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PHAN LOAI CAC MD-PAI SO NAM CHIEU
VOI IDEAL DAN XUAT HAI CHIEU

LE ANH VU', NGUYEN PHUOC THINH™

TOM TAT
Bai bdo xét mét 16p con cdc MD5-dai sé, tirc la cdce dai sé Lie thuc giai dugc 5 chiéu
ma nhom Lie lién thong, don lién twong umg chi c6 cdc quy dao trong biéu dién doi phu
hop (K-quy dao) hodc khéng chiéu hodc chzeu cuee dai. Két qua co ban ma bai bao dia ra
la phan loai tri¢t dé (chinh xdc dén ding cdu dai so Lie) tdt ca cdc MD5-dai s6 véi ideal
dan xudt hai chiéu. ) )
Tir khoa: nhom Lie, dai s6 Lie, MD5-nhom, MD5-dai s6, K-quy dao.
ABSTRACT
Classification of 5-diemensional MD-algebras
with 2-dimensional derived ideal

The paper presents a subclass of MD5—algebras, i.e., five dimensional solvable Lie
algebras that K-orbits of corresponding connected and simply connected Lie groups are
orbit of zero or maximal dimension. The main result of the paper is to classify
absolutely (to be correct in isomorphism of Lie algebra) all 5- dimensional MD—
algebras with 2- dimensional derived ideal.

Keywords: Lie group, Lie algebra, MDs-group, MDs-algebra, K-orbit.

1. Mé dau
1.1. Lich si vin dé

Nam 1962, nghién ctru 1y thuyét biéu dién, A.A Kirillov [2] d& phat minh ra
phwong phap quy dao. Phuong phap nay nhanh chong tr¢ thanh c6ng cu manh nhit cua
1y thuyét biéu dién nhom Lie va dai s6 Lie. Phuong phap quy dao Kirillov cho phép ta
nhan dugc cac biéu dién bat kha quy unitar ciia mdi nhom Lie lién thong, don lién, giai
dugc tir cac quy dao trong biéu dién ddi phu hop (con goi 1a K-quy dao) cia nhoém do.
Trong phuong phap quy dao Kirillov, cac K-quy dao (nguyén) dong vai tro then chdt
dé tir 46 dung nén cac biéu dién bat kha quy unitar. Do d6, viéc mé ta cac K-quy dao
ciia moi nhom Lie, nhat 14 cac nhom Lie lién thong giai duoc, c6 ¥ nghia quan trong
trong 1y thuyét biéu dién nhom Lie.

Céu tric ctia nhém Lie va dai sd Lie giai dugc khong qua phirc tap, nhung cho
dén nay viéc phan loai chiing vin con 1a bai toan mé. Nam 1980, chinh phuong phap
quy dao cua Kirillov di goi y dé Pd Ngoc Diép [1] dé nghi xét 16p cac MD- dai so va
MD-nhém. Gia st G 1a mot nhém Lie thuc giai duoc n chidu (n 13 mot sb nguyén
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duong). Khi d6 G dugc goi 18 MDn-nhom néu cac K-quy dao cia nd hodc la khong
chleu hodc ¢6 chiéu 1a mot hang s6 k (chén) nao d6 khong vuot qua n. Bai s6 LieG cua
mdi MDn-nhém duoc goi 1a mot MDn-dai s6. Pén ddy, mot bai toan kha hap dan dugc
dat ra 1a “phdn loai va mé ta K-biéu dién ciia I6p cdc MDn-nhém va MDn-dai s6”. Cht
¥ rang moi nhom (tuwong ung, dai s6) Lie thuc giai dugc khong qua 3 chiéu déu 1a MD-
nhom (twong tmg MD-dai s0), hon thé chung da duoc liét ké hét tir 1au. Vi thé chung ta
chi can bét dau tir cac MDn-dai s6 va MDn-nhém véi n>4.

Nam 1984, Bao Van Tra [4] da liét ké (nhung chua phén loai) toan bo cac MD4-
dai s6. Pén nam 1990, trong cac bai bao va luén an tién si ctia minh, Lé Anh Vi da
phan loai triét dé (chinh xac dén dang céu dai s6 Lie) cac MD4-dai sb nay (xem
[S],[6],[7]). Nam 2008, L& Anh Vi va Kar Ping Shum [8] da phan loai tri¢t dé cac
MD5-dai s6 voi ideal dan xuét giao hoan. Nhu vy, dé hoan thanh bai toan phén loai
cac MD5-dai sb thi chung ta can phan loai 16p cac MD5-dai s6 véi ideal dan xuat
khong giao hoan chiéu khong dudi hai va khong qua bon. Trong bai béo nay, ching ta
s& hoan thanh triét dé viéc phan loai MD5-dai s6 voi ideal dan xuat hai chiéu.

