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POI XUNG AN CUA BAI TOAN MICZ-KEPLER CHIN CHIEU
PHAN NGOC HUNG', LE VAN HOANG™

TOM TAT

Méi day, bai toan Kepler trong khdong gian chin chiéu véi s ¢é mdt cia don cuc
SO(8) dwoe xdy dung. Ta goi la bai todn MICZ-Kepler chin chiéu hodc c6 thé goi la bdi
toan SO(8) MICZ-Kepler. Trong céng trinh nay, bang cach xdy dung véc-to Runge-Lenz,
chiing téi tim ra mét doi xirng dn cia bdi todn ndy va dwa ra dwéi dang twong minh nhom
déi xveng day di ciia bai toan la SO(10).

Tir khéa: bai toan MICZ-Kepler, ddi xtng an, dai sé6 SO(10), véc-to Runge-Lenz,
khong gian chin chiéu.

ABSTRACT
A hidden symmetry of the nine-dimensional Micz-Kepler problem

The Kepler problem in a nine-dimensional space with the presence of the SO(8)
monopole has been investigated recently. It is called the nine-dimensional MICZ-Kepler
problem or the SO(8) MICZ-Kepler problem. In this article, by establishing the Runge-
Lenz vector, we find a hidden symmetry of the problem and obtain the sufficient symmetry

group of the problem as the SO(10) group in explicit forms.
Keywords: MICZ-Kepler problem, hidden symmetry, SO(10) algebra, Runge-Lenz

vector, nine-dimensional space.

1. Mé diu

Bai toan Kepler, hay con goi la bai
todn Coulomb, 1a mdt trong s6 it cac bai
todn c6 nghi¢m chinh xac trong co hoc
luong tir. Pay 1a mot bai toan kinh dién
dugc trinh bay trong tat ca cac gido trinh
co hoc lugng tir. Ban dau, bai toan
Kepler duoc chi ra c6 nhom déi ximg
khong gian 1la SO(3), tuy nhién sau do
nguoi ta da chung minh ¢6 sy ton tai mot
dbi xung an la vector Runge-Lenz [9].
Nhu vay, mot cach dﬁy du, d6i xung
khong gian cta bai toan Kepler 1a ddi
xtng SO(4) [1]. Trong nhitng nam 1960,
bai toan Kepler dd duoc md rong bang
cach thém vao mot tur truong cua don
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cuc tir Dirac [8, 10] va sau nay dugc goi la
bai toan MIZC-Kepler. Cac cong trinh
nghién ctru dé tai nay [8, 10] cho thay
viéc dua thém don cuc tr Dirac khong
1am pha v& ddi xtmg cua bai toan.

Mo rong hon bai toan MICZ-
Kepler cho khong gian nhidu chiéu,
ngudi ta ciing thdy c6 sy ton tai dbi xing
an cua bai toan lién quan dén véc-to
Runge-Lenz [6, 7]. Md1 day, bai toan
MICZ-Kepler chin chiéu duoc xdy dung
nhu 1a sy m& rong cua bai toan Kepler
trong khong gian chin chiu véi sy tham
gia cua don cuc SO(8) [3, 4]. Viéc khao
sat sy d6i xtng cua bai toan hién nhién la
mot bude nghién ctru quan trong. Trong
cong trinh [5] nhom ddi xtmg dong luc
hoc SO(10,2) da dugc xay dung dudi



Tap chi KHOA HOC BHSP TPHCM

Phan Ngoc Hung va tgk

dang dai $0. Tuy nhién, can su nghién
ctru sdu nhom ddi xtimg nay. Trong cong
trinh ndy, chung toi s& khao sat tinh d6i
xtng khong gian cua bai toan MICZ-
Kepler chin chiéu va chi ra biéu thuc
tuong minh cua vector Runge-Lenz, mdt
dang di xtmg 4n cua bai toan. Tur day,
chung t61 s€ xay dung nhoém SO(10) nhu
mot nhom ddi xtmg khong gian day du
cia bai toan MICZ-Kepler chin chiéu.
Viéc xiy dung duoc nhém ddi xung
khong gian cua bai toan la mot budc
quan trong cho viéc khao sat phd ning
lugng cua hé s€ duoc trinh bay trong céc
cong trinh ké tiép.

