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THAM SO TU DO
VOI SUHQI TU CUA PHUONG PHAP TOAN TU FK

HOANG DO NGOC TRAM', LE VAN HOANG™

TOM TAT

Mot diéu kién pho qudt dwoc dwa ra cho viéc chon tham sé tir do khi ap dung phuong
phap toan tu FK dé gidi phwong trinh Schrodinger. Chung toi chi ra rang toc dg hoi tu ciia
chudi bé chinh dwoc cdi thién dang ké bang cdch chon toi wu tham so6 tu do. Ap dung cho
truong hop dao dong tur phi diéu hoa, nghiém chinh xdc bang sé (ham séng va nang lrong)
dwgc tinh bang mgt giai thudt rat nhanh dwa trén phuong phdp toan tir FK va diéu kién
chon tham so toi wu.

Tir khoa: phuong phap toan tir FK, phuong trinh Schédinger, tham s6 tu do, téc do
hoi tu, didu kién tdi wu.

ABSTRACT
Free parameter in regulation of convergence rate of the FK operator method

A universal criterion is proposed to define the free parameter when applying the FK
operator method for solving the Schrodinger equation. We show that the convergence rate
of approximation series can be regulated by this method of choosing the free parameter.
Applying for an anharmonic oscillator as a sample problem, exact numerical solutions
(wavefunctions and energies) for which are obtained by very fast algorithm based on the
FK operator method and the proposed criterion.

Keywords: FK operator method, Schrodinger equation, free parameter, convergence
rate, optimum condition.

1.  Giéi thiéu van dé

Phuong phép toan tir dugc xay dung bdi hai gido su Feranchuk va Komarov vao
nhimg nam 1980 [4, 5], va d& dugc umg dung thanh cong cho mdt loat cac bai toan vat
li chat ran, li thuyét trudng, cling nhu vat 1i nguyén tr, phan tir (xem cong trinh [6] va
cac trich dan trong do). Nghién ciru sdu hon vé nén tang phuong phap, ngodi cac cong
trinh cua nhom cua chinh tac gia phuwong phap con co cac nhém khac, xem [2, 3].
Trong bai nay va tir day tro di, chung t61 s€ goi tén la phuong phap toan tr FK dé phan
biét voi cac phuong phap st dung toan tir khac. Mot trong cac van dé quan trong khi ap
dung phuong phap toan tir FK do 1a vai tro cua tham s6 tu do [1, 7]. Tham s6 nay dugc
dua vao khi biéu dién cac bién sb dong luc x, P, qua cac toan tir sinh hiy a(w), a’ (@) .
Chuing ta goi la tham s6 tu do vi thuc chat Hamiltonian ctia hé khong phu thudc vao sy
chon Iya tham s6 nay. Tuy nhién, @ déng vai trd dic biét quan trong trong phuong phap
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toan t¢ FK do d6 chinh xdc ctia nghiém gén ding phu thudc vao viéc chon lya w.
Ngoai ra khi tinh chuoi cac bo chinh vao nghi¢m dé thu dugc nghi¢m chinh xac bang
s0, toc do hoi tu cling phu thudc rat 16n vao gia tri o [7].

Tuy nhién, cach chon tham s6 @ van chua duoc nghién clru tuong xuing. Ngay tur
khi xdy dung phuong phap, cich chon @ 1a dya vao diéu kién khong phu thudc cia
nghiém chinh xac vao tham s6 tu do [4, 5]. Phuong phap nay t6 ra han ché khi ap dung
cho cac trang thai kich thich, cho nén trong cong trinh [1] dua ra phuong phap chon lua
t6i wru tham sb sau mdi vong lap khi tinh b6 chinh béac cao vao ning lugng. Diéu nay
dan dén viéc ting dang ké khi luong tinh toan va khong dé dang phat trién cho cac hé
nhiéu bac tu do. Trong cac cong trinh [2, 3] dua ra phuong phap chon lya ngau nhién
tham s6 @ va thir nghiém sao cho c6 duoc tdc do hoi tu cao. Cac phuong phap chon
lwa néu trén duoc ap dung cho dén bay giod, tuy nhién véi cac bai toan hé nguyén tir,
khi xét cac trang thai kich thich mién chon lwa tham sé rat hep, khé st dung phuong
phap chon lya ngiu nhién. Chinh vi vy, viéc tim quy tic xac dinh mién chon lya tham
sO tu do sao cho khi ap dung phuong phap FK chung ta co dugc chudi hoi tu nhanh
nhat vé nghiém chinh x4c bang sd 1a rat can thiét.

Trong cong trinh ndy, chung t6i s& khao sat vai tro ciia tham s6 o d6i véi toc do
hoi tu ctia phuong phap toan tir FK va dua ra nguyén tic cho viéc chon lya ving tham
sO t6i wu ma cac y twong dau tién di dua ra trong [7]. Xac dinh duoc ving tham sé tdi
wu giup ta 4p dung hiéu qua hon phuong phap chon lya tham sé ngiu nhién. Ngoai ra
chung toi cling so sanh hi¢u qua sir dung hai so d6 tinh bd chinh bac cao 1a so d6 nhiéu
loan va so d6 vong lap. Dé cu thé hoa, trong bai nay chung toi stir dung dao dong tir phi
diéu hoa cho cac tinh toan sd, tuy nhién két qua mang tinh phd quat do cac 1ap luan dua
ra khong phu thudc vao hé vat li cu thé.

