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PHUONG PHAP TOAN TU FK
GIAI PHUONG TRINH SCHRODINGER CHO NGUYEN TU HYDRO

BUI NGUYEN NGOC THUY', NGUYEN DINH LUAT",
NGUYEN VAN HOA™, CAO HO THANH XUAN"", LE VAN HOANG ™™

TOM TAT
Phwong phdp todn tir FK véi phép bién doi Laplace dugc sw dung cho bai todn
nguyén tir hydro. Cac mirc nang lwong duoc tinh chinh xdc bang sé toi bdc tity y theo so

dé vong Idp va dwoc so sanh véi két qua chinh xdc. Két qud nay cho thdy trién vong img
dung phuwong phap toan tw FK cho cdc bai toan hé nguyén tu.

Tir khoa: phuong phap toan tir FK, phuong trinh Schrodinger, nguyén tir hydro.
ABSTRACT
The FK operator method for solving Schrodinger equation of hydrogen atom

The FK operator method is used with the Laplace transformation for solving the
hydrogen atom problem. Energy levels are calculated exactly by numbers with any given
precisions after an iteration scheme and compared that allow us to obtain exact
solutions. These results unveil the prospect to apply the FK operator method to atomic
systems.

Keywords: FK operator method, Schrodinger equation, hydrogen atom.

1. Mé dau

Bai toan nguyén tu hydro da co 101 giai chinh xac nén d6 la mot mé hinh li tuong
cho viéc kiém ching hiéu qua cua cic phuong phap gan dung giai phuong trinh
Schrodinger [4, 7, 8]. Ké tir nhitng nam 1970, da c6 rat nhiéu nghién ctru voi nhiéu
phuong phap khac nhau nhu s dung phuong phap bién phan [4], gan dung Hartree-
Fock [8], giai truc tiép phuong trinh Schrédinger bang phuong phap s6 [7] cho nguyén
tir hydro trong tir trudng. Phuong phap toan tir dugc dua ra dau tién vao nim 1982 boi
mot nhom cac gido su ¢ truong dai hoc Belarus [5] va dugc trng dung thanh cong cho
mot nhom rong rai cac bai todn trong li thuyét truong cling nhu vat li chét ran, vat li
nguyén tir [6]. Phuong phép toan tir véi cac tinh toan thuan dai s6 xdy dung cho nhom
cac bai toan vat li nguyén tir dang 1a phuong phap c6 tinh thoi su [1, 2]. Do vay, su
dung bai toan nguyén tir hydro dé kiém nghiém hiéu qua ctia phuong phap toan tir FK
s€ c0 y nghia quan trong cho viéc van dung sau nay vao céc bai toan nguyén tur phirc
tap hon.

HVCH Trwong Dai hoc Khoa hoc Ty nhién, PHQG TPHCM
N HVCH Trwong Dai hoc Khoa hoc Ty nhién, PHQG TPHCM
" TS Trwdng Dai hoc Sw pham TPHCM
" Ths, Trudng Cao dédng Nong nghiép Nam Bo, thanh phé My Tho, Tién Giang

*****

PGS TSKH, Truwdng DPai hoc Sw pham TPHCM
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Mot trong cac kho khan khi vén dung phuong phap toan tir cho bai toan nguyén
tir chinh 1a thanh phan tuong tic Coulomb co cac bién s6 nam trong miu sd. Trong
cong trinh [2], kho khan nay duoc giai quyét bang cach st dung phép bién doi
Kustaanheimo-Stiefel dé dua bai toan vé khong gian bon chiéu. Tuy nhién, chinh phép
bién d6i nay da lam phét sinh nhitng khé khin khac khi giai bai toan, dé 1a 1am cho né
kho phat trién cho céc trang thai kich thich va phat trién cho bai toan nguyén tir nhiéu
dién tir. Do d6, trong cong trinh nay chung toi st dung phép bién d6i Laplace dé vuot
qua kho khén néu trén khi van dung phuong phép toan tir FK.