1.2. Cdc két qua trwéc diy lién quan trwe tiép dén bai bdo

e Giai quyet triét dé 16p MD4. Cu thé 1 phan loai tt ca cac MD4-dai s6, mo ta
hinh hoc K-biéu dién cia cac MD4- nhom lién thong bat kha phén, phan loai t6 pd. tat
ca cac MD4-phan 14, ddng thdi mo ta tat ca cac C'-dai s cua cac MD4-phan 14 bang
phuong phép KK-ham tr (xem [5],[6],[7] ).

e Phan loai cac MD5-dai s6 voi ideal dan xuat giao hoan (xem [8]).
1.3. Tom tit két qud chinh ciia bai bdo

Cung véi két qua da cé trude, bai bao sé cho ta mot phan loai (chinh xdc dén
dang cau dai 5o Lie) tat ca cac MD5-dai so voi ideal dan xuat hai chiéu.

Trudc khi phat biéu va ching minh két qué chinh, chung ta sé& nhéc lai mot sb
khai ni¢m c6 lién quan dé ban doc tié€n theo doi.

2. Nhic lai vai khai niém va tinh chit co ban
2.1. Nhém Lie va dai sé Lie
2.1.1. Dinh nghia (xem [2])
Tap hop G dugc goi la mdt nhom Lie néu cac diéu kién sau duoc thoa man:
(1) G 1a mot nhom.
(i1) G 1a mdt da tap vi phan.
(iii) Phép todan nhém GxG — G,(x,y) > xy~' la mot anh xa kha vi.
2.1.2. Dinh nghia (xem [2])

Mot dai s6 Lie trén truong K hay K-dai 56 Lie 1a mot K-khong gian vecto g ciing
v6i anh xa K-song tuyén tinh g xg —»> g ,(X,Y) = [X,Y](duoc goi 1a moc Lie hay hoan
ttr) thoa mén hai tinh chét sau:

(i) Tinh phan xung: [X,X]=0,VX €g,
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(ii) Dong nhdt thire Jacobi: [X,[Y,Z11+[Y,[Z, X11+[Z,[X,Y]]=0;VX,Y,Z e g.

2.2. Biéu dién chinh quy ciia dai sé Lie

Cho g 13 dai s6 Lie. Véi mdi X eg, ki hiéu ad  1a toan tir trong g dugc xac dinh
boi: ad,(Y)=[X,Y],VY eg.Khido ad, 1a mot anh xa tuyén tinh tir g vao g va ta thu
duoc biéu dién tuyén tinh ciia g trong chinh g nhu sau:

ad: g ->End(g), X — ad,

Biéu dién nay dugc goi 1a biéu dién chinh quy cta g. Hat nhan cta biéu dién nay
la Ker(ad)={ X €g/ad, =0}, chinh la tam cua g.
2.3. Biéu dién phu hop, K-biéu dién va dang song tuyén tinh Kirillov
2.3.1. Biéu dién phu hop

Cho G 1a mdt nhom Lie tuy ¥ va g 1a dai s6 Lie cta no. Gia sit G tac dong 1én g
boi Ad:G — Autg dugc dinh nghia nhu sau: Ad(g):=(L, ORg—l)* . 88 VgeG
trong do L, (tuvong Ung, Rg_1 ) 1a phép tinh tién trai (twong tng, phai) cia G theo phan

tr geG (tuong ung, g € G). Tac dong Ad con goi 1a biéu dién phu hop cua G trong
g.
2.3.2. Biéu dién doi phu hop

Ki hiéu g" 1a khf)*ng gian ddi ngiu cua g. Kh*l d6 biéu dién Ad cam sinh ra tac
dong K :G — Autg cua G 1én g theo cach sau day:

<K( F X> (F.Ad(g")X).VF eg’, VX eg,VgeG; & d6 voi mdi Feg', X eg, ki

hiéu (F, X)chi gi4 tri cia dang tuyén tinh F e g tai trudng vecto (bat bién tréi) X eg.
Tac dong K dugc goi 1a K-biéu dién hay biéu dién doi phy hop ctia G trong g*. Mdi quy
dao ung voi K-bi€u dién dugc goi 1a K- quy dao hay quy dao Kirillov cia G (trong g).
Nhu vay, K-quy dao Q, chira phan tir F duoc cho boi Q,. = {K(g)F /ge G} .
2.3.3. Dang song tuyén tinh Kirillov

Véi moi F eg*, ta xac dinh dang Bg nhu sau: B.(X.Y):= <F,[X,Y]>,VX,Yeg.
Hién nhién Br 1a dang song tuyén tinh phan xtng vi méc Lie c6 tinh chat di). Ki hi¢u
Gr la cai on dinh hoa cua F dudi tdic dong K cuia G trong g, tic Ia
G, = {g €eG/K,F= F} bat gr = Lie(Gy) 1a dai s6 Lie ctia Gy. Dai sb Lie grvadang

song tuyén tinh K1r1110v BF c6 quan hé mat thiét véi nhau, hon nita ching rat c6 ich
trong viéc xac dinh s6 chiéu ciia K-quy dao Q, chua F.