Mot trong nhitng dong luc khién ching toi quay lai v6i bai todn nay lién quan dén
viéc tmg dung phuong phap toan tir FK trong phat trién bd chuong trinh giai phuong
trinh Schrodinger phu thudc thoi gian cho nguyén tir, phan tr trong truong dién cua
xung laser.

2.  Phwong phap toan tir FK cho bai toan dao dong tir phi di¢u hoa
2.1. Dao djng tir phi diéu hoa va phwong phdp nhiéu loan

Chung ta xét dao dong phi diéu hoa mot chiéu vi Hamiltonian sau:
1
H=———F+—x"+Ax", (1)

trong d6 hé sb phi diéuhoa 1>0.0 day, ta st dung h¢ don vi lfhf)ng thr nguyén. pé
giai phuong trinh Schrodinger cho hé (1) bang phuong phdp nhiéu loan, thong thuong
nguoi ta chon
A 1 d*> 1 A
HO:——d——|— xt, V=Ax", (2)
2dx* 2

va chi ¢o thé thu dugc nghiém trong trudng hop A di nho [8].
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~ That vay, diéu kién tng dung phuong phép li thuyét nhiéu loan [8] cho trang thai
n bat ki la:

(w,

dua dén ngudng A 0.67 cho trang thai co ban. V&i cac trang thai kich thich hé s6 A
con nho hon nita. Trong cong trinh [8], & minh hoa cho sy han ché cta phuong phép li
thuyét nhiéu loan mot sb gia tri da duoc tinh véi so dd Rayleigh- Schrodinger. Cu thé,
tmg véi A =0.01, kha nho so véi diéu kién nhiéu loan (3) cho trang thai co ban, véi bd

chinh bac 10 thu duoc Eéw) =0.5072562044 , chinh xac dén 10 chir sb sau dau phéy.
Tuy nhién, v6i A =0.05, mic du van con rat nho, da théy dAu hiéu phan ki. Két qua chi
c6 thé chinh xac dén hai chir s6 sau dau phay sau bo chinh dén bac 10. Véi 4 =0.1 ket
qua phan ki sau b6 chinh béc 5. Twong tu voi cac trang thai kich thich, trong cong trinh
[8] cling chi ra phuong phép 1i thuyét nhiéu loan chi c6 thé ap dung cho mot vung rat
béhéso 4.

Trong phan tiép theo ta s& xem phuong phap toan tir FK ap dung hiéu qua thé nao
trong vi¢c giai bai toan nay.
2.2. Phwong phap toan tu FK [4, 5]

Phuong phap toan tir FK giai phuong trinh Schrédinger vé nguyén tic van theo tu
tudng phuong phap nhicu loan, tuy nhién vi¢c tach Hamiltonian ra 1am hai phan khong
giong nhu (2) ma theo mot quy trinh nhu sau.

2(2n+1)
6n’ +6n+3’

)0 (v, [Holw,) = A0 3)

e Buéc mot. Pua toan tir Hamilton vé biéu dién dai s6
(d N
H| x,— |—> H(a,a ,A)
dx

bang cach chuyén cac bién s6 dong luc qua céc toan tur sinh huy:

. \P 1d ) 1d
a= X+—— a =,=|x——— 4)
2 wdx) 2 o dx

trong 46 @ 1a tham sb thuc duwong dugc dwa thém vao dé tdi wu qua trinh tinh ton,
duoc goi la tham s6 tu do. HE thure giao hoén gitra cac toan tir sinh huy

[a,ﬂ =1 (5)

s& 1a cong cu chinh trong tinh toan. Vi truong hop dao dong tir phi didu hoa ta viét lai

toan tir Hamilton (2) nhu sau:
2
l—o [&2 +(a* )2} 34 [2(&&)2 r2a%a+ 1}
4w 4w

N 412 [&4 (@) va(a) avaara +o(a) + 6&2] (©)

a+1)+

o Bué'c hai. Tach Hamiltonian ¢ phuong trinh (6) thanh hai thanh phan:
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H(a a,0)=H @ a,A,0)+ V" (0",4,4,0), (7)

trong d6 phan thir nhat H OM(4*a,A,w) chichira 7=a"a, 1a toan tir trung hoa, nghia 1a

céc thanh phan cua nd c6 dang tich cia s6 toan tir sinh va s6 toan tir hay bang nhau.

