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SU TON TAI NGHIEM TUAN HOAN
CUA PHUONG TRINH VI TiCH PHAN VOLTERRA
POI SO LECH PHI TUYEN LOAI HYPERBOLIC

LE HOAN HOA", NGUYEN NGOC TRONG™

TOM TAT
Trong bai bao nay, ching toi ching minh su ton tai nghiém tudn hoan ciia phirong
trinh vi tich phan Volterra doi so léch phi tuyén loai Hyperbolic sau :

t
u'(t) = A(t)(u(t),u,)+ [L(ts,u(s),u)ds+ (1), t>0 M)
0
u,=0eC,
Tir khéa: nghiém tuan hoan, phuong trinh vi tich phan Volterra d6i s6 1éch phi tuyén
loai Hyperbolic.

ABSTRACT

The existence of periodic solutions for the nonlinear Hyperbolic Volterra
integrodifferential equation with deviating argument

In this paper, we prove the existence of periodic solutions for the following nonlinear
Hyperbolic Volterra integrodifferential equation with deviating argument

u'(t) :A(t)(U(t)aut) +£L(t,s,u(s),us)ds+f(t), t20 (T)
uy=9eC

Keywords: periodic solution, nonlinear Hyperbolic Volterra integrodifferential
equation with deviating argument.

1.  Gidi thi¢u

Trong [3], chiing tdi dd xem xét tinh khac rdong, tinh continuum va tinh R 5 cua
tap nghiém phuong trinh vi tich phan Volterra phi tuyén loai Hyperbolic c6 ca sy xuat
hién doi so léch
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t
u(t) = A(t)u(t) +L()u, + V(tu(t)+ [K(tsu(s),u.)ds+£(t), 20,
0
u,=¢eC.
Trong bai bao [1], ching t61 nghién ctru su phu thudc lién tuc ctia nghiém phuong
trinh vi tich phan Volterra d6i sé 1éch phi tuyén loai Hyperbolic dang (T) Két qua
trén 1a diém twa cho sy ton tai nghiém tuan hoan ctia phuong trinh (T).

Trong bai bao nay, chung tdi ching minh sy ton tai nghiém tuan hoan cua
phuong trinh (T).

2. Két qua dwoc sir dung

Diéu kign (A)([4]). Cho X 1a khong gian 16i dia phuong va P 1a mot ho nira chuén
tach trén X,D 1a mot tdp con cua X va U:D — X. Véi bat ki a € X, ta dinh nghia
U,:D—>X bsi U, (x)=U(x)+a.

Toan tr U:D — X goi la théa diéu kién (A) trén tap con Q cta X néu:

(A.1) Véibatki aeQ:U, (D)< D,

(A2)Voibatki aeQ va peP, ton tai k, €, véi tinh chat: Véi moi >0,
ton tai rell va 8>0 sao cho véi moi x,yeD thoa as(x,y) <g+0 thi
ol (Up(x),Ui(y))<e. & diy al(xy)=max{p(Uj(x)-Ul(y)):ij=0.k,},
0 ={12,.},0,=1{0,12,..}.

Dinh li (B)([4]).

Cho X 1a khong gian 16i dia phuong day du theo diy v6i ho nira chuan tach P va
gia st U,C la toan tu trén X sao cho:

B.1) U thoa dicu kién (A) trén X;

—_~ o~

B.2) Véibatki p € P, ton tai k, >0 (k, phu thudc vao p)sao cho:
p(U(X)—U(y)) < kpp(x —y) véi moi X,y € X;;
(B3)Ton tai x,e€X vé6i tinh chat: Véi moi peP ton tai rell va
A €[0,1) (r,A phu thudc vao p) sao cho p(Uf(0 (X)—Uf(0 (y)) <Ap(x—y) voi moi
x,yeX;
(B.4)C hoan toan lién tuc va p(C(A)) <o véi A< X va p(A)<oo
trong do p(A) = sup{p(x) 1X € A} ;
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C
(B.5) lim p( (X)):o véi moi peP.
p(x)—0 p(x)