2.3.4. M¢nh dé (Xem [2], Section 15.1) Hat nhdn ciia By va s6 chiéu ciia Q, dwoc cho
boi cac hé thirc KerB, = grva dimQ, = dimg - dimgp.
2.4. Cdc MD-nhém va cdc MD-dgi sé
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2.4.1. Dinh nghia (xem [1], Chapter 4, Definition 1.1)

Gia s G 1a mot nhom Lie thuc gidi duoc n chidu (n 1a mot so ty nhién dwong nao
do). G dugc goi la mot MDn-nhom néu cac K-quy dao cua nd hodc la khong chiéu hoac
c6 chiéu la mot hang s6 k (chan) nao d6 khong vuot qua n. Pai s6 Lie cia moi MDn-
nhém duoc goi 1a mot MDn-dai so.

2.4.2. M¢nh dé (xem [3, Theorem 4])

Biéu kién ccfn dé dai sé Lie gidi dwoc g thudc 16p MD-dai s6 la ideal dan xudt

it hai g° = [gh, 8" =1 (88, [8 8] ] cuano giao hodn.

Chuy rang diéu kién can néu trén khong phai 1a diéu kién du. N6i mot cach khac,
c6 nhiing dai s6 Lie giai dugc voi ideal dan xuét thir hai giao hoan, tham chi triét tiéu
nhung van khong phai 1a MD-dai sd. Tuy nhién, nhd diéu kién nay, dé phan loai cac

MD-dai s, ta chi can xét cac dai s6 Lie giai duoc voi g2 giao hoan.
3. Két qua chinh
3.1. Cac ki hiéu
Tu day Ve sau, g s& 1a ky hiéu dé chi mot dai sb Lie thuc giai duoc 5 chleu vag'

1a ideal dan xuat hai chiéu cta g. Pé dinh y ma khong hé lam glam tinh tong quat, ta
chon mét co s& thich hop (X,,X,,X,,X,,X,) trong g sao cho g’ =0 .X, ®0 .X,. Khi

d6, véi tu cach 1a mot khong gian vecto 5 chiéu, g=0°. Khong gian ddi ngu cia g
dugc ky hiéu 1a g". Ta cling c6 ddng nhat thic g  =0°véi co so dbi ngiu
(X, X, X,,X,,X.) cia coso (X,,X,,X,,X,,X,). Dbi v6i cac MD5-dai s6 voi ideal
dan xuét 2 chiéu, ta c6 dinh 1y sau.
3.2. Dinhly
Gid sir g la mot MDS5-dai s6 véi ideal dan xudt g'=[g,g].Khi 6 cdc khang dinh
sau la dung:
1) g’ phai giao hodn, nghia la khéng ton tai MD5-dai sé véi ideal dan xudt 2 chiéu
khong giao hoan.
2) Néu g khd phdn thi g=h®0 ,¢ ddy h la mt MD4-dai sé.
3) Néu g bat kha phan thi g dang cau véi dai sé Lie dudi day:
852 = (XX, X, X X 1 [X, X, 1= X,,[X,, X;]= X5),

& day cdc moc Lie khong viét ra déu tam thirong.
3.3. Phép chung minh dinh ly
Pé chig minh dinh 1y trén ta can mot s6 b de.
3.3.1. Bo dé (xem [1], Chapter 2, Proposition 2.1)
Cho g la mét MD-dai s6 va mét ham Feg" khong triét tiéu hoan toan trong g',
nghia la ton tai Ueg' sao cho <F,U> #0. Khi @6 K-quy dao Q, cé chiéu cuc dai. |

3.3.2. Bo dé (xem [8, Lemma 3.3])
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V6imoi F € g taluén c6 dimQ, = rank(B), ¢ dé

la ma trgn cua dang song tuyén tinh phan xing By trong co so (X,,X,,X,,X,,X,) cua
oL
3.3.3. Bé dé: Néu Z e g' thi tr(ad,)=0.
Chung minh:

