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PHAN LOAI TOPO CAC PHAN LA LIEN KET
VOI CAC MD5-DAI SO CO IDEAL DAN XUAT GIAO HOAN 3-CHIEU

LE ANH VU, NGUYEN ANH TUAN", DUONG QUANG HOA™

TOM TAT
Truée hét, ching t6i dwa ra phan logi 16po cua tat ca cdc MDS5-phan la lién két véi
cac MD5-nhom lién thdng, don lién, bdt kha phdn ma cdc dai 0  Lie twong tng cé ideal dan
Xudt giao hodn 3-chiéu. Tiép theo, chiing t6i nghién ciu cdu tric cia cic MD5-phan la
dwoc xét va chi ra cac phan la do hodc dwoc cho boi cac phdn thé (voi thé 1ién thong) hodc
sinh ra béi tac déng thich hop ciia i ° trén da tap phan la. Sau cling, ching t6i md td gidi
tich cac C*-dai s6 Connes ciia cdc MD5-phan & cho bdi phdn tho.
Tir khéa: nhom Lie, dai s6 Lie, MD5-nhém, MD5-dai s6, K-quy dao, phan 14, phan
la do duoc, C*-dai so, C*-dai so6 Connes.
ABSTRACT
The topological classification of foliations associated to MD5-algebras
having 3-dimensional commutative ideal
Firstly, we proposed the topological classification of all MD5-foliations associated to
connected, simply connected, indecomposable MD5-groups which have respective Lie
algebras with 3-dimensional commutative derived ideals. Next, we studied the construction
of examined MD5-foliations and showed that these foliations either come from fibrations
(with intercommunicating fibrations) or are produced by appropriate impacts of i on

varied foliations. Finally, we analytically described the Connes’ C”-algebras of examined
MD5-foliations which come from fibrations.

Keywords: Lie group, Lie algebra, MDs-group, MDs-algebra, K-orbit, Foliation,
Measured foliation, C*-algebra, Connes’ C*-algebras.

1. Mé dau

Xuét phat diém ciia van d& nghién ciru 13 bai toan di tim 16p cac C*-dai sb c6 thé
mo ta dugc boi cac K-ham tir toan tir (KK-ham tir). Nam 1980, khi nghién ctru phuong
phép quy dao Kirillov, P& Ngoc Diép (xem [2]) d4 dé xuat nghién ctru 16p cac MD-
nhom. Theo dinh nghia, mét MD-nhém n chiéu (MDn-nhém) 12 mét nhém Lie thuec,
giai duoc n-chiéu ma cac quy dao trong biéu dién ddi phu hop (con goi 1a K-quy dao)
hoac ;a 0-chiéu hodc ¢ chiéu cuc dai; dai s§ Lie cia mdi MDn-nhom dugc goi la MDn-
dai so.
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Péi voi mbi MD-nhdm G, ho cac K-quy dao chiéu cuc dai cia né tao thanh mot
phéan 14 do dugc theo nghia ciia Connes (xem [1]). Phan 14 nay dugc goi 12 MD-phén 14
lien két voi MD-nhém G. Trong trudng hop tong quat, khong gian 1a ciia mot phan 1a
(Véi topd thuwong) 1a mot khong gian khong cé nhiéu tinh chat tét. Dé khic phuc,
A.Connes d4 lién két mbi phan 14 do dugce véi mot C*-dai sé ma duoc goi 1a C*-dai sb
Connes cua phén la duge xét. Trong treong hop cua phan 1a Reeb, A. M. Torpe (xem
[4]) da chung t0 rang phuong phap KK-ham tir rit hiéu qua trong viéc mo ta cac C*-dai
s6 Connes.

Két hop phuong phép quy dao cta A. Kirillov va y tuéng dic sic ciia A.Connes,
nam 1990, Lé Anh Vi d& xét 16p cac MD4-nhom, phén loai topo 16p cac MD4-phéan la
lién két voi tét ca cac MD4-nhom lién théng, don lién, bat kha phan va m ta C*-dai s6
Connes cua tit ca cac MD4-phan la (xem [3]). Gan day, bai toan tuong tu d6i voi cac
MD5-nhém ma MD5-dai sb tuong tng co ideal dan xuat giao hoan 4-chiéu da duoc Lé
Anh Vi va Duong Quang Hoa giai quyét (xem [7D. V6i cac MD5-nhdm ma MD5-dai
s6 tuong tng co ideal dan xuat giao hoan 3-chiéu, L& Anh Vii va Duong Minh Thanh
ciing dd mo ta cac K-quy dao tuO’ng ung (xem [8]).