Khi d6 U +C c6 diém bat dong.
3.  Gié6i thiéu bai toan

Cho r>0.Taki hiéu |¢| 1a chudn cua khong gian Banach E va [ | =[0,),

A={(t;s)el ,x0, :t>s} va A, =AN[0,n] véinell,

C, =C([-1,0],E) voi chuén |u|, =sup{fu(t)|: te[-r,0]},

X =C([-r,),E) 1a khong gian Frechet cac ham lién tuc tir [-r,0) vao E véi
ho nira chudn {s] | duoc dinh nghia nhu sau: ||, =sup{[x(t)|: te[-r,n]j,n el .

Pat F=ExC, voi chudn |(x,y)|=|x|+|y|,. Pat o], 1a chudn trén khong gian
céc anh xa tuyén tinh lién tuc.

Véi ueC([-r,0),E) va t 20 dit u, e C, dinh nghia boi

u, (0)=u(t+0) voi 6 [-r,0].

Xét phuong trinh

u'(t) :A(t)(u(t),ut)+jL(t,s,u(s),us)ds+f(t), t>0,

) (T)
u,=peC,
trong do {A(t)}tzo 1a ho todn tir tuyén tinh lién tuc tir ExC, vao E, tuin hoan véi
chuki ®>0 theo t va f:[l | > E lién tuc, tudn hoan véi chu ki @ > 0. Hon nita ta
gia thiét:
(E.1) t> A(t) lién tyc;
(E.2) L:AxF — E laham L' — Caratheodory , nghia la
(E.2.1)V6i moi z € Fham t > L(7,z) Borel do dugc ;
(E.2.2)Véihuhét Te A ham z > L(7,z) lién tyc ;
(E.2.3)Voi mdi nell va mdi hiang sé6 C>0, ton tai ham khong 4m

h e Ll([O,n]z) va tap compact K. trong E sao cho L(t,s,z) € h¢ (t,s)K¢ v6i moi

zeB;(0,C) va véi hau hét (t,;s)eA, (trong d6 L'(Q) 1a khéng gian cic ham
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u:Q—0 kha tich trén Q). Hon nita khi n>® thi jhc(t,s)ds:O voi moi
0

te[o,n] ;
(E3)L  hiu tuwan hoan v6i chu ki © theo (ts), tic Ia
L(t+m,8+0,z)=L(t,s,z) véi moi zeF vahau hét (t,s)eA ;

L
(E.4) lim‘ (t’s’z)‘
o= 7]

=0 déu theo (t,s) trén mdi tap bj chan bat ki cia A.

4.  Su ton tai nghiém tudn hoan
Tuong tu [2], ta dit ho toan tu bi chin {S(t,s)}(t’s)EAvéi S(t,s):C, > C, phu
thugc lién tyc theo (t,s)eA va dinh nghia boi S(t,s)=y,(¢) trong do y(¢) la
nghiém duy nhét ciia phuong trinh
{y’(t) =A(t)(y(t).y,),t =520,
Ys = O
Gia st {V(t,s)]

(chuylay (@)=(y(0)),).

0o la ho toan tir toan tir tuyén tinh bi chan trén E, lién tuc

manh theo (t,s) va thoa phuong trinh dudi day

2 (15) = AD(V(65). Vi (-5)), 2520,

V(t,s):{(l)’,

trong do V, (.,s)(e) = V(t + 9,8) , 0¢ [—r,O] .
Gia sir {X(0)}

t=s

s—r<t<s’

01 la ho toan tir tuyén tinh bi chan trén C, dinh nghia boi
el-r,

{X(e), ~1r<0<0,
X(0)=1

Khi d6 ta co Vt(.,s)=S(t,s)X(.).

bat S= S((D,O). Chtng minh twong ty [2] ta c6 bd dé 1.
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Bo dé 1. x la nghiém ciia (T) khi va chi khi

X, (¢) = S(t,O)(p+th(.,s) jL(s,r,x(t),xr)+f(s) ds.