Chung t6i s& st dung so d6 vong lap dé tinh bo chinh bac cao nham thu duoc 10
giai chinh x4c bang s6. Pé minh hoa, chung toi dua ra két qua cho trang thai co ban va
mot vai murc kich thich cta nguyén tir hydro. Két qua sé so sanh v&i nghiém chinh xac
giai tich dé thay dugc do tin ciy ciia phuong phép toan tir FK.

2. B ham co s& duéi biéu dién dai so

Ta dinh nghia cac toan tir

\F Lo e fof, 10 0
N2 Y ® Ox, N2 wox, )

thoa man cac hé thuc giao hoan

[a;.07 | =0, 2)
trong do j,k =1, 2, 3 tuong tng voi 3 truc Ox, Oy, Oz; @ la tham s6 thuc duong. pé
tién sur dung ta ki hiéu:

N

A=aa, A =aa’, N=247a,+3 (3)

J7J?
v6i su 1ap lai hai chi s6 c6 nghla 1a 13y tong trén toan mién thay do6i chi s j=1,2,3. D&
dang kiém ching cac giao hoan tir sau:

[21,21*} ~2N, [21, N] —44, [N, 21*} — 44" &)

Bay gio ta di xay dung mot bd ham séng co sé dé st dung cho phuong phap toan
tor FK. Ta c6 thé st dung bd ham cua dao dong tir dicu hoa 3 chiéu voi trang thai chan
nhu sau:

1 &+2n1&+2n2&+2n3
1 2
\/(2n1)'(2n2)'(2n3)'

Do bai toan c6 tinh ddi xtmg cau va bao toan dai luong binh phuong mé-men quy
dao cting nhu hinh chiéu m6-men quy dao nén ta can xay dung b ham co s¢ thoa man
cac phuong trinh:

>_
)= ), (©6)

0). (5)

‘”p n,,n 3>
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trong do céc toan tu I, L, biéu dién qua cac toan tir sinh hiy c6 dang:

2 gt S A72 = —iAth —ATh
L= AA+4N N+4, L, z(aza1 alaz) (7)
Trong bai bao nay, ching t6i chi gidi han xét cac trang thai khong c6 mdé-men
dong luong quy dao va hinh chi€u nén chon /=0, m =0. Tu (5) ta xdy dung bd ham
thoa man (6) v6i tri riéng bang zero nhu sau:

1 L\
= G ®)

Day chinh la by ham co s¢ can tim. Bo ham nay da dugc chuan hoa.
3.  Phuwong phap toan tir cho bai toan nguyén tir hydro
Phuong trinh Schrodinger ctia nguyén tir hydro theo h¢ don vi nguyén tu

H|p)=E,|p,), n=0,1,2,3, ..,
2 2 2
ﬁ=—1[82+82+82]— _z ©)
2 ax ay 82 x2+y2+22

trong d6 Z 1a dién tich hat nhan. O ddy, ta xét trang thai lién két cho nén ning luong
gian doan va am.
Trong hinh thirc ludn toan tir sinh hily thanh phan dong ning c6 dang:
2 2 2
! a—2+a—2+6—2 =—la)(A++A—N). (10)
2\ox° oy oz 4

Thanh phén thé nang biéu dién qua phép bién ddi Laplace

Z dt_ —t(x +y +z) __J. dt—e 20 (11)

\/x +y +2° \/7 0 Ji

Vi cac toan tir (3) tao thanh dai s6 kin theo cac hé thirc giao hoan (4) ta c6 thé dua
thanh phan co dang ham mii trong (11) vé dang chuan va khai trién theo chudi Taylor,

Hamiltonian A trd thanh [1]:

]_ ——(A +A+N)

2 L Xn(1421)

d i, 2 k
== JK! Io (1+2t)f+kA ¢ 4. 12

\/Z)Z

)]+k

q

—%a)(A +A- N)

St dung tu tuong phuong phap toan tir FK ta tach toan tir Hamiltonian (12) thanh
hai thanh phan:

H=H,+V . (13)

Phan ‘trung hoa’ ¢6 dang nhu sau:
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_ . . 1 A
A1 A Z\/a)i‘) 272 g p2ITV2 Iaﬂ.e?zvln(m)A