Bai bao nay la sy tiép nbi cua [8]. O day, chiing t61 xét cac MDS5-phan 1a lién két
voi cac MD5-nhom lién thong, don lién, bat kha phan ma c4c MD5-dai s6 twong (g ¢6
ideal dan xuat giao hoan 3-chiéu. Cu thé 1, chung t6i s€ dua ra phén loai t6pd cac MD5-
phan 1a duogc tao bé*i,ho cac K-quy dao chiéu cuc dai cia cac MD5-nhom dugc xét trong
[8]. Sau d6, mo ta cau triic ctia nhirng MD5-phén 14 nay hodc boi cac phan thd voi tha
lién thong hoic cac tac dong thich hop caa | 2 va mo ta giai tich cac C*-dai s6 Connes
ctia cac MD5-phan 14 dugce cho boi phan thé.

2. Phan loai cac MD5-dai s6 véi ideal din xuét giao hoan 3-chiéu

Bai toan phan loai triét dé (chinh xac dén dang cé}u) cac MD5-dai s6 da dugc Lé
Anh Vii va cac cong sw hoan thanh trong nhitng nam gan day. Tuy nhién, do myc dich
bai bao, ching toi chi dé cap dén viéc phan loai cac MDS5-dai 0 véi ideal dan xuat giao
hoan 3-chicéu. Két qua phan loai dudi day duoc trich trong bai [10] cia Lé Anh Vi va
K. P. Shum.

Ménh dé 2.1.

Gia st G la mot MDS5-dai so bat kha phan véi G':=[G,G]= °. Khi do, ta
ludn c6 thé chon duge mdt co s thich hop (X, X,, X;, X,,X;) trong G sao cho
G'=i .X;®| X,®i X,=i°, ad, =0, ad, eEnd(G")=Mat,(i ), [X,,X,]=X,va
G dang cau voi mot va chi mot trong cac dai sé Lie dudi day.

A 00
ad, =|0 4 0f; 4,4 ei \{0,1},4 =4,
001

1. Gs,s,l(zi,@) :
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1 00
2. Gygppyt A0y, =01 0f Aej \{01.
0 04
A 00
3. Ggayy ady ={0 1 0}, Aej \{1}.
0 01
100
4. Gg,,:ad, =0 1 0.
0 01
A 00
5. Ggass) ady =/0 11|, Aej \{1}.
0 01
110
6. Gypyyi @y, =[0 1 0| Zei V{01,
0 04
1 10
7. Gy, ad, =10 1 1.
0 01
cosp —sing 0
8. Gyap, ¢ aly =|sing cosp 0|, Aej \{0},pe(07) m

0 0o A

Nho réng, mdi dai sb Lie thue G xéac dinh duy nhit mot nhom Lie lién thong,
don lién G sao cho Lie(G)=G . Do d6, Ménh d& 2.1 cho thdy ciing c6 mot 16p gom 8
ho MD5-nhom lién thong, don lién, bét kha phéan tuong tng véi cac MD5-dai sb duoc
Iié:[ ké & trén. D€ thuin tjén, cac MDS-nhém nay cliing dugc ki hiéu boi cac chi so
giong nhu cac MD5-dai s6 twong ng. Chang han, G,,,, , 1a MD5-nhém lién thong,

don lién, bat kha phéan twong tmg v6i MD5-dai s6 G 5314, 7a) "
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3. Bitc tranh cac K-quy dao ciia cic MD5-nhém twong tng véi cac MD5-dai s6

da xét

Gia sit G la mot trong cac MD5-nhém & trén. Goi G =(X,, X,, X5, X,, X;) la

dai s6 Lie tuong ing cia G va G” = <X1* Xy, X3, X5, X;> 1a khong gian d6i ngiu cla

G.Véimdi F=aX;+BX,+yX;+6X,+0oX; =(a;B;7;8;0) tly y cua G”, ta

ki hiéu Q. la K-quy dao cua G qua F.

Trong [8], Lé Anh Vi va Duong Minh Thanh d& md ta hinh hoc cac K-quy dao

ctia cac MD5-nhom d4 xét & trén va thé hién boi ménh dé dudi day.
Ménh dé 3.1.
K-quy dao Q. cia G dugc mo ta nhu dudi day.