Phan hai bai bdo sé& dua ra tong
quan vé véc-to Runge-Lenz va vé ddi
xung an cia bai toan Kepler ba chiéu.
Trong phan nay ciing dé cap dén sy mo
rong cho bai toan MICZ-Kepler trong
khong gian nhiéu chiéu. Tiép theo, trong
phan ba s& trinh bay viéc xdy dung véc-to
Runge-Lenz cho bai toan MICZ-Kepler
chin chiéu. O phan nay ciing chtirng minh
d6 chinh 1a mot bat bién méi clia bai toan,
dic trung cho mot dbi xiémg an. Sau d6
dbi xtimg SO(10) duoc xay dung tuong
minh cho bai toan.

2.  Véc-to Runge-Lenz va doi xirng
an trong bai toan Kepler

Phan nay, chung t6i viét tong quan
cac két qua co trudc vé véc-to Runge-
Lenz va dbi xémg an cua bai toan kepler
[1, 7-10] nhdm lam co s& cho céc tinh
toan ctia chiing toi trong phan tiép theo.

Trong co hoc cd dién, mot hat
chuyén dong trong truong xuyén tdm co

cuong do luc ti 1€ nghich véi binh
phuong khoang cach, s& ton tai cac dai
lugng bdo toan la: nang lugng E, céc
thanh phan cua véc-to moé-men dong
luong quy dao L, va vecto Runge-Lenz
M . Véc-to Runge-Lenz cb dién duoc
dinh nghia la:

M = px L—mkr, (1)
trong d6, m 1a khéi lwong cuia hat chuyén
dong dudi tac dung cua lyc xuyén tam; p
1a véc-to dong lugng ctia hat; L=7xp la
véc-to mo-men dong luong quy dao cua
hat; k 1a tham sd dic trung cho cuong do
cua lyc xuyén tam, trong truong hop bai
toan c6 tuong tic Coulomb, k = Ze*; 7 1a
véc-to toa d0 cua hat; 7 la vecto ban kinh
donvi,nghiala 7=7/r.

Nam 1926, Pauli da dua ra dang
luong tir cta vector nay va tng dung dé
tim pho ning luong nguyén tir hydro ma
khong can giai phuong trinh Schrodinger
[9]. Theo Pauli, vector Runge-Lenz co
dang:

M:%(ﬁxﬁ—ixﬁ—22f) O

Ta s€ xem vai tr0 cia todn tor nay
trong sy ddi ximg ciia bai toan Kepler.
V61 muc tiéu d6 ta xét Hamiltonian cua
bai toan Kepler nhu sau:

~ 1., Z

H==p"-=, 3
S (3)

trong do, p*=p.p, voi p,=—id/ox,

(j=1,...,3) 1a cac hinh chiéu xung luong.
Trong cong trinh nay, chung t6i st dung
ki hiéu cua Einstein 13y téng trén cac chi
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sb lap lai, va sir dung h¢ don vi nguyén tu
c=e=m=h=1.

Céac toan tir thanh phdn mé-men
dong lugng quy dao dugc dinh nghia:

f‘y = xzf?j _leai
déu giao hoan voi toan tir Hamilton.
Ngoai ra, dé dang kiém chimng céc toan tir
nay phan ddi ximg va théa man hé thirc
giao hodn cua nhém SO(3):
[£,.L,,1=18,L,,+i5,L,,~i5,L,,~i5,L,, (4)
Pay 1a nhom d6i xing khong gian SO(3)
cua bai toan Kepler.

Tuy nhién, khi xét dén toan tir
Runge-Lenz (2) ta c6 cac hé thic giao

hoéan sau:
[H,M,]=0,
[L,.M,]=i6,M,~i5, M,, (5)

[M,,M,1=-2iHL,
ching to rang véi mdi gia tri ning lugng
xac dinh, todn tir vecto Runge-Lenz va
toan tir hinh chiéu moé-men dong luong
quy dao tao thanh mot dai s6 kin. Thém
nira, tir (5) ta thdy véc-to Runge-Lenz 1a
mot bat bién (integral) ctia chuyén dong.
Nhu vay, c6 thé noi n6 dic trung cho mot
d6i xtmg an ciia bai toan Kepler ba chiéu.
Nhém d6i xtng day du cia bai toan bay
gio la SO(4).