Phan con lai V" (4",d,4, ) khong ¢ chira cac thanh phan trung hoa. Véi truong hop

dao dong tir phi diéu hoa ta co:

L@ (3404 1)+3—’12[2(a+a)2 +2a%a+ 1} ,
4o 4w

por Ll (i) e ate (@) vafaaraard vo(af v | ®

6()

AOY =

Nhu vy, twong tu nhu trong li thuyét nhidu loan, trong _phuong phap toan tir FK
toan tr Hamilton ciing dwoc tach thanh hai thanh phan: thanh phan ‘chinh’
H 5) Mata, ) co nghi¢ém chinh xdc va thanh phan y oM (a",a,A,w) dong vai tro

‘nhidu loan’. Tuy nhién, néu nhu trong li thuyét nhidu loan viéc phan chia phén chinh
va phan nhiu loan dwa vao yéu té vat li, theo d6 phan nhiéu loan lién quan dén tuong
tac trudng ngoai, & day viéc phan chia chi thuan tay dwa vao hinh thirc cua cac s6 hang
trong Hamiltonian cho nén c6 tinh phd quat cho tit ca cac dang hé vat li khac nhau.

Ta thay hé s6 truong ngoai A c6 mit trong ca hai phan ctia Hamiltonian cho thay
tuong tac truong ngoai duoc phan bo ca trong phan chinh lan phan nhi€u loan. Ngoai ra
ta co w, dugc goi la tham so tu do vi khong c6 mat trong toan tr Hamilton toan phan

H(a,6", 1), nhung lai 6 mat ca trong thanh phan chinh H OM (4*4, A, w) 1an trong phan
nhidu loan Vo (a*,4,A,w) nén ta co thé xem nd nhu 1a ‘diéu phdi vién’. Bang cach
thay ddi w ta co thé 1am cho thanh phﬁn y oM (a",a,A,w) thuc su nho va co thé xem 1a
nhidu loan khong phu thudc vao d6 16n truong ngoai. Noi khac hon, bang cach chon

tham sd @ ta co thé dam bao diéu kién li thuyét nhiéu loan

thay d6i truong ngoai.

. Bwéc ba. Tim nghiém gan ding bic zero cho bai toan, chinh 13 nghiém
riéng cua toan tir H oM ( a,A a)) Toan tr nay giao hoan véi toan tir 7 =a"a cho nén
c6 nghiém riéng la:

"+ﬂ

) =|@)) =7 oGe). ©)

O day ta da st dung ky hiéu va khai niém Dirac dé dinh nghia, khi d6 nghiém duoc goi
la vector trang thai va nghiém co ban la trang thai “chan khong” (vacuum) |0> duoc

xéc dinh bang cac phuong trinh:

a(w)|0) =0, <0|0>=1. (10)
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Khi can thiét ching ta ¢ thé sir dung phuong trinh nay dé xac dinh dang tuong minh
cua ham séng, tuy nhién ching ta c6 thé tinh todn thuan tuy dai s6 bang cach st dung
hé thurc giao hoén (5) va phuong trinh (10).

Ta dé dang thu duoc &+&|n> = n|n> va tir d6 c6 thé suy ra tri riéng cua
I-AI0 (a*a,A,w) 12 ning lugng gan dung bac zero :

£O _ 1+ o’

! 4o

Ta théy nang luong g'?ln dung bac zero (11) phu thudc vao tham s6 tw do @. Viéc chon
gia tri nao cho tham s6 nay dugc thdo ludn trong cac cong trinh [1-7]. Cu thé cho gan
dang bac zero tham s6 dugc tinh tir phuong trinh:

2n+1)+ 34 2n® +2n+1). (11)
2
w

0
0 (@) _ 0. (12)
ow
Chu ¥ rang phuong trinh (12) khong phai la tr nguyén li bién phan va no dugc su
dung cho ca trang thai co ban 1an trang théi kich thich. Y nghia cua (12) xut phat tir
mot diéu hlen nhién 1a nang luong chinh xac cta bai toan khong phy thude vao viée
chon tham s6 tu do. Mic du diéu kién (12) Vo1 mot s6 bai toan cho két qua gan dang
bac zero tuong d01 chinh xac, thém nira sai sd khong thay d6i dang ké trong toan mién
thay d6i tham s trudng ngoai, khi tinh nghiém sd chinh xac véi gia tri @ tir diéu kién
nay khong cho chiing ta tbc do hoi tu cao nhét. Vi cac bai toan hé nguyén tir ma ching
t6i dang nghién ctru, mién tham 5O téi uu cho sur hoi tu vé nghiém chinh xéc rat hep va
vOi cac trang thai kich thi mién t6i wu cho tham sé tu do khéng chua nghiém (12).
Trong phan tiép theo ching toi s& thao luan va dua ra phuong trinh méi, tong quat dé
tim tham s0 tu do nay.

° Bude bon. Tinh cic bd chinh bac cao dé thu duoc nghiém sb chinh xac.
Trong budc nay, ta st dung cac so do thich hop dé tinh cac bo chinh bac cao. Li thuyét
nhiéu loan c6 thé sir dung & day véi thanh phﬁn nhiéu loan yom (a",a,1,w) dugc diéu
chinh thong qua tham sé @ . Tuy nhién, trong rat nhiéu bai toan (xem [6]) so dd Vong

lap t6 ra hiéu qua hon vé téc do hoi tu dén nghiém chinh xac va sy giam dang ké khoi
luong tinh toan. Ta s& néu y tudng chinh cua so dd vong lap.