=g 1 =10} Jy o (1+1)% e (14)
trong d6 cac sb6 hang chta sd thira s6 cac toan tir sinh, huy bang nhau. Con toan tir
“nhidu loan” V ¢6 dang:

gkei-12 L n(141)

A 1 ~ . (-1 k7 e AL
V:_Zw( A+ ) ,Z:;kz l']'2k+1.[ Z(1+zf)k‘+j‘4+Je2 45 13)

0,k+j

Ta tinh dugc cac yéu té ma tran H,, = <k‘H ‘k> va v, =<j‘p’"k>:

22k - @k D 27
\/_{(4k+l)" Z (> (4k+1)!!2k—2j+1}’ (16)

1 = ; ;
v, :_Zw( 2j(2j+Do, ;. +\/(2J +2)(2j+3)0, ;1)

a)(4k+3) Jo

Zw i 1y (2) =2k +41 1)Lk +1)1(2/ +1)! (17)
N ol INk+2j+DINj—k+D)\(2k =21 +1)
=k—J(k>]

4.  Li thuyét nhiéu loan cho bai toan nguyén tir hydro trong phuwong phép toan tir
4.1. So do Rayleigh — Schridinger cho phwong phdp nhiéu loan dirng
Ta ki hicu AE®), AC{1a cic b chinh nang luong bac s va hé s6 ham song

tuong trng. Ta co:

+00

AE’(IS) _ Z VnkAC]ES%) , (18)
k=0 (k#n)
+00 s—1
AC =t 3 At Y ARIACY | (j=n)  (9)
E,7 = H ;  k=0(k=n) =1

Cong thirc (18) va (19) 1a so dd 1i thuyét nhidu loan, ta s& st dung trong cac phan sau.
4.2. Nghi¢m ciia bai todn nguyén tir hydro theo so do li thuyét nhiéu logn

Trong phan nay, chung toi sir dung so do li thuyet nhiéu loan (18)-(19) dé tinh
dén bd chinh bac 3 cho cac trang thai co ban va mdt so trang thai kich thich. Bang 1
cho trang thai co ban cho thay phuong phap toan tir voi so d6 1i thuyét nhidu loan nhin
chung cho két qua rat chinh xac (dudi 1%) khi ta chon gia tri  thich hop gan véi gia
tri cuc tiéu héa nang luong co ban (@ = 0.597705). Khi so sanh chung toi nhan thay két
qua da trinh bay t6t hon két qua trong tai liéu [1], [3]. Piéu nay cho théy trién vong cua
phuong phap khi tmg dung cho cac bai toan phi nhidu loan. Ngoai ra, gia trj bd chinh
bac ba nho hon so voi gia tri bd chinh bac hai chimg t6 chudi cac bac bo chinh 1a hoi tu
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va ta hi vong c6 thé tinh chinh x4c dén bac tuy ¥ [3]. Néu tiép tuc thém vao céac gia tri
bd chinh béc cao hon, ta c6 thé thu dugc gia tri mirc ndng lugng co ban cia nguyén tir
hydro theo phuong phap toan tir chinh bang gia tri thu dugc trong bai toan gidi chinh

xac [11, [3].

Bang 2 cho mirc nang lugng kich thich thir nhit bang phuong phap toan tur voi so
do 1i thuyet nhieu loan, chiing t6i nhan thay két qua twong doi phu hop véi két qua
chinh xac (sai s0 dudi 2.6%).

