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SU PHU THUOQC LIEN TUC
CUA NGHIEM PHUONG TRINH VI TiCH PHAN VOLTERRA
POI SO LECH PHI TUYEN LOAI HYPERBOLIC

LE HOAN HOA,
NGUYEN NGOC TRONG”, LE THI KIM ANH™
TOM TAT
Trong bai bdo nay, chung toi chung minh sw phu thugc lién tuc cua nghiém phuong
trinh vi tich phén Volterra doi sé léch phi tuyén loai Hyperbolic sau :

w(O=A)(u(0)u)+ [L{usu(5)u)ds+ (1) 120 (1)

u,=¢peC,
T khoa: Tinh phu thudc lién tuc ctia nghiém , phuong trinh vi tich phan Volterra
dbi s6 1éch phi tuyén loai Hyperbolic.
ABSTRACT
Continuous dependence of solution for the nonlinear Hyperbolic Volterra
integrodifferential equation with deviating argument
In this paper, we prove the continuous dependence result for the following nonlinear
Hyperbolic Volterra integrodifferential equation with deviating argument

w(t) = A(t)(u(t),ut)+£L(tas,u(8)sus)ds+f(t)’ t=0 (T)

uO =@e Cr
Keywords: Continuous dependence of solution, nonlinear Hyperbolic Volterra
integrodifferential equation with deviating argument.

1.  Gidi thi¢u
Li thuyét phuong trinh 1a mét linh vuc rong 16n cta toan hoc va dugc nhiéu tac
gid quan tam nghién ctru. Trong do, 16p phuong trinh vi tich phan dong vai tro quan
trong. Cac két qua cua linh vyc nay tim duoc nhiéu ung dung trong vat li, hoa hoc, sinh
hoc ciing nhu trong viéc nghién ctru cic mo hinh phat trién xuét phat tir kinh té hoc.
Nam 1981, trong [4] M.L.Heard da xem xét phuong trinh vi tich phan Volterra
phi tuyén loai Hyperbolic c¢6 dang:

PGS TS, Trwdng Dai hoc Sw pham TPHCM
mThS, Trwong Pai hoc Sw pham TPHCM
ThS, Pai hoc Tién Giang
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t

u'(t)+A(t)u(t) = [g(ts,u(s))ds+f(t), t =0,

0
u (O) =u,.
Nam 1996, trong [5] R.Nagel va E.Sinestrari da nghién ctru phuong trinh vi tich
phan Volterra phi tuyén loai Hyperbolic

u'(t)= Au(t)+‘(i;K(t,s,u(s))ds +£(t), t=t,,

u (to ) =Ug.
Céc loai phuong trinh trén phat sinh mét cach ty nhién trong viéc nghién cuu su
dan hdi cua céac vat ran.
Gan day, trong hai bai bao [1], [2] va tai liéu tham khao [3] chung t6i d3 xem xét
tinh khac rdng, tinh continuum va tinh R s cua tdp nghiém phuong trinh vi tich phan

Volterra phi tuyén loai Hyperbolic c6 ca su xuét hién ddi sd 1éch
t
w'(t)=A(t)u(t)+L{t)u + V(tu(t)+ [K(ts,u(s),u,)ds+f(t), t>0,
0

u,=peC.

Trong bai bao nay, chung t6i nghién cuu sy phu thudc lién tuc cia nghi¢m
phuong trinh vi tich phan Volterra ddi s6 1éch phi tuyén loai Hyperbolic dang (T) . bé
lam diéu nay chung t6i ching minh mot bd dé vé bat dang thuc tich phan dang
Gronwall.

Ban than sy phu thudc lién tuc cua nghi¢m da la mét tinh chét tha vi nhung quan
trong hon 1a tinh chat nay dong vai trd quan trong ddi véi tinh chinh cua bai toan, viéc
xap xi nghiém va nghién ctru sy ton tai nghiém tuan hoan.

2. Két qua chinh
2.1. Gidi thiéu bai todan

Cho r > 0.Ta ki hi¢u |0| 1a chudn ctia khong gian Banach E va [ | = [O,oo),

A={(ts)el , x0, :t>s}va A, =AN[0n] véinel,

C, = C([—r,O],E) vOi chuan ‘u‘r = sup{‘u(t)‘ ‘te [—r,O]},

X= C([—r,oo),E) la khong gian Frechet cac ham lién tuc tir [—r,oo) vao E véi
ho nira chuan {”0”n }n duoc dinh nghia nhu sau : HXHH = sup{‘x(t)‘ ‘te [—r,n]},n el .

bat F=ExC, véi chuén H(x,y)” = ‘X‘ + ‘y‘r. bat ||0||L 1a chuan trén khong gian

cac 4nh xa tuyén tinh lién tuc tir ExC, vao E.
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Véi ueC([-1,),E) va t =0 dit u, € C, dinh nghia boi
( ) (t+0) voi 06[ r,O].
Véi ueC([-r,d],E) va t[0,d] dat u, € C, dinh nghia boi
u, (0)= (t+0) V010€[ r,0].
Véimdi nell , dat X, = C([—r,n],E) la khong gian Banach gém cac ham lién
tuc u:[-r,n]— E véi chuan Hu”n = sup{‘u(t)‘ ‘te [—r,n]}.