Ham song chinh xac ctia bai toan co thé biéu dién qua chong chap cac trang thai
(9) nhu sau:

lw,)=[n)+>.C, |k). (13)
o
Tuy nhién, chiing ta chi c6 thé xac dinh cac hé s6 C . theo tirng vong ldp, véi ham song
gan dung & vong lap thir (s) duge dinh nghia nhu sau:
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n+s

‘1//"“)>:|n>+ Z Ck(s)

k=max(0,n—s)
k+#n

k). (14)

Pem (14) thé vao phuong trinh Schrodinger ta thu dugc hé phuong trinh sau:

En(S) -H + Z C (S)Vnk ,

nn
k=max(0,n—s)
k#n

(EO-H)CO =V, + >  CW\,(j=01L2,%n..,n+s). (15)

k=max(0,n—s)
k+#n

Trong cac cong thirc trén, ta ky hi¢u cac yéu td ma tran:
Hy, =(k|HM k), V,=(i|Vo]|k). (16)

Céc phan tir ma tran nay co thé tinh mot cach dé dang bang cac bién doi thuan dai
s0 nho céc cong thirc (5), (10). DE tién trong tinh todn ta dua ra hai cong thirc sau:

&+|n>=\/n+1|n+l>; &|n>=«/;|n—l>, (17)

va tir day tinh dugc cac phan tir ma tran khac khong nhu sau:

1+’

A
H,, == —(2n+1)+ (277 +2n+1),
1-0* 2
Viner = 10 207 (2n+3)} (n+2)(n+1)>
A
Vones =g+ ) 3) (2 +1) (18)

Con cic phan tir ma tran khac thu dugc dya vao tinh d6i xtmg 7, =V

3.  Su hoi tu ciia phwong phap toan tir FK
3.1. Nghi¢m chinh xdc bing sé

Str dung cac bude cua phuong phap todn tir FK cung cdc cong thire cua cac yéu tb
ma tran dua ra d6i véi dao dong tir phi diéu hoa trong phan 2, vé nguyén tic ching ta
c¢6 thé tim nang luong va ham song chinh xéac bang s6 dén do chinh xac bat ki. Chung
t61 xdy dung chuong trinh QAO_FKOM_IT dé tinh ‘nghiém chinh xac dén 15 chir s6
sau dau phay cho truong hop hé sb phi diéu hoa A bat ki, duoc kiém tra cho dén gia tri
A =100. Chuong trinh 1am viéc cho trang thai kich thich 1én d&én »n =50 . Trong bang 1
dua ra mot sb gia tri minh hoa cho trang thai co ban rng vdi cac gia tri A nho, trung
binh va 16n. Tuong tu, bang 2 minh hoa cho truong hop trang thai kich thich n=4.
Trong céc truong hop trén, gia tri tham sé tr do @ dugc chon theo diéu kién (12).

Mic du tham sb tu do duge chon chua phai tdi wu, ta théy nghiém thu dugc cod tde
d6 hoi tu rat cao khong nhitng cho ning lugng ma ca ham song (trong bang ta chi dua
ra minh hoa vai hé s6 dau tién). Nhu viy, ta thay phuong phéap toan tir FK cho ta
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nghiém chinh x4c bang sd voi gia tri tham s6 nhidu loan bat ki. Chung t6i ciing xay
dung chuong trinh QAO FKOM PT trong d6 thay vi so d6 vong lap (15) st dung li
thuyét nhidu loan dé tinh b chinh ning lugng va ham séng. Tuy nhién, két qua (khong
dua ra day) cho thay so d6 vong lap cho két qua hoi tu vé nghiém chinh xac nhanh hon
va tai nguyén tinh toan cho moi bac vong lap it hon so v6i moi bac nhiéu loan. Cha y 1a
tir truée dén nay, trong cac cong trinh ap dung phuong phap toan tir FK thi so do vong
lap dugc mic dinh sir dung mic du chua c6 tuyén bd nao vé su so sanh giita hai so do.
So d6 vong lap (15) chung toi dua ra ciing khac véi so d6 trong cac cong trinh trudc
day [6] do dinh nghia vong 1ip khac nhau. Chung t6i s& thao luan diéu nay trong cong
trinh khac vé vai tro cua so dd vong lip trong phwong phap toan tir FK.
3.2. Swphu thujc toc dp héi tu vao tham sé tw do

Pé thu dugc cac két qua chi ra trong cac bang 1 va 2, tham s6 tr do @ dugc chon
bang phuong trinh (12) tuy nhién ta ciing c¢6 thé chon bang cach thir nghiém sao cho
nghiém thu dugc theo ting vong lap

E”(@),E" (@), E? (®),...E (0),.... (19)

hoi tu nhanh nhét vé nghiém chinh xac. O day ta thay rang vdi cac gid tri @ khac nhau
thi chudi (19) s& khac nhau nhung hoi tu vé cung mot gia tri khong phu thudc vao gia
tri tham s6 da chon. Chinh vi vy quy trinh nay cho ta nghiém chinh x4c bang s6. Bang
3 cho vi du minh hoa vé tbc d6 hdi tu phu thudc vao tham s6 tu do.