Bing 1. Mirc nang luong co ban cua nguyén tir hydro tinh dén bé chinh bdc 3 theo so
do li thuyét nhiéu loan khi chon cdc gia tri khac nhau cua tham s6 @

o Tai liéu [1] Tai liéu [3]

Sai s0 Sai 54 Sai s&

® Ning lwgng | twong |  Ning S0 Ning a1 so

doi lwgng twong lugng tuong

: doi : doi
0.200000 -0.474594 5.08%
0.300000 -0.503036 0.61%

-0.495110 | 0.98% | -0.503036 | 0.61%
0.590000 -0.499602 0.07%
0.597705 -0.499725 0.05%

Bdng 2. Muc nang luong kich thich thu phcft cua nguyen tu hydro tinh dén bé chinh
bdc ba theo so do li thuyet nhiéu loan

0] Mirc nang luwong £, Sai s0 twong ddi
0.299999 -0.121721 2.6%
0.300000 -0.122168 2.2%
0.311000 -0.123929 0.85%

Bing 3. Mirc nang luwong kich thich thir hai cua nguyén tu hydro tinh dén bo chinh bac
ba theo [i thuyét nhiéu loan

W Mirc nang luwong £, Sai s6 twong doi
0.009990 -0.055302 0.45%
0.009995 -0.055138 0.75%
0.009997 -0.055427 0.23%

107



Tap chi KHOA HOC BHSP TPHCM 86 36 nim 2012

Nhu vay, khi sir dung phuong phap toan tir két hop vai so d6 1i thuyét nhiéu loan,
ta da st dung b ham co sé cua dao dong tur diéu hoa, tir d6 thu dugc cac muc nang
luong ciia nguyén tir hydro voi két qua rat chinh xac tinh dén bo chinh bac ba. Gid tri
b6 chinh bac ba nhé hon nhiéu gia tri bo chinh bac hai ching té chudi cac bac bo chinh
1a c6 thé hoi tu va ta hi vong c6 thé tinh chinh x4c cac mirc nang luong dén bac tuy .
Tuy nhién, so dd 1i thuyét nhiéu loan cling bdc 10 mot s6 han ché nhu tinh hoi tu cua
chudi nhiéu loan chua cao, chua duoc loi nhiéu Vé thoi gian va viéc khao sat mién hoi
tu ctia tham sb ty do @ van chua duoc giai quyet hop 11 Hon nira, véi S0 dd li thuyet
nhiéu loan, ta khong thé xac dinh trudc bac nhiéu loan can tinh theo sai s6 mong mudn.
Tiép theo sau chiing t6i sir dung so dd vong lap.

5. Cac mirc niing lwong ciia nguyén tir hydro theo so' dd vong lip
5.1. So dé vong lap

Ham séng ‘(pn> dugc biéu dién qua bo ham du, tryc giao, chuin héa |n> :

) =In)+ 2.C.lk) 20)

k+#n

Theo so d6 vong lap [2] ta c6 ham song gan ding ¢ vong lap thir (s) Gng v6i ning

luong gan dung E,ES) nhu sau:

(v>> | >+Zc(v>

k#n

k). 21)

Trong (21) céc hé s6 khai trién C k(s) cua ham song va gia tri nang luong Ey(,s) co
thé tinh s theo so d6 theo cong thirc truy hdi sau:
n+s
EM=H,+) GV,

k=0
k#n

n+s
(s-1)
v, + Z c.

C (s) — m=0,m#k,m#n (22)
k (s) >
En - Hkk

5.2. Nghigm chinh xdc bang sé ciia bai todn nguyén tir hydro theo so dé vong lip
Lap trinh tinh toan trén FORTRAN 9.0 theo so d6 (22) véi cac yéu té ma tran
(16)-(17) ta thu duoc muc nang lugng co ban E; cia nguyén tir hidro. Chon sai 5O
tuong d6i 1a 10 va gia tri thong s6 tw do @=0.5 gan véi gia tri cuc tiéu héa ning
luong co ban cua thanh phan trung hoa trong Hamiltonian, thi s6 vong lap twong tmg 1a
s=1528. Két qua dugc so sanh v6i ket qu trong tai ligu [1] va phi hop voi 161 giai
chinh x4c dugc trinh bay trong bang 4. Trong do, cot thir hai 1a s6 vong lap tuong ung.
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Bing 4. Mirc ning lwong co ban ciia nguyén tir hidro theo so do vong ldp

(0) S E, Tai liéu [2]
0.5 1528 -0.499990 | - 0.499990

Nhu vdy, ta thdy phuong phap toan tir v6i so d6 vong lip cho ta hoi tu dén két
qué chinh xéc, cu thé 1a v6i 1528 vong lap ta ¢6 nang luong chinh xac dén ndm chir s6
sau dau phay E, =—0.499990. Tuy s6 vong lip 16n nhung sb lugng tinh toan it hon
khi str dung so d6 i thuyét nhidu loan 1a vi v6i mdi bac nhiéu loan ta déu co tong vo
han va téc d6 hoi tu cua cac tong d6 ciing khong cao.

Tham sb tu do @ réat quan trong trong viéc ning cao toc do hoi tu dén nghiém
chinh xac khi st dung phuong phap toan tir v6i trong so d6 vong lap. Qua khao sat
bang tinh s, mién hoi tu cua thong sd tu do ddi voi mirc ddi véi muc nang luong co
ban 1a ©<6. Nhu vay, ta dé dang chon dugc gia tri @ thich hop dé bai toan cho
nghiém chinh xac bang sb. Pay 1a wu diém cia so d6 vong lip so v6i so do i thuyét
nhiéu loan vi véi li thuyét nhidu loan, viéc lya chon tham s6 @ thich hop kha khé
khan, thong thuong gia tri @ phai gan véi gia tri cuc tiéu hoa nang luong. Ngoai ra, khi
so sanh voi s0 d6 1i thuyét nhidu loan, so 6 vong lap giip ching t61 khao sat mién hoi
tu cta tham s6 ty do @ mot cach dé dang qua viée tinh s trén may tinh.

Khao sat tinh sb cho thdy so d6 vong lap giup chung ta tiét kiém tai nguyén tinh
toan hon li thuyet nhiéu loan kha nhiéu va rat lgi vé thoi gian ciing nhu tc do tinh toan
(so dd li thuyet nhiéu loan cho két qua 1au hoi tu hon, thoi gian tinh toan lau hon so voi
so do vong 1dp kha nhi€u véi cung mot sai s6 tuong doi). Ngoai ra, khac véi so do li
thuyét nhicu loan, khi tinh s6 theo so d6 vong lap gié tri sai s6 dugc chon ngay tir dau
va nghi¢m nang lugng thu dugc tot hon nhiéu so vdi so do 1i thuyét nhicu loan.

Cubi cung, khi 13y sai s6 twong d6i nho hon ta s& thu duoc nghiém cia bai toan
cho cac muc ndng lugng dan dén két qua chinh xéc. K&t qua cac mirc nang lugng co
thé tinh dén bo chinh bat ki va hoi tu dén gia tri véi do chinh xac cho trudc nén ta goi la
nghiém chinh xac bang s6. Pay la vu diém noi bat cia so d6 vong ldp so voi so do li
thuyét nhiéu loan.

Ta chon cac s luong tir /,m bang 0 dé tinh cic mirc nang luong kich thich. Khi
d6 bd ham {|n00)} hop thanh mot khong gian Hilbert va bai toan ¢ thé dua vé nhiéu

loan khong suy bién. Khac v&i so d6 1i thuyét nhidu loan, so d6 vong lip cho phép ta
xac dinh trudc sai so tuong doi cho két qua. Tu day, dé tinh cac murc nang luong kich
thich ta chon sai s6 twong d6i 1a 10°. Bang 5 cho ning lugng cua trang thai kich thich
thtr nhét.
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Bing 5. Mirc nang heong kich thich thir nhdt cia nguyén tir hydro theo so dé vong ldp
VOi cac gia tri khdc nhau cua thong so ty do @

[Q) S E,
0.1 1682 -0.124990
0.2 926 -0.124990
0.3 629 -0.124990
0.4 473 -0.124990

Bang 5 ta thiy cac gia tri s6 vong ldp trong cot thir hai twong Gmg véi gia tri thong
s6 tu do ® duoc chon 1a khac nhau cho thay vai tro cia tham so tu do trong qua trinh
tinh s6. Qua khao sat béng tinh s, mién hdi tu cua thong s6 tu do ddi véi mire kich
thich ther nhit 13 ® <0.45. Nhu vay v&i moi gia tri © thdéa man ©<0.45 déu cho két
qua mirc nang luong kich thich thir nhat c6 gia tri gan véi gi tri chinh xac véi sai s6 rat
nhé cho trude 1a 107,