Xét phuong trinh

t

w'(8)=A()(u(0),u)+ [L(ts,u(s)u)ds+ (1), 120, (1)

0
u,=¢peC,
trong do {A(t)}tzo 1a ho toan tir tuyén tinh lién tuc th ExC, vao E,f:[), — E lién
tuc. Hon ntra ta gia thiét :
(E.1) t> A(t) lién tyc ;
(E2) L:AxF — E laham L' — Caratheodory , nghia 1a
(BE.2.1)Véimoi z € F, ham 7+ L(7,z) Borel do duoc ;
(E.2.2)Véi hau hét 7 € A, ham z — L(z‘,z) lién tuc ;
(E.2.3)V61 moi nell va moi hang s6 C>0, ton tai ham khong am
h. e r ([O,n]z) va tdp compact K. trong E sao cho L(t,s,z) eh. (t,s)KC vO1 moi
2eB;(0,C) va v6i hau hét (t,;s)eA, (trong d6 L'(Q) la khong gian cac ham
u:Q —1[] khatichtrén Q) ;

L
(E.3) lim ‘ (t,s,z)‘
o= ]

=0 déu theo (t,s) trén moi tap bi chin bat ki cia A.

Dinh nghia.

u: [—r,oo) — E la nghiém cua phwong trinh (T) néu u|[0’oo) eC' ([O,oo),E) va
u théa phuong trinh (T), ¢ ddy C'([0,0),E) la khong gian cac ham kha vi lién tuc
u:[0,0) > E.
Chii y. o ,

Chtrng minh tuong ty [3] ta thay néu cac gia thiét (E.1), (E.2) va (E.3) théa man

thi phuong trinh (T) c6 nghiém va néu ta thém gia thiét toan tir L Lipschitz dia phuong
thi phuong trinh (T) c6 nghiém duy nhat.
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2.2. Sw phu thugc lién tuc cua nghiém
Dinh li 1. (Bit ding thirc dang Gronwall)
Cho u:[a,b] >0, lién tuc, ¢ va a la hai hing s6 khéng dm. Gia sit ta c6

(t)<c+aj )ds+aj[j jds véi a<7<s<t<b.
« 1<exp((a+1)(t—a))—l)j.

Khi dé u(t) < c(l +
a+

Chung minh:

t t/s
Pat V(t)—c+aju(s)ds+aj[ju(r)dr}ds. Theo gid thiét ta c6 u(t)<v(t),

talai c6 v'(t)=cu(t)+ aj.u(s)ds < O{V(t) + jv(s)ds} .

bat m(t +jv (s)ds. Vay v'(t)<am(t) va m(a)=v(a)=c.

Vi jv(s)ds >0 nén v(t)<m(t).

Do dé m'(t)=v'(t)+v(t)<am(t)+m(t)=(a+1)m(t).
Vay m'(t)—(a+1)m(t)<0.

Nhan hai vé bat dang thirc trén véi exp(—(a + l)t) ta co:
m'(t)exp(—(a+l)t)—(a+l)m(t)exp(—(a+l)t)SO,

nghia 1a (m(t)exp(—(a+l) )) <0.Vay J.( exp( (a+1)s)),ds£0.

Tur @6 m(t)exp(—(a+1) )— (a )exp(—(a+1)a)£0.
Vay m(t )<cexp((a+1)(t a))
Do d6 tacé v'(t) < am(t) < ac. exp((a+1)(t—a)).

Vay jv’(s)dsSjac.exp((a+1)(s—a))ds: ac (exp((a+l)(t—a))—l).

a+1

Turdé tacd v(t)<v(a)+ a“fl (exp((a+1)(t-a))-1)
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:c(1+ aoj_l(exp((a+l)(t—a))—l)).

ail(exp((a+l)(t—a))—l)). Pinh li dugc ching

Vay u(t)<v(t)< c(l +

minh.
Dinh Ii 2.