Ta théy réng gia tri tham s6 @ khac nhau cho téc do hoi tu khac nhau. Mic du,
bang 3 chi dua ra cac s6 liéu cho trang thai co ban, nhung ta co két qua tuong tu voi
céc trang thai kich thich va v&i mién thay doi l(m gia tri he sO phi nh1eu loan A. Thu
nghiém voi cac @ khac nhau ta thdy c6 mot mién gia tri toi wru cho téc d6 hoi ty nhanh
nhét. Trén hinh 1, biéu dién toc do hoi tu phu thudc vao tham s6 tu do ung voi truong
hop 4 nho (a) va 16n (b). Truc hoanh 1a gia tri @ trong khi truc tung chi bac vong lap
(s) khi nang luong thu dugc chinh xac dén 15 chir s6 sau ddu phay. Gia tri (s) cang nho,
toc d6 hoi tu cang cao. Trén do thi ciing biéu dién sy phu thudc téc d6 hoi tu so dd
nhiéu loan vao chon lya tham sé tu do, luc nay (s) la bac bd chinh nhiéu loan dé c6 gia
tri nang luong chinh xac dén 15 chit s6 sau dau phay. Ta thdy rang c6 mot ving gia tri
ctia tham s6 tu do s& cho tdc do hoi tu cao, va 1o rang so dd vong lap cé tde do hoi tu
cao hon so d6 nhiéu loan. Hinh 2 cho su phu thudc tbc d6 hoi tu vao tham soé tu do
khong nhiing cho trang thdi co ban ma ca cho trang thai kich thich n=4.
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Bdng 1. Nang luvong E(()S) va ham séng (cdc hé so Cf)) bang phwong phdp todn tir FK theo so do vong Idp cho trang théi co ban (n =0).

(s) (s) (s) (s) (s) (s) (s)

§ E, Cz C4 Cs CS ClO C12
A=0.01

0, 1 0.5072875252

2 0.5072562571 0.8479848149x107 -0.2701949505x102

3 0.5072562103 0.8311329094x10° -0.2705978498x10° 0.8434024829x107

4 0.5072562046 0.8316314562x10° -0.2706470120x10 0.8273811988x10° 0.2514982435x10°

5 0.5072562045 0.8316216632x10° -0.2706477769x10 0.8279486765x10™ 0.2536769322x10° -0.2774039537x10°7

6 0.5072562045 0.8316218863x107 -0.2706477845x10 0.8279394010x107 0.2537301957x10° -0.2750935104x107 -0.2494695597x10°°

7 0.5072562045 0.8316218848x107 -0.2706477855x10 0.8279396133x107 0.2537341306x10° -0.2752753421x107 -0.2582269208x10°°

8 0.5072562045 0.8316218848x10™ -0.2706477845x10 0.8279396167x10™ 0.2537341267x10 -0.2752765907x10°° -0.2581791608x10°®

9 0.5072562045 0.8316218848x107 -0.2706477855x10 0.8279396165x107 0.2537341310x10° -0.2752766056x107 -0.2581938518x10°®

10 0.5072562045 0.8316218848x10™* -0.2706477855x107 0.8279396165x10™* 0.2537341311x10* -0.275276614 x10° -0.2581938766x10°°
A=1.0

0,1 0.8125000000

2 0.8046068331 0.9384509682x107 -0.2577897501x10

3 0.8037949675 0.8791292775x107 -0.2843051679x107" 0.6246915410x10

4 0.8037947348 0.8802000649x107 -0.2843127707x107" 0.6205054608x107 0.8597730867x10°

5 0.8037753545 0.8832728944x107 -0.2849457256x10 0.6174049879x107 0.4407730850x10~ -0.6651517547x10~

6 0.8037708634 0.8832594751x107 -0.2850924044x107" 0.6195978744x10 0.4656497973x10° -0.8248988121x10~ 0.2791683248x10™

7 0.8037707137 0.8832118882x107 -0.2850972964x107" 0.6198601781x107 0.4627536659x10~ -0.8305910106x10~ 0.3066180895x10

8 0.8037706870 0.8832231997x10 -0.2850981678x10" 0.6198274929x10 0.4638017904x107 -0.8314519572x107 0.3038932271x10*

9 0.8037706573 0.8832263444x10 -0.2850991382x107" 0.6198290259x107 0.4642219461x10° -0.8324838849x10°° 0.3044960471x10*

10 0.8037706515 0.8832261665x107 -0.2850993263x107" 0.6198324827x107 0.4642411475x10° -0.8326899763x10~ 0.3049158592x10
A =100