Bé @é 2. ([2]) S théa cdc diéu kién (B.1) - (B.3) cua dinh Ii (B).
Dinh li.
Gid sir cac diéu kién (E.1)-(E.4) déu théa man. Hon nita
(E.5)Véi moi ¢ € C,, phiwong trinh (T) c6 nghiém duy nhat ;

(E.6)Ton tai a,b>0 sao cho HS(t,s) ‘ <be () Vi moi (t,s) eA.

Khi @6 phwong trinh sau c¢é nghiém tudn hoan chu ki o trén [ L

t

u'(t) :A(t)(u(t),ut)—kjL(t,s,u(s),us)ds+f(t), t>0. (E)

0

Churng minh:

Véi t20 dit T(t):C, —» C, dinh bsi T(t)(@)=x,(9) véi x,(¢) la nghiém
cua phuong trinh (T). Pat T =T(w).
Bo dé 3.

Néu T c6 diém bt déng la i thi phuong trinh (E)c6 nghiém tudn hoan chu ki
o la x(y).
Chitng minh bé dé 3:

Pau tién ta chimg minh T(t + 03) = T(t)T((D) .

Véi  @eC, ta ¢b T(t)(T(oo)((p)):T(t)(xm((p))=xt(xm((p)) va
T(t+0)(9) =X, (9).
bit H(t,x):jL(t,s,x(s),xs)ds+f(t).Ta co

{x'w)(r)=A(t)(xw)(o,xt<@))+H(t,x<<p>),tzo,
Xo ((P) =Q.
Viy ta co

{X'((p)(t+(n) :A(t+m)(x(q))(t+m),xtm(q)))+H(t+03,X((p)),t >0,
Xo((P) = Q.
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Ta thdy véi méi x(¢) va t>0 ton tai nel,n>t+w sao cho

H(x((p)(s),xs((p))u <n véi moi se[0,n]. Vay theo (E.2.3) ton tai ham khong 4m

hel ([o,n]Z) vi M>0 sao cho [L(s,%,(x(¢)(x)x,(¢))) < Mh(s,7) véi hiu hét
(s,t)eA,.

()

Ta co ”L(t—km,s,x((p)(s),xs((p))‘ds < MTh(t-i—oo,s)ds =0(vi t+we[w,n]).
0 0

Vay IL(t+oo,s,x(cp)(s),xs((p))ds =0.Do dé
0

(O]

H(t+(o,x((p)) = JL(t+w,s,x((p)(s),Xs((p))ds

0

t+o

+ j L(t+(o,s,x((p)(s),xs(q)))ds+f(t+(x)).

(0]

(0]
Vi f tudn hoan chu ki ® va IL(t+co,s,x(s),xs)ds=0 nén
0

t

H(t+o,x(¢))= JL(t+m,s+(o,x((p)(s+0)),xs+m((p))ds+f(t).

0

t

Tu (E.3) ta co H(t + oa,x((p)) = IL(t,s,x(@)(s +®), X0 (q)))ds +1(t).

Vi A(t) tudn hoan chu ki ® theo t nén ta co

t

X'(¢)(t+o) :A(t)(x((p)(t+c0),xt+w((p))+jL(t,s,x((p)(s+oo),xs+m((p))ds+f(t).

0
bit y(@)(t)=x(¢)(t+®) v6i moi te[-r,00). Khi d6 ta co yo(¢)=x,(9)
va ¥, (@) =X, (®). Vay ta co

Vay y(¢) va x (Xm ((p)) cung la nghiém cta phuong trinh

10
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t

u'(t)= A(t)(u(t),u,)+ [L(ts,u(s),u)ds+ (1), t>0,

0
Uy =X, (0).
Vi phuong trinh ndy c6 nghiém duy nhat nén y((p)

x(x,(9)). Do do
Xio (?) =¥ (9) =X, (xm((p)). Vay T(t)T(0)=T(t+o).

()

bit U:C, — C, dinh boéi U(@)zIV (.,s)H(s,X((p))ds.