Gia st 1I':AxF—E théa cic diéu kién (E.I), (E.2), (E.3), ¢°eC, vi
f0:0 . > E lién tuc. V6i méi kel , ldy L, : AxF —E théa cdc diéu kién (E.1),
(E.2), (E.3) va day {Lk}k héi tu déu vé 1. Ldy {(ok}k la day trong C. sao cho

lim g = ¢° rong C, va ldy {f,} < C(0,,E) héi tu déu vé 0. Ta xét cdc phuong

k—o0

trinh sau:
t

),ut)+jLk (t,s,u(s),us)ds+fk(t), t>0,

[
<
—
-+
N—
Il
—~
-+
N—
—_
c
—
-+

u,=¢’ eC,.

Ldy u* g nghiém cua phwong trinh (Tk) va v’ la nghiém cia phuwong trinh
(TO ) . Ta gia su phuwong trinh (TO) c6 nghiém duy nhat.

Khi d6 ta ¢6 limu* =u° trong C([—r,oo),E).

k—oo
Churng minh:
pit B, ={uk[ kel } véinel .
Buoc 1.

Ta chimmg minh B bichan trong X .
Vi {L, } hoitu déu vé L nén ton tai k, €[] sao cho véi kel va k>k, thi
‘Lk (t,;s,z)-L° (t,s,z)‘ <1 véimoi (t,s,z) e AxF.

Tir diéu kign (E.3) ta théy ton tai C>0 sao cho khi [z]> C thi L (t,s,7)|<|7]

va ‘Lk (t,s,z)‘ < ||Z|| vO1 moi (t,s) eA, vak=Lk,.
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Tir diéu kién (E2.3) ta thy tén tai R >0 va ham khong am he e L' ([0,n]) sao
cho Vi moi k =1k, ta co [L*(t,5,7)|< Rh (t,s) va [L, (t,5,2)| < Rhe (t,5)véi moi
zeF thoa |z] < C va véi hau hét (t,s) €A, .

(t,5,2)) < Rhe (t,5) +[7] va [L, (t,5,2)| < Rhe (t,5) +[2] voi moi ze F
hau hét (t,s) e A, vamoi k=1k,.

Vay

Ta co|Ly (6,5,2)]<|Ly (5,2) - L (t,5,2)|+ |I*(t.5,2)| <1+ Rhe (t,5) + 2] voi
moi z € F, hiu hét (t,s) e A, vamoi k > k.
Do d6 ‘Lk (t,s,z)‘ <1+Rh¢(t,8)+||z]| v6i moi kel , v6i moi z € Fva hau hét

(t,s)eA,.

Vi {fk}k hoi tu déu vé f° nén ton tai q>0 sao cho ‘fk (s)‘Sq vOl moi
kel,se[0,n].

Tir gia thiét (E.1) va su kién h. € L ([0,11]2) ta thdy ton tai @ >0 sao cho:

(), +j@1+Rh dr}ds«z

Ta thiy ‘u S SH u
S

g+ 2 max ||A
seOn

voimoi s €[0,n] nén véi te[0,n] taco

\uk<t>\s\«)k(o»{\A(s)(ruk(s)< "))+ PHI[ ((srat (e <uk>f)df]ds
o) r)drjds
]d.

< ‘(Dk (O)

ok

e

Dit b:sup{”(ok” :keD} c=(n+l)a+bval=a+2.

s ([

< ‘gpk (O)‘ + a_(i;H(uk

Taco‘ ( ‘<C+AJ.H

[0,n].

27



Tap chi KHOA HOC BHSP TPHCM 86 36 nim 2012

Mit khac v6i te[-r,0] ta thay ‘uk (t)‘ = ‘gok (t)‘ <b nén ta co
H(uk )t (uk )T dr}ds voimoi t e [O,n] .
0 T
Vi anh xa t— H(uk) lién tuc nén theo Pinh 1i 1 ta c¢ob
H(uk )t r < c{l + /Ii 1 (exp((/i + l)t) — 1)} < c{l 2 (exp((/i + l)n) — 1)} :

A+1
K A
Suy ra ‘u (t+0)‘£c[l+ﬂ+

l(exp((ﬂﬂrl)n)—l)} véi moi

<c+ /IJt.H(uk
0

r

kel,te[0,n],0 e[-1,0].

A
Vay [u*(t)<c|1
ay ‘u ()‘ ({ +/1+1
B, bi chén trong X, .

Buworc 2.

(exp((/1+1)n)—l)} voi moi k ell,te[-r,n]. T do

Ta chimg minh B 1a tdp compact twong ddi trong X, .

Pat V,C°,C, : X > X (vdi ke[l ) nhu sau

_ jA(S)(u(S),us)ds >0,

0 ,te[-r,0],
Cou(t): j; :[LO S, z'u )dTst+¢ ( ) .(i)‘fo( )ds >0,
0" (1) te[ro]
Cou(t)= ‘E@Lk s 7, u( drjds+¢k( )+ ':[fk(s)ds ,t>0,
¢k( ) ,te[—r,O].