0,1 3.1924440443

2 3.1391826732 0.1422605387x10°" -0.3122683662x107"

3 3.1316420454 0.1349305816x10 -0.3564786350x10 0.8791955677x107

4 3.1316308097 0.1344761651x107" -0.3565445093x107" 0.8947295315x10 -0.2741314656x10°

5 3.1314555589 0.1352105244x10°" -0.3575719944x107" 0.8861485807x107 0.2851045682x10~ -0.9133320251x10°

6 3.1313900256 0.1352602607x10 -0.3579562127x10" 0.8901518655x107 0.3552300992x107 -0.1228609902x107 0.4850460325x107

7 3.1313848138 0.1352437443x10°" -0.3579867688x107" 0.8911268231x10~ 0.3481528688x10~ -0.1251293102x10 0.5677794535x10°

8 3.1313847637 0.1352450669x10°" -0.3579870631x107" 0.8910886887x107 0.3490006033x10~ -0.1251684514x10 0.5653799791x10~

9 3.1313843452 0.1352466066x10 -0.3579895162x10" 0.8910750540x10 0.3502037250x107 -0.1253840167x107 0.5658408325x10~

10 3.1313841853 0.1352467351x10 -0.3579904538x10 0.8910845937x107 0.3503792841x10~ -0.1254610397x10 0.5670090738x10~
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Bdng 2. Nang luong E:” va ham séng (cdc hé sé6 C k(s) ) bang phwong phdp todn tir FK theo so d6 vong ldp cho trang thdi kich thich n = 4

) ) ) ) ) ) )
S E, G G, Cs G Ci Gy
A =0.0001
0 45030708089
1 45030712063 20.5750897467x10° | 0.3636016720x10"
p 45030712063 0.3062048696x10° | -0.5751013007x10° | 0.3637549652x10° | -0.2550254888x10°"
3 45030700494 0.3062048696x10° | -0.5751013007x10° | 0.3637549652x10° | -0.2550254888x10° | -0.7162559645x10™"
4 45030700494 0.3062048696x10° | -0.5751013007x10° | 0.3637549653x10° | -0.2550255473x10° | -0.1484326840x10° | 0.8640823991x10"
5 45030709494 0.3062048696x10° | -0.5751013007x10° | 0.3637549653x10° | -0.2550255473x10° | -0.1483831339x10° | 0.8640832624x10"
6 45030709494 0.3062048696x10° | -0.5751013007x10° | 0.3637549653x10° | -0.2550255473x10° | -0.1483831875x10° | 0.8640835043x10"
7 45030709494 0.3062048696x10° | -0.5751013007x10° | 0.3637549653x10° | -0.2550255473x10° | -0.1483831874x107 | 0.8640835043x10"
g 45030700494 0.3062048696x10° | -0.5751013007x10° | 0.3637549653x10° | -0.2550255473x10° | -0.1483831874x107 | 0.8640835043x10"
9 45030700494 0.3062048696x10° | -0.5751013007x10° | 0.3637549653x10° | -0.2550255473x10° | -0.1483831874x10° | 0.8640835043x10"
A =0.01
0
T 377763701635 20.4202398796x10" | 0.2649137540x10"
p 4.7749147310 0.2904384116x107 | -0.4212743218x10" | 0.2679187001x10" | -0.1793257570x10"
3 47749147267 0.2904383741x107 | -0.4212740557x10" | 0.2679339823x10" | -0.1793150903x10" | -0.2470823507x10"
4 47749131264 0.2904384820x107 | -0.4212740479x10" | 0.2679521363x10" | -0.1794965710x10" | -0.4889364742x10° | 0.4077866618 x10°
5 47749131201 0.2004384839x107 | -0.4212740586x0" | 0.2679515936x10" | -0.1794977396x10" | -0.4799528075x10° | 0.4094457112x10"
6 47749131186 0.2004384840x107 | -0.4212740582x107 | 0.2679516326x10" | -0.1794978867x107 | -0.4805370196x10° | 0.4008116913x10~
7 47749131186 0.2904384840x107 | -0.4212740583x10" | 0.2679516316x10" | -0.1794978922x10" | -0.4805194482x10° | 0.409821929 x10°
8 47749131186 0.2904384840x102 | -0.4212740583x10° | 0.2679516317x10" | -0.1794978923x10" | ~0-48052019035x10° | 4598571089x10°
9 37749131186 0.2904384840x107 | -04212740583x10" | 0.2679516317x10" | -0.1794978923x10" | -0.4805201841x10° | 0.4008221406x10~
A =100
0 53.475000000
T 47.970488935 0.7420786551x10" 203431283075
p 47001645352 | 0.2534749067x10" | 0.6786150520 x10" 20.3759899614 | 0.3750140576x10"
3 47781595420 | 0.2536505208x10" | 0.6950153285x10" ~0.3689180618 | 0.1378057231x10" | 0.3292080071x10""
4 47713576332 | 0.2541279483x107 | 0.6921411267x10" 203714361664 | 0.1130807697x10" | 0.4658243022x10" | -0.2053967487x10"
5 47708068746 | 0.2541979051x10" | 0.6909018677x 10" 203721763460 0.1200051634x10" | 0.4728262187x10" | -0.2390034305x10"
6 47707923347 | 0.2541950048x10" | 0.6909931288x10" 203721297826 0.1191689867x10" | 0.4735125804x10" | -0.2378815518x10"
7 47707363004 0.2541983292x10" | 0.6910173676x10" 03721248559 | 0.1185387654x10" | 0.4748221383x10" | -0.2387502731x10"
g 47707216612 0.2541995829x10" | 0.6910048956x10" 20.3721336869 | 0.1185378977x10" | 0.4751022239x10" | -0.2393107833x10"
9 47707208950 0.2541997033x10" | 0.6910024265x10" 20.3721351136 0.1185543304x10" | 0.4751089570x10" | -0.2393702944x10"
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3.3. Diéu kién dé chon tham sé tw do t6i wu
Nhu vay, ta da biét dugc su tdn tai mién tham s tu do toi vu. Viée xac dinh mién
nay rat quan trong trong viéc 4p dung phuong phap toan tir FK giai phuong trinh
Schrodinger, dic biét 1a cho cac bai toan phirc tap nhu hé nguyén tir. Ching toi xuét
phat tir diéu kién 1i thuyét nhidu loan:
[ @)