®
0

Vi T=T(w) nén tr b6 dé 1 ta co

()

T(9)=x,(9)= S((o,O)(p+IVm () .?L(S,T,X(’C),Xr)ﬂ-f(s) ds.

0

Vay T=S+U.

Néu T c6 diem bat dong 1a y thitaco y =T (y)=T(o)(y).

vay T()T(0)(y)=T(t)(y). Do do T(t+o)(y)=T()(y). tic la
Xtro (\V) =X, (\|f) Vay phuong trinh (E) ¢6 nghiém tuan hoan chu ki o 1a X(\|!).

Bé @é 4. U théa diéu kién (B.4) va (B.S5).
Chitng minh bé dé 4:
Tacbdinh nell ,n> .

Ta chimg minh U lién tuc. Lay {(pk}k va @, = ¢@. Ta dat anh xa lién tyc
C:0 , xX >0, xF dinhboi §(t,x)=(t,x(t),x,).

Do tinh phu thudc lién tuc cua nghiém phuong trinh (T) nén ta co
lim x (o, ) = x(e).

Vay ta dat Qz{x((pk):k ell }U{X((p)} thi Q la tdp compact trong X. Vay
C([O,n] X Q) la tdp compact.

Do d6 tén tai C >0 sao cho H(u(s),us)

<C v6imoi (s,u)e[0,n]xQ. Khi do
ton tai ham khong am h. e L' ([O,n]z) va M >0 sao cho ‘L(S,C(r,u))‘ <Mh(s,1)

véimoi ueQ vahiuhét (s,1) €A, .
bit p, (s,7) = ‘L(S,C(T,X((pk )))—L(S,C(‘E,X((p)))‘ .

11
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Ta co py (8,7)<2Mh(s,T).

Ta chu y 1a do ¢ lién tuc nén 1lim(x((pk)(s),xs((pk)) =(x(¢)(s).x(p)) voi
-
moi s> 0. Vay theo diéu kién (E.2.2) ta c6 llim Py (8,7) =0 véi hau hét (s,7) e A
—>00

n-

Vay theo dinh li hoi tu bi chan Lebesgue ta co 1lim I Py (s, T)dsdr =0.
—>00

Vi (t,8) > V(t,s) lién tuc nén ton tai m>0 dé HV(t+0),s) .

)

Upk 5,7) dr}is<mj.pk (s,7)dsdr.

s, T dsdr Do d6 hm‘U (pk U((P)

<m vd&i moi

te[-r,0] va s €[0,n].Mat khac véi moi t € [—r,O] ta co

[U(9u)(t)-U(o)(t) < (\

Zf
el

O'—:S

I/\

Vay ‘U((Pk

Léy ® 1a tp bi chan trong C, . Chimg minh tuong tu buéc 1 ciia dinh i 2 trong
[1] ta théy {(x(¢)(s).x,(¢)):s €[0.n],¢ € D} bj chan.

Do d6 ton tai C >0 sao cho |(x(¢)(s),x,(¢))[<C véi moi (s,¢) [0,n]x®.
Khi do on tai ham khong am h < L'([0,n]") va tép compact K. trong E sao cho
L(t.5(s.x(¢))) € he (t.5)Ke voi moi ¢pe® vahiuhét (t,s) € A,.

Tu [2] ta c6 4nh xa lién tuc W :[0,0]xE — C, dinh boi W (s,e) =V, (.,s)(e)

Vay B=W/([0,n]xK¢)va G=W/([0,n]xf([0.n]))Ia tap compact. Do do tap
D=BUG compact.

Ta ¢6 V,(.8)L(s.5(.x(9))) € he (5,7)[ V, (-8)(Ke) S he(s,7)D véi moi
¢ ® vahiu hét (s,7) € A, . Hon nita V (,s) (s )eD vi moi s [0,n].