1. Véi G la mot trong cac nhom G, gy, 10 Goaniyr Gsggnyr Gsaar G

G G, taco

5,3.6(2)
a) Néuy=5=0=0thi Q. ={F} (quy dao 0-chiéu).
b) Néu y?+5%+0%#0 thi Q. 1amot trong cac quy dao 2-chiéu sau day:

—ph?
o {a+l£ 7;y;eﬂia7/;elza5;ea(7}:y’a€i }nGUG 65314112)

a+(1-€)y;y;e%yie’s;e”): y,aei}neuG Gsa00)

Aa
[a+lf 7;y;e“y;ea5;eaajiy,a€i }”GHG Csaany

Aa
[a+1 ° 7;y;e“7;ea5;aea5+ea6jiy,aei}”GHG G50

(
a+(1 e )y,ye y;e%5;e 0) y,aeij } né'uGzGSyM.
A

(

a+(1—ea);/;y;eay;aeay+ea6;e“a):y,aei } néu G =G,

2.a
{ a+(1—ea);/;y;ea;/;aea;/+ea5;aze y+aea5+eaaj:y,aei }

2. Voi G= 6538
véi(a;ﬁ,}/ﬂé,a).Khldotaco

5,3,5(1)

Dong nhét (3538 Vdi i ‘x£xj va F(a;ﬁ;y;&a)
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a) Néuy=56=0=0thi Q. ={F} (quy dao 0-chiéu).

b) Néu y?+5°+0° =0 thi Q. 1aquy dao 2-chiéu sau day:

- : ae'?, da__\. .
{(X,y,(y+|5)e e a).y,ae. } .
4. Phan loai topd cac MD5-phan I4 lién két véi cac MD5-nhém da xét

Nhu dé dé cap trong phan mé dau, mot trong nhimg Ii do khlen chung ta nghién
ctru 16p MD-nhém va cac van dé lién quan la sy kién sau: v6i mdi MD-nhom lién
thong, don lién, ho cac cac K-quy dao chiéu cuc dai cua no 1ap thanh mot phan 1a do
dugc (theo nghia ctia Connes). Cu thé 13, trong trudng hop cic MD5-nhom dd xét &
trén, diéu nay duoc thé hién boi dinh i dudi day (xem [8]).

Dinh i 4.1.

Gia su G la mot trong cac MD5-nhom lién théng, don lién, bat khél‘ phan tuong
ung vai cac MDS5-dai so dd xét ¢ trén. Goi F, la ho cac K-quy dao 2-chieu cua G va
Ve =U{Q:QeR}. Khi dd, (V;,F;) la mot phan 14 do duoc (theo nghia cia Connes)
va dugc goi 1a MD5-phén Ia lién két vsi G.m

Dac biét, cac tap hop V, déu 1a da tap con mo trong G™. Hon nita, ddi véi tat ca
cac MD5-nhom dé xét ¢ trén, cac da tap V, déu vi phdi voi nhau. Boi vay, dé thuan
tién, cac phan 14 (VG”‘K oo ) s€ dugc ki hiéu twong tng 1a (V,FK ) Két qua chinh cua
bai bao nay la dinh i 4.2 dudi day.

Dinh 1i 4.2.
a) Co dung 2qkiéu topd ciia 8 ho cac MD5-phan 14 d4 xét. Cu thé 1, mdi tap dudi day
xac dinh mot ki€u phan 14:

s {(V'Fl(m))'(v'sz)'(v'F3<A>)'(V'F4)’(V'Ft'ww)'(v":6<z>)'(v'F7)}'
i {(V. R}

Ta ki hi¢u hai kiéu top6 phan 1a nay lan luot 1a F,F ,.
b) Hon nira, ta con co:
i. Mdi MD5-phan 14 thuge kiéu F ;| dugc cho béi phan thd (véi thé lién théng) trén
day (i 3)*.
ii. MGi MD5-phan 14 thudc kiéu F, dugc cho boi tac dong ciia nhom Lie j 2 trén

*

datapphdnla V = > x£ "xj
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Chitng minh
a) Nhéc lai rang, hai phan la (V,F) va (V,F’)dwoc goi 1a cing kiéu topd néu co
phép dong phéi h:V —V ma chuyén 14 cia F thanh 4 caa F'.

i. Bang tinh toan tryc tiép, ta dé dang kiém tra dugc céc phan la (V,Fl(MQ)),
(ViFi)s (VB ) (ViR ) (VoFy)s (VJR) cling kiéu tpd voi phan 14 (V,F,) boi
cac phép dong phoi iy Doy Daayr Moy ONg 0 hgys By chuyén 14 thanh 14 x4c dinh

1
AZ;S)

boi cac cong thire cho dudi day.