Phat trién két qua trén cho bai toan
MICZ-Kepler ba chiéu, cic tic gia
Mclntosh va Cisneros [8], Zwanziger [10]
da doc 1ap ching t6 rang ddi xtmg SO(4)
van bao toan khi c6 sy xuét hién ctia don
cuc tu. Tuong tu nhu vay, bai toan
MICZ-Kepler nim chiéu duoc khao sat
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trong thoi gian gan day ciing dugc ching
to co d6i ximg SO(6) chir khong chi 1a
SO(5) [7]. Do @6, voi vigc xay dung
duogc bai toan MICZ-Kepler trong khong
gian 9 chiéu véi su c6 mit cua don cuc tir
SO(8) [4], viéc di tim ddi xtng 4n cua bai
toan nay 1a diéu can thiét.
3. D6i xing cia bai toan MICZ-
Kepler chin chiéu
e Bai todn MICZ-Kepler chin chiéu
Trong bai toan Kepler (Coulomb)
chin chiéu, hé vat li dugc xét gdm mot
hat mang dién tich —e va c6 ‘isospin’
chuyén dong quanh mot hat nhan dtng
yén mang dién tich +Ze va thé don cuc
SO(8). Phuong trinh Schrodinger cua bai
toan c6 thé viét nhu sau:
{17%2+Q—22—Z—62}‘P:E‘P, (6)
2 8r r
trong d6, #°=7#,#, v6i toan t& xung
lugng dugc dinh nghia:
7 =—iaij+Ak(r)ij , 7y =—ia—i9. (7)
Ngoai tuong tdic Coulomb, trong hé
dugc xét co tuong tac gitra ‘isospin’ véi
truomg SO(8), dugc biéu dién bing cac vi
tt O, (j=L....8). Ta st dung ki hiéu
0’ =0,0, v6i 28 vi tir phan ddi xtmg

A

O, thoéa man cac h¢ thire giao hoan cua

nhom SO(8) nhu sau:

[QJ’Qrm]:lélmQ]n +l an'm_ié;anm _15]an ° (8)
Trong cac cong thuc trén va tu day

vé sau, néu khong c6 su giai thich thém,

su lap lai cac chi sb béng mau tu Latin

(j) c6 nghia 1a iy tong theo mién thay
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ddi tir 1 dén 8, con su 1ap lai cac chi sb
bang mau ty Hi Lap (1) nghia 1a lay tong
trén mién thay doi tir 1 dén 9.

e Doi xirng SO(9)

Pé khao sat tinh ddi xtmg cia bai
toan, trudc ti€n ta xay duyng toan tir mo-
men dong luong quy dao. Véi
Hamiltonian (6) ta c6 thé xay dung cac
thanh phan cia ten-xo md-men dong
luong quy dao dugc nhu sau:

A, =x7,-x,7, +ir’[r,,z,]. (9)
Dé dang kiém tra hé thirc giao hoan

gilra toan tir dong luong va toa do:
[7,,x,]=-10

X v s (10)
va su dung cac h¢ thirc nay ta chung
minh céc hé thurc giao hoan gilta cac toan
tir thanh phan ten-xo mo-men dong luong
quy dao voi cac toan tu toa do va xung

lugng:

[A#V,xp] = ié'#va —ié‘vpxﬂ,
[Aﬂv,ﬁp]:ié'ﬂpﬁv—i@pﬁﬂ. (11)

Cubi cung, tu hai h¢ thtc trén, ta tim
dugc hé thic giao hoan gilra cac toan tir
thanh phan ten-xo mo-men dong lugng
quy dao:

(A, A, 1=i0,,A,, +id, A,

—=id,, A, —i0,,A

Vo S up

(12)

Do tinh chit phan ddi xung cua
A,, nén chi cé 36 thanh phan doc lap.
Hé thirc giao hoan (12) chiing t6 rang cac
thanh phan cia ten-xo moé-men dong

luong quy dao tao thanh dai s6 kin SO(9).

