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PHUONG PHAP THOI GIAN AO
GIAl SO PHUONG TRINH SCHRODINGER DUNG
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TOM TAT

Bang cach ap dung phirong phdp thoi gian do cho mét sé dang thé nang khdc nhau
nhw dao déng tir diéu hoa va phi diéu hoa, ching t0i da thu duwoc ndng hrong va ham song
ciia phwong trinh Schrodinger ding. Viéc so sanh két qua véi phwong phdp i thuyét nhiéu
loan va phirong phdp todn tir @ cho phép ching toi két ludn phuwrong phdp thoi gian do rat
hiéu qud, cho két qua chinh xac cho viéc gidi s6 phwrong trinh Schrédinger dang.

Tir khoa: phuong phap thoi gian 40, phuong trinh Schrédinger, giai so.

ABSTRACT
Imaginar time method for numerical solution of Schrédinger equation

By applying the imaginary time method for some different forms of potential energy,
say harmonic and anharmonic oscillation, we obtain the energy levels of Schrodinger
equation. Comparison with the perturbation theory and the operator method leads us to
conclude that the imaginary time method gives exact solution solutions for Schrddinger
equation.

Keywords: imaginary time method, Schrédinger equation, numerical solution.

1.  Giéi thiéu turong tac (xem nhu diéu kién ban dau)

Trong co hoc lugng tua, phuong
trinh Schrodinger dong vai tro quan trong
tuong duong phuong trinh dong luc hoc
cta dinh luat Il Newton cuia co hoc ¢
dién. Viéc giai phuong trinh Schrodinger
dirng cho ching ta buc tranh chung vé
phd ning luong cua hé dang xét. Pay
chinh 1a co s& cho viéc tim ra cac tinh
chat mai, chi biéu hién trong thé gioi
lugng tir véi kich thudc vi mé. Hon nira,
ddi voi cac bai toan hé tuong tic Véi
truong bén ngoai thay doi theo thai gian,
viéc xac dinh cac trang thai caa hé khi chua
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dong vai trd quyét dinh. Chinh vi vay,
viéc giai chinh xac phuong trinh
Schrddinger dung c6 y nghia dac biét
trong vat li.

Tuy nhién, viéc giai chinh xac
nghiém giai tich phuong trinh
Schrédinger ding chi c6 thé tién hanh
v6i mot sé it truong hop cu thé nhu bai
toan hé thé, dao dong tir diéu hoa,
nguyén tu hydro. Véi cac truong hop
khac chlng ta can sir dung cic phuong
phép gan dung nhu phwong phap bién
phan, phuong phéap nhiéu loan. Viéc st
dung cac phuwong phap gan dung nay, nhur
phwong phap nhidu loan ciing rat han ché
va chi 4p dung dugc khi thé niang nhidu
loan rat nho so voi ning lugng cua hé khi
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chua c6 nhiéu loan. Chinh vi vay, viéc
phét trién cac phuwong phap sb gilp giai
chinh xac cac phuong trinh Schrodinger
dirng rit duoc quan tdm va phat trién
rong réi.

Mot trong cac phuong phap giai sb
duogc ap dung rong rdi gan day la phuong
phép thoi gian ao [3-5]. Trong cbng trinh
[3], cAc tac gia da giodi thiéu vé phuong
phép thoi gian 4o va da kiém chtng cho
mot sd bai toan dimg c6 dang thé ning
don gian. Tiép sau d6, phuong phap nay
dugc trng dung rong rdi cho cac bai toan
nguyén tu va phan tir khi tuong tac vai
truong lade [4-6]. Trong cac cong trinh
ndy, cic tac gia déu st dung phuong
phép thoi gian ao dé giai phuong trinh
Schrodinger dimg cho hé nguyén ti, phan
tr cho mdt hodc hai dién tr, trude khi xét
dén qua trinh twong tac Véi truong ngoai.
Céc tac gia déu nhan dinh viéc ap dung
phwong phap nay déu cho két qua ning
luong chinh xéc.

Trong bai b&o nay, ching téi s¢ gidi
thiéu phuong phép thoi gian a0 va giai s6
cho mot s6 bai toan c6 dang thé nang cua
dao dong tor didu hoa va phi diéu hoa.
Ngoai ra, ching toi cling giai c&c bai toan
ndy bing phwong phip nhiéu loan va
phuong phap toan tir [1, 2]. Viéc so sanh
cac phuong phap d& cho phép chdng toi
két luan phuong phap thoi gian 4o giup
cho viéc giai s6 phuong trinh
Schrodinger dirng hiéu qua va cho két
qua chinh xac.