Ny, (% ¥iZitis) = (Ax-+ 2 =sign (2).

( )
(

%;y;sign(z).
t;s—tlnjt
(xyitis)- (X yizts—tinft]) (t=0)
(%;y;2;0;5) (t=0)

zi;sign(t).t

zi;y;sign(z).

h X;y;z;t;sign(s

x;y;z;t;s): ( ).s
(2)-|2

2(/1(
2 (

h,

xyzts =lx+z sign

Z%;t;S)

S

) (2£0)
s%) (z=0)

(x; y;z;t—zIn|z;sign(s).
hﬁw(x; y;z;t;s) =

(x; y; 0;t;sign (s).
h (% y;z:t;8) =(x y; 2,08%, ¢ do:
%:{ t (z=0)

t-zIn|z| (z#0)

S (Z=t=0)
s—tinlt| (z=0;t=0)
" s-1thn[z| (z#0;t=zIn|z])

s—itIn|z|-%(t—zIn|z|)Inft—zIn|z| (z#0;t#zlIn|z
stinfz]—3(t—zInfz|)njt—zInz] ( 12|)

ii. Tvong tw anh xa hy, oV = 2x£"xj ">V xéc dinh béi:

hs(w) (X; yi I‘eig;s) _ (X+ r 005(9 +(p)+ Im |:e(lnr+i9)(—iei¢):|; y;e(lnmg)(_iew);sign (S)

S

)

1a phép ddng phodi chuyén 1a ctia phén 14 [V’Fs(/l )J thanh 14 ctia phan 14 (V F 13 jJ
¥
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b) Nhic lai rang, phan 14 (V,F) dugc néi 1a cho béi phan thé (v6i thé lién thong)
p:V - B néumdi thd cia p:V — B lava chila mot 1a caa (V,F); con néu co6 nhom
Lie G tac dong (lién tuc) 1én V sao cho mdi quy dao cia G la va chi 1a mot 14 cua
(V,F) thi phan Ia (V,F) dugc noi la cho boi tac dong ciia nhom Lie G 1én da tap phén
laV.

i. Tir Ménh d¢ 3.1, ta nhan thdy néu y°+6%+ o2 =0 thi mdi K-quy dao 2-chiéu cta
phan 14 (V,F;) déu 14 cac nira mjt phing 2-chidu duge danh s bsi (i °) . Do d6, mdi

phan 14 thugc kiéu F, dugc cho boi phan thé trén day (i 3)*.
ii. Xét tdic dong lién tuc cta nhom Lie giao hoan j °

V=i 2x£"xj "bdianhxa p:j *xV =V xac dinh nhu sau:

lén da tap phan 14

p((r;a);(x; y; z+it;s)):(x—(sin a)z—(1-cosa)t;y+ r;(z+it)e“a;eas).

Dé thdy, p -quy dao qua phan tir (a; Biy +i8;0) eV la:

a—(sina)y —(1-cosa)d; Bsur ;(y +id)e 6% |:r,a €]
y

RG rang do ciing chinh 1a 14 (hay K-quy dao):
Q; = {(x; y;(y+i5)e“a;eaa): y,aeij }

ctia phan 14 (V F, J Do d6, mdi phan 14 thudc kiéu F , ciing duwoc cho béi tac dong

(t3)
ciia nhom Lie j * trén da tap phan 14 V = j *x£ " xj ". Dinh Ii dwoc chimg minh hoan
toan. [ |

Theo A. Connes (xem [1]), néu phan 1a (V,F) dugc cho bdi phan thd (véi thd
lién thdng) p:V — B thi C*-dai sé Connes C*(V,F) cua phén 14 (V,F) dang ciu voi
C*-dai s C, (B)®K , 6 do C,(B) laC*dai s6 cac ham lién tyc nhan gi tri phuc trén

B ma triét tiéu tai vo cling va K 1a C*-dai 6 cac toan tir tuyén tinh compic trén khdng
gian Hilbert tach dugc, vo han chiéu. Do d6, Pinh li 4.2 cho ta mot hé qua truc tiep dudi
day.

H¢é qua 4.3.
C*-dai s6 Connes cua tit ca cac MD5-phan 14 thudc kiéu F L ding cau voi C*-dai
s6 CO((i 3)*)®K. n
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