 1 nén A, latip R;. Do U,C lién tuc nén tap diém
bat dong A cta U +C la dong va theo budc 1 thi A= Q. Vay theo dinh 1y 2 ta co A
la R;.
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