Gia sir g 1a mot dai sb Lie thyc 5 chiéu va g’ 1a ideal dan xuét thir nhét cia g. Vi Z
€ gl nén Z 1a mot to hop tuyén tinh cua cac moéc Lie [X,Y] ;X,Y eg. Do do, ta chi can
ching minh  rang: tr(ady,)=0,vX,Yeg . That viay, ta co

tr(ad,y ) = tr([ad,ad,])=tr(ad, cad, —ad, °ad,)=0.[]
3.3.4. Bo dé

Néu mét dai s6 Lie thuc 5 chiéu ndo dé ¢é ideal dan xudt thir nhat 2 chiéu thi
ideal dan xudt do phai giao hoan.
Chitng minh:

Gia st g 1a dai s6 Lie thuc 5 chiéu v6i g’ 1a ideal din xuét thir nhat 2 chiéu. Hién
nhién 1a ta ludén c6 thé chon dugc mot co s¢ (X, X,, X, X,, X;)thich hop trong g sao
cho g’=0 X, +[] .X,. Ta can chung to rang [X,,X,]=0.

Gidsu [X,, X;]=aX,+ pfX;;a, fll . Khido ta co:

0 00 0 O
0 0 0
0 0 0],
* 0 «a

0 0
ad, =0 0
* %

& day cac ddu * chi cac phan tir ma ta khong can quan tam. RS rang tr(ad v )=/, ma
4

X, eg'nén B6 d¢ 3.3.3 chota #=0. Lap luan tuong ty ta ciing c6 tr(aa’X5 )=—a=0.

Vay [X,,X,]=0, tic 1a g'giao hoan. L
3.3.5. Nhin xét

B6 dé 3.3.4 van dang cho dai s6 Lie thuc n chiéu tuy ¥, nghia 1a hé dai s6 Lie
thuc c6 ideal dan xuat thir nhat 2 chiéu thi ideal d6 luén giao hoan.

3.3.6. Chirng minh két qud chinh

~ Rd rang, lghelmg dinh 1) duoc suy ra truc tiép tr b dé 3.3.4, con khéng dinh 2) 1’2‘1
hién nhién. Khang dinh 3) la mot phan két qua da dugc néu va chiing minh chi tiet
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trong Dinh 1y 3.1 cua tai liéu [8, Section 3].‘6 day, chung 61 dinh chinh lai két qua cua
bai bao. Cu thé, trong truong hop g’ hai chiéu giao hoan, chi c6 duy nhat mot ho MD5-
dai so

8= (XX, X X, X 11X, X, 1= X, [X,, X, = X5).

Con ho

8522(A) = (X X0 X X X5 /[ XL X, ] =X, X, 1= XX, X, = 4X,), Ael’
khong phai 1a MD5-dai sb.

Ta sé& lam 13 diéu nay. That vay, lay

F=aX +pX,+yX,+0X,+0X.c g a,B.y,5,0€l ,

U=aX,+bX,+cX,+dX,+ fX;e€g;a,b,c,d, f €ll .

Nhic lai ring gp=Ker(B,)={U eg/(F,[U,X,])=0;i=1,2,3,4,5}. Khi do, tinh

toan truc tiép ta duoc

S Q

Uegre B

Il
S O O O O

oday B=

S © Q © w o
|
Q
o
o

~
o,
o
|
Q
o o o o

o 0
0 0 0 O
Theo B6 dé 3.3.2, dimQ, = rank(B). Theo B6 dé 3.3.1, K-quy dao Q, c6 chiéu
cuc dai néu Flg'#0, tic 1a 6°+0? #0. Pic biét, rank(B) s& 1a hang sé néu 5,0
khong dong thoi bang 0. D& thay rang rank(B) = {0,2,4}. Do d6 &s2,1(A) khong phai la
MDS5-dai so.
Vay Dinh ly 3.2 dugc chiing minh hoan toan. L]
3.4. Nhan xét
Nhic lai réng, mdi dai sb Lie thuc g xac dinh duy nhé‘g mot nhom Lie lién thong
don lién G sao cho Lie(G) =g. Do d6 ta nhan duoc duy nhat mot ho MDS-nhém lién
thong don lién twong trng vo1 MDS5-dai s6 g5, va ho MD5-nhém nay la bat kha phan.

0
0

3.5. Vai bai toan mao can tiép tuc nghién ciru

e Phan loai cac MD5-dai sb véi ideal dan xuat tha nhat khong giao hoan 3 chiéu
va 4 chiéu dé hoan thanh viéc phan loai triét dé toan bd 16p MDS5-dai so.
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e Giai quyét cac van dé tuong tu nhu da 1am cho cac MD5-dai s6 va MD5-nhom

da xét cho cac MD5-dai s6 va MD5-nhém con lai.
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