@] (20)
J#28 Con

01>

v6i1 dinh nghia nhu sau:
1/2

[ @)=l v )=, [E @) = ([ E2 ).

RO rang day 1a mot diéu kién rat tu nhién. Tuy nhién, van dé 1a 1am sao dinh
nghia duoc HVOM (w)
thuyét nhidu loan diéu kién nay ciing chi mang tinh wéc 1¢ vi ta khong thé so sanh do
16m hai toan tir ma chi c6 thé co6 diéu kién (20) dang gan dung. Chinh vi vay ta s€ dya
vao (20) dé dinh nghia mdt ham so6 theo bién s6 1a tham s6 ty do nhu sau:

B (w)= <l//(S) oM ‘l//(S)>

0

2

HM (a))H khi chiing ta khong c6 nghiém chinh x4c. Trong li

1)

Bidng 3. Nang luong Eés) cho trang thdi co ban va hé sé phi diéu hoa A =1.0 thu dwoc bang phwong
phdp todn tir FK theo so do vong ldp img voi cdc gid tri khdc nhau ciia tham s tw do. Cot dau tién vmg voi
@ lay bat ki va nang luong hoi tu khi s=38, cot thir hai @ chon theo diéu kién (12) cho hoi tu o s=20, cot 3
voi @ chon toi uu cho hoi tu o s=13.

s o= 106893999980 (s=38) | w= 2.00000000000 (s=20) | = 4.6653399998 (s=13)
0 1.15749038965280 0.812500000000000 1.25438002723422
1 0.805293754387089 0.812500000000000 0.870523726412399
2 0.804091586712698 0.804606833140588 0.809810146292740
3 0.803776975428709 0.803794967592446 0.803980268993323
4 0.803772780786474 0.803794734802707 0.803771187489869
5 0.803770668823167 0.803775354597840 0.803770919927074
6 0.803770668799550 0.803770863494731 0.803770661047707
7 0.803770651982284 0.803770713706933 0.803770651501296
8 0.803770651314005 0.803770687027535 0.803770651277780
9 0.803770651257317 0.803770657313593 0.803770651234731
10 0.803770651234720 0.803770651554483 0.803770651234456
11 0.803772092439650 0.803770651363555 0.803770651234276
12 0.803771159346335 0.803770651314907 0.803770651234275
13 0.803770777050719 0.803770651252256 0.803770651234274
14 0.803770672948468 0.803770651235764 0.803770651234274
15 0.803770657502463 0.803770651234518 0.803770651234274
16 0.803770657303735 0.803770651234498 0.803770651234274
17 0.803770656143280 0.803770651234354 0.803770651234274
18 0.803770654043907 0.803770651234286 0.803770651234274
19 0.803770652437468 0.803770651234275 0.803770651234274
20 0.803770651623309 0.803770651234274 0.803770651234274
E" 0.803770651234274
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30 60
5 n=0, A=001 sol-
3 —— lteration Scheme
Q
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(a) 10+ g
(©)
5 ! ! ! ! 0 1 1 1 1 1 1 1 1 1
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Hinh 1. Toc @ hoi tu ciia phwong phdp toan tir FK cho trang théi co ban (n=0)
ung voi hé so phi diéu hoa (@) A=0.01 va (b) A=1.0; duong lién nét khi sic dung so do
vong lap, duong durt khuc khi su dung so do Ii thuyét nhiéu loan