Ta ciling c6 thé kiém tra dugc rang céc

thanh phan A, giao hoan voi

Hamiltonian cua h¢, nghia la:
[A,..H]=0,
ching to rang bai toan MICZ-Kepler c6
d6i xtmg khong gian SO(9).
e Véc-to Runge-Lenz

Tiép theo, chung ta xdy dung vecto
tuong ty nhu vecto Runge-Lenz cta bai
toan. Dya vao khai trién tudng minh dinh
nghia cua Pauli [9]:

Mk = %(ﬁif‘ik +i‘ikﬁi +2Zx7kj9

thyc hién phép thé p, >z, va

iﬂv > A v » ta dinh nghia toan tr vecto:

M, :l(fz A +A 2, +2zx—rvj (13)

Vi dinh nghia nhu trén, ta chiing
minh duoc:

M, H]=0, (14)
chung to vecto ta dua ra 1a mot bat bién
(intergral) mé&i cua bai toan, thé hién ddi
xung 4n cia bai toan. Ta goi nd 1a vecto
Runge-Lenz cua bai toan MICZ-Kepler
chin chiéu.

e Déi xitng in SO(10)

Bay gio chiing ta s& két hop toan tir
véc-to Runge-Lenz v6i nhom SO(9) dé
xay dung nhom ddi xing day du cho bai
toan MICZ-Kepler chin chiéu. Vi muc
tiéu do ta tinh cac hé thuc giao hodn sau:

[A,.M,1=i5,M, —i5, M,
[M,.M,]=-2ifA, (15)

Céc h¢ thirc giao hoan trén hoan toan
tuong tu voi cac h¢ thuc da biét trong bai
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toan Kepler ba chiéu [2], xem thém cong
thac (5).

Ta c6 thé két hop cac toan tir ten-xo
mé-men dong luong quy dao A w VA
toan tir véc-to Runge-Lenz M , trong mot

toan tir ma tran 15(le 10) duoc xay dung

nhu sau:
lA\W a=u,b=v
. —(22H)"°’M a=p,b=10
D,= A o (16)
(2H)'"*M, a=10,b=v
0 a=b

O day ta st dung chi s6 ki hiéu a,b thay
ddi tir 1 dén 10. Bé d& hinh dung, ta co
thé viét (16) dudi dang ma tran khoi:

M0

trong d6, M, =(-2H)"""M .

(17)

Céc h¢ thuc giao hoan (15) bay gio

c6 theé viét dudi dang sau cho D, :

[bab’bcd] = igacbbd +i5bdéac

. ; (18)
_ié‘ad D bc _i5bcD ad

Nhu vay, cac toan tor ma tran D
hoan toan phan ddi xtng, bao gém 45
thanh phan doc 1ap thoa man hé thuc cia
dai s6 SO(10). Pay chinh la d6i xtmg day
du cua bai toan MICZ-Kepler chin chiéu.
4. Kétluan

Nhu vay, trong cong trinh nay
chung t61 da xay dung thanh cong dang
tuong minh cua vecto Runge-Lenz cho
bai toan MICZ-Kepler chin chiéu. Tir day,
dua ra mot d6i xing an cua bai toan
ngoai ddi ximg SO(9). Két hop véc-to
Runge-Lenz véi d6i xting SO(9) chung
t6i di xdy dung dugc ddi xting khong
gian tron ven SO(10) cho bai toan MICZ-
Kepler chin chiéu. Trong cac nghién ctru
tiép theo chung t6i s& xdy dung cac toan
tor Casimir tuong tng cua nhom SO(10)
va ing dung né cho khao sat pho ning
lugng cua bai toan MICZ-Kepler chin
chiéu bang phuong phép dai so.

Ghi chu: Chung toi cam on Quy Nghién ciru Khoa hoc Cong nghé cua Bo Giao duc

va Pao tao da tai tro cho cong trinh nay.
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