(

*

z) < } chita D, véi b e(C,) va

*

Lay nira khong gian déng {ZEC
R > 0. Dé cho gon ta dat z(s,7,¢) = L(s, )

12
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Vay b’ (z(s,t,(p)) <Rh (s,t) v6i moi € ® va hauhét (s,t) €A, . Dong thoi
b (V, (..s)f(s)) <Rvéi moi s €[0,n].

(o]

S

Ta dat a = J{I S,T erds+oo>O Ta thy

Ub 5.%.0) df}sﬂb 5)£(5))ds
I@hc 5, erdsﬂoR_aR

Vay b ( ((p)} <R tbc la — ((p) S {z eC, :b*(z) < R}. Vi giao cua tit ca

O'—.S

<R

cic nira khong gian dong chia D 1a bao 16i dong E(D) nén ta co
lU((p) e conv(D). Vay U(®)c aconv(D). Do d6 U(®) compact twong dbi. Do
\?éy U hoan toan lién tuc.

Véi &> 0, tuong tu [3] ta thiy tn tai R >0 va ham khong am h e [ ([O,n]z)

sao cho ‘L t,s,z)‘ <Rh(t,s)+ SHZHV(&i moi z € F vahau hét (t,s) € A, . Vay

‘ ‘ j(Rh (s,7) +28‘X )dr+‘f(s)‘
0

a+[(R(

‘f(s)‘ <q véimoi s €[0,n].

((p)‘r)dr voi moi se[0,n], trong d6

O'—.m

Chl'mg minh twong ty budc 1 cta dinh 1i 2 trong [1] ta thiy ton tai o,B >0 sao

cho ‘x [1+B8(exp(ms)—l)] voi moi t €[0,0]

Ta ciing thdy t6n tai M >0 sao cho HV ‘ <M véi moi se [O 0)] trong do

va .S r :0e [—r,O]} .Ta co

)| = sup{|V.,(

13
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0 s)IK(s.x ()
< MI(q + j;(Rh(s,r)
<Mqo+ MRI@h(s,r)dtjds + 28MT j X, ((p)‘r dr}ds.

0\0

X, ((p)‘r )dr ds

. ((p)‘r < oc‘(p‘r [1+Ba(exp(ma)—1)].
Do d6 ‘U((p)‘r <d+delg|, [1+Bs(exp(me) - 1)]

Ta lai co

Vay

(o), <4, de| 1+Be(exp(me)—1)].

[, _I !
U
Cho € > 0 taduoc lim ‘ ((P)
ol > o],

-=0.

Theo dinh li (B) ta thdy T c6 diém bat dong 1a y. Vay x(y) 1a nghiém tuan
hoan cua phuong trinh (E). Pinh li dugc ching minh.

Chii y. Tuong tu [3] ta thiy néu ta ap dat thém tinh Lipschitz dja phuong 1én toan
tu L thi phuong trinh (T) c6 nghiém duy nhét véi moi ¢ € C,

TAI LIEU THAM KHAO

1. Lé Hoan Hoa, Nguyén Ngoc Trong, Lé Thi Kim Anh (2012), “Sy phu thudc lién tuc
ciia nghiém phuong trinh vi tich phan Volterra d6i sb léch phi tuyén loai
Hyperbolic”, Tap chi Khoa hoc PHSP TPHCM, (36) , tr. 22 - 31.

2. Chu Van Tho (1997), Phwong trinh vi phdn ham véi doi sé tré vé han trong khéng
gian Banach, Luan van Thac si, Pai hoc Su pham TPHCM

3. Nguyén Ngoc Trong (2011), Tap nghiem cua phwong trinh vi tich phan Volterra doi
so léch phi tuyén logi Hyperbolic, Luan van Thac si, Truong Dai hoc Su pham
TPHCM

4. L.H.Hoa, K.Schmitt (1994), “Fixed point theorems of Krasnosel’skii type in locally
convex space and applications to integral equation”, Results in Mathematics, vol.25,
pp- 291 - 313.

(Ngay Toa soan nhén duwoc bai: 22-5-2012; ngay phan bién danh gia : 28-10-2012 ;
ngay chép nhén dang: 31-10-2012)

14