Tu DPinh 1i 1.2.12 cta [3] ta co Ck,C0 la cac anh xa hoan toan lién tuc va ching

minh tuong ty Pinh 1i 1.2.10 cua [3] ta théy tn tai ¢, > 0 sao cho:

(nc, )

i
—-—,HXHn voimoiiell vaxeX
1!
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Vx| véi xe X, . Ta thdy V 14 anh xa tuyén tinh lién tuc nén
n

% o]
ot | - >

1=

* 9
||0||n la chuan trén X .

o0
*
3
i=0

1=

Vi | Vix

X

i
o0
nc
<, ")~ e nen [, <
n n o o n n
1=

SHXH e . Do
1! n

*
n

o Z tuong duong.

d6 hai chuan |

l'l’

0 o0

Mit khac Vx|, = E vy - E

i=0 i=0
Do do ”VX”Z < (1 —e )”X”Z Pit p=1-e ™ thi V 1a anh xa co hé s p trén

.)

Khidé V+C,,V+C° la anh xa c6 dic hé sb p ti (Xn,

*

—€
n

*

Xyl .
n

—nc,

Vix

A, <

X

*
n

I, =lx
n n

o

‘: ) dén (Xn ,

)
vay z[(V+C)(B,)]<px(B,) va Z[(V+C°)(BH)JSW(BH) Vi y 1a
d6 do cau phi compact xac dinh boi ;((B) =inf {r > (0:B bi phu bdi hitu han cac qua
cau ban kinh r} .
Vi {p}, hoi tudéuvé ¢°, {L,}, hoitudéuvé L’ va {f,} hoity déuvé f°

nén {Ck }k hoi tu déu vé C°.

£
<é&.

n

Do d6 voi £ >0, ton tai k, €[l sao cho v6i k >k, thi HCk (uk)— c’ (uk)

e feUla-e)]

Diéu nay dan dén {(Ck(uk)_co(uk))

(trong do E(O,a) = {u eX,: ||u||:<l < 6‘} ).

Suy ra {(ck (o) ()]

“ton] kel }C D{Ck (Bn)_co (Bn)}UB(O,g).

k=0
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Vi Ck,C0 la cac 4nh xa hoan toan lién tuc va B, bi chdn nén C, (Bn ) -C° (Bn)

kl
la tdp compact tuong d6i v6i moi kell . Do vay U{Ck (B,)-C°(B, )} 1a tap
k=0

nén z({(

Cho & — 0 ta duoc ;([ -’ (uk)

Talai c6 v = V(u) + G, (u ) vi(ut +c( ) (0)-C" ().

Do viy B, = (V+C")(B, {(ck( keD}
Tirdo z(B,)<z((V+C)(B ( (G(w) [ ]:keDHSp;((Bn).
Vay (l—p);((B )<0 Tuwdo x(B,)=0 (vi 0<p<1). Vay B, 1a tAp compact

tuong dbi trong (

Buoc 3.
Ta ching minh lim u* = u® trong C([ r,), E)

k—o0

Do B, 1a tap compact tuong ddi trong (Xn,”onn) nén ton tai ddy con {u

)
[-r.n] i
C, |u®
[—r,n]j+ k (u [—nn])

k

\ .k
cua {u } sao cho limu™
—r,n k

i—00

: =y trong (Xn,”O”Z).

=V (uk‘
[-r.n]

—r,n

Ta lai ¢c6 u* =v(uk)+ck(uk) nén ub

(suy ra tur dinh nghia cua V va C, )
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Cho i — 0 ta ¢ y=V(y)+Co(y). T d6 ta c6 y=u°

(vi u’1a nghiém
n

[~1.n]
[~r.n] }k

, lai do B, 14 tip compact twong ddi nén diéu nay

—r,n

duy nhat ctua phuong trinh (TO ) ). Vay bat ki ddy con hoi tu ndo cua diy {uk

cling ¢6 cung mot gidi han la u®

x £ . k * y : A A *
dan dén limu =u’ trong (Xn, 0|| ) Vi hai chuan ||0|| va ||0 tuong duong
k—o0 —r,n] [—r,n] n n
A . k [0 _ 7 \ : k o _
nén lim |u -u =0 tacla lim|u" —u”| =0.
k—o -1,n [-r.n]||, k—o0 n

Vay llim uk =u’ trong C([—r,oo),E). DPinh 1i dugc ching minh
—00
Chii y.
Nhu di trinh bay & trén, néu ngoai gia thiét (E.2) va (E.3) ta ap dat thém tinh
Lipschitz dia phuong Ién ton tir L thi phuong trinh (T°) c6 nghi¢m duy nhit.
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