Bing 6. Mirc ndng heong kich thich thir hai ciia nguyén tir hydro theo so 6 vong lgp

(0] S E,
0.05 2482 -0.055550
0.06 2047 -0.055550
0.07 1726 -0.055550
0.08 1496 -0.055550
0.09 1003 -0.055550

Bay gio ta xét dén muc kich thich thi hai. Qua khao sat bang tinh sd, mién hoi tu
cua thong sb tu do ® ddi véi murce kich thich thir hai 1a o <0.1. Nhu vay, vO1 moi gia tri
mthoa min ©<0.1 déu cho két qua muc ning luong kich thich tht hai c6 gia tri gan
v6i gia tri chinh x4c véi sai s6 rat nho cho trude 1a 107,

6. Kétluan

Thir nhat, phuong phap toan tir két hop phép bién ddi Laplace va so dd vong lap
ung dung cho viéc giai phuong trinh Schrodinger cho nguyén tir hydro cho phép ta thu
duoc tri riéng chinh xac béng s6 va viéc tinh sb co tdc do hoi tu cao. Thir hai, két qua
thu dugc vé muc ning lugng co ban, muc ning lugng kich thich thir nhat va thi hai cia
nguyén tr hidro cho phép ta khang dinh tinh dung dan ctia phuong phap toan tir. Vi
cach g1a1 rit tong quat, khong can tinh dén dic diém riéng cua Hamiltonian nén ta hi
vong két luan nay ap dung tt cho cac bai toan nguyén tir khac. Nhu vay, phuong phap
toan tir theo so dd vong lip 1a mot phuong phap dang tin c@y. Thir ba, tham s6 ty do @
rit quan trong trong viéc nang cao toc do hoi tu dén nghiém chinh xac khi s dung
phuong phap toan tir voi so dd vong lap. Qua khao sat bang tinh s6 véi so d6 vong lap,
mién hoi tu ctia tham sd ty do d6i voi murc ning luong co ban 1 o < 6, mirc kich thich
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thtr nhat va thi hai 1an lugt 1d ©<0.45 va ©<0.1. Thir w, wu diém vuot trdi cua
phuong phap toan tir chinh 1a ¢ viéc tach toan tir Hamilton thanh hai thanh phan khac
hon so v6i phuong phép nhidu loan truyén thong. Qua két qua trén ta thdy mac du st
dung tu tudng cia i thuyét nhidu loan nhung ching ta khong can xét dén diéu kién ap
dung cua li thuyét nhiéu loan vi cach tach toan tir Hamilton nhu trén ludn thoa cac diéu
kién cua li thuyét nhiéu loan va khong phu thudc vao dic diém vat li cua hé. Thir nam,
qua cac két qua da khao sat, chiing t6i nhan thiy phuong phép toan tir theo so do vong
lap cho két qua t6t hon va c6 nhiéu wu diém hon so d6 1i thuyét nhidu loan trong
phuong phap toan tir. V&i cling mot sai sb tuong ddi, khi sir dung so d6 vong lap ta thu
duoc két qua c6 do chinh xéac cao hon so dd li thuyét nhiéu loan. Thir sdu, két qua trén
khang dinh c6 thé ap dung phuong phép toan tir theo so d6 vong lp cho cac bai toan
phi nhiéu loan ctia nguyén tir hydro trong trudng ngoai nhu bai toan nguyén tir hidro
trong tir truong, dién truong; bai toan phan tr nhidu nguyén tir hay bai toan tinh thé.
Pay chinh 1 uu diém cua phuong phap toan tir theo so d6 vong lap.

~ Ghi chi: Cong trinh nay la mot phan nghién ciu theo dé tai khoa hoc va cong nghé
cdp co somd so CS.2011.19.54 do tac gia Nguyén Van Hoa la chu nhiém dé tai.
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