Order of convergence (s)
IS

0f5 1f0 1t5 2f0
Free parameter o
Hinh 2. Toc d héi tu ciia bdi todn khi giai bang phwong phdp todn tir FK cho mét
SO trang thai
Hinh 3 v€ ham so (21) cho cac bac (s) khac nhau tu’ zero tang dan. Ta thay ham
S(®) co mién cuc tiéu theo bién s6 @ vai gia tri ham s6 nho hon 1:

P(o)l 1. (22)
O day, ta khong ky hiéu bac gan dung (s) trén ham sé B(®) 1a do quan sat thay

dén mot bac gan ding (S, ) Nao do mién cyc tri cia ham khong thay d6i dang ké. Ta
thdy, tiy theo bac kich thich cua trang thai (trén hinh ta chi minh hoa hai truong hop
n=0 va n=4) va tuy theo hé¢ so A 16n hay nho ma s_, co6 cic gia tri khac nhau

nhung khong qué gia tri s, <4. Nhu vay nhiéu nhét 13 ta str dung dén vong lap tha 4
dé ¢6 dugc ham so sanh L(w) vasau do s€ tim mién cuc tri ciia nd thoa méan diéu kién (22).
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Hinh 3. Ham B(®) img véi bon bdc dau tién cho truong hop trang thdi co ban
(n=0) va trang thdi kich thich (n=4)

0.5 1.0 1.5 2.0 2.5 3.0
T T T T T

Function B(w)

Order of convergence (s)
I

(a) (b)
0.5 1.0 1.5 2.0 2.5 3.0 0.8 1.0 1.2 14 16
Free parameter Free parameter ®

Hinh 4. So sanh ving thir nghiém t6i wu va ving gid tri nhé cia ham B(@) cho
trang thai co ban n=0 va trang thai kich thich n=4

Trong hinh 4, trén mdi d6 thi biéu dién dong thoi ham s6 B(w) va ham s s(w)
thu duogc tir thir nghiém, thé hién su phu thudc tdc do hoi tu vao tham sé @ . Ta chon
thang trén truc tung pht hop cho hai ham s6 sao cho ¢ thé so sanh mién cyc tri cta né.
Két qua thu dugc nhu trén hinh cho thiy mién tham s6 @ tdi wu pht hop véi mién cuc
tiéu ctia ham S(w) theo diéu kién (22). Két qua nay rat tha vi va c6 y nghia thuc tién
cho ta diéu kién dé chon tham s tu do tdi wu thay vi mo mam thir nghiém. Chiing t6i
dua ra hai truong hop cho trang thal coban (n=0)va trang thai kich thich n = 4 cho
thdy diéu kién tim tham s6 tu do t6i wu (22) mang tinh phd quat.

4. Két lugan

Nhu viy, trong bai bao niy trudc tién ching t6i nhac lai mot cach tong quan
phuong phép toan tir FK gidi phuong trinh Schrodinger va qua vi du minh hoa vé dao
dong tur phi dleu hoa ching t6i chi ra thé manh cta n6 so voi phuong phap li thuyét
nhiéu loan truyén théng. C6 thé néi phuong phap toan tir FK mang trong nd tu tudng li
thuyét nhiéu loan nhung ding dé giai cac bai toan phi nhiéu loan. O ddy, chung ti
nhan manh dén thé manh cua phuong phap FK khi tim nghiém chinh xac bang sd va
chi ra su phu thudc tdc d6 hoi tu vao tham sO tu do. Viéc chon tham sd ty do vi vay rat
¢ y nghia, cho phép chung ta tiét kiém rat nhiéu tai nguyén tinh toan. Piéu nay la thuc
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su quan trong lién quan dén tiét kiém tai nguyén tinh toan khi chung t6i sir dung
phuong phép FK cho cac nghién ciru trong cac bai toan nguyén tir va nhu mot phan cia
bd chwong trinh giai s6 phuong trinh Schrédinger phu thudc thoi gian cho bai toan
nguyén tu, phan tr trong truong dién cua chum laser xung cuc ngan Tiép theo ching
t6i chi ra sy t6n tai mién tham s tu do t6i wu cho téc do hoi tu cao vé nghiém so chinh
Xac. Két qua chinh ciia bai bao 1a viéc dua ra diéu kién pho quat dé chon tham sé ty do
t6i uru. Tuy két qua phan tich s dua trén bai toan cy thé 1a dao dong tur phi diéu hoa
nhung diéu kién dua ra dya trén nguyén tic rat pho quét 14 chon tham s6 tu do sao cho
dong gop cua ‘phan nhiéu loan’ nhé hon nhiéu so voéi phan chinh cia Hamiltonian.
Chinh vi vay, chiing t6i hy vong no6 s& lam viéc tot cho cac bai toan hé nguyén tir trong
céc nghién ciru tiép theo.

Ghi chi: Céng trinh ndy thuéc dé tai khoa hoc va cong ngh¢ cap co s6 md so
CS.2011.19.51 cua tac gia Hoang Pé Ngoc T) ram va ciing nam trong Pé tai dwoc tai tro
ciia Quy phat trién khoa hoc va cong nghé quéc gia (NAFOSTED) 2011.
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