BS cuc bai bdo dugc chia 1am ba
phan chinh. Phan 2 duéi day, ching toi
s& md ta vé phuong phap tinh thoi gian

40 va quy trinh tinh toén dé giai ra céc
mtrc nang lugng caa cac trang thai lién
két. Sau do, trong phan 3, chung toi s&
trinh bay céac két qua cho mét sé dang thé
nang cho phuong trinh Schrodinger va
ching toi ciing trinh bay két qua bai toén
theo huéng tiép can gan dung voi li
thuyét nhidu loan va theo hudng tiép can
cia phuong phap toan tur; cudi cung,
ching tdi tom tat lai cac két qua vé viéc
giai sb phuong trinh Schrodinger dung
bang phuong phap thoi gian 4o.

2.  Phwong phap thai gian 40

Phuong phap thoi gian a0 xuat phat
tr phuong trinh Schrodinger phu thudc
thoi gian dugc mo ta bai phuong trinh

iy, 1)

ot
trong d6 M 1 toan tor Hamilton, ¥ 1a
ham song. Trong bai bao nay, ching toi
st dung hé don vi nguyén tu
h=e=m,=1.

Piém mau chét caa phuong phap
thoi gian a0 1a phép doi bién s6 7 =it
trong phuong trinh (1). Vi phép bién dbi
nay, phuong trinh (1) duoc duoc viét lai

ovlr) -HYy (7). ()

ot

Nghiém phuong trinh (2) c6 thé
dugc viét dudi dang

¥ (7)=e"¥(0), (3)
trong do ‘{’(0) la ham song lic dau
7=0. Goi yw, la h¢ ham riéng cua
phuong trinh Schrédinger ding can giai

Hﬁ/n = Enl//n ) (4)
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voi E, la cac muc nang lugng riéng cua
toan tir Hamilton.
Khai trién ¥ (0) theo to hop tuyén
tinh cia hé ham diy du vy,
= chl//n va thay vao phuong
trinh (3), ta duoc
=Y Ce "y, )
trong d6 phuong Frinh (4) da duoc su
dung. Bé y thay rang du ham song ban
dau W (0) da duoc chuan hoa thi sau thoi
gian , tinh chuan hda nay sé giam di do
sy Xuét hién cua cac thura sé) e 5. Ham
song & (5) sau khi dugc chuan héa dugc
viét lai nhu sau

l//o"'Z[ je{E o
(6)

¥(r)= 0

pogle)ers

vei v, E, lan luot 12 ham séng va ning

luong cua trang thai co ban trong phuong

trinh  (4). Vi E —-E;>0 nén
e™®) 50 khi r—ow, khi do
Y (r > 0)=y,.

Vi vy dé giai phuong trinh (4), ta
Xuat phét tir mot trang thai ban dau bat ki
¥ (0) va tac dung sb hang e ™ va cho
T — o0, ta s& thu dugc ham sdéng va muc
nang lugng cua trang thai co ban.

DPé thu duoc cac trang thai kich
thich thir nhat, ta ciing tién hanh tuong
tu. Tuy nhién ta can phai loai bo di trang
thai co ban trong biéu thic (3), khi do
trang thai c6 ning lugng thap nhét chinh
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la trang thé&i kich thich tha nhat. Quy
trinh tim trang théi kich thich thir nhét bt
dau biéu thirc

¥(r)=(1-R)e™¥(0), (V)

Voi By =y, )(w,| chinh la mat do
cua trang thai co ban trong khong gian
Hilbert. Twong tu cho cac trang théi cao
hon, ta trir di cac trang thai co ban, kich
thich thir nhét,... kich thich thi (n-1) thi
s€ thu dugc ham song va nang lugng cho
trang théai thir n, khi do

¥(7)=(1-R-R..-R,)e*¥(0), (8)
v6i P, =y, Ww,| 1a mat do cia trang
thai tha n.
3. Kétqua

Trong phan nay, chdng tdi s& trinh
bay két qua ap dung phuong phap thoi
gian ao dé giai phuong trinh Schrédinger
dirng véi cac dang thé khac nhau bao
gom thé cua dao dong tir diéu hoa va dao
dong tir phi diéu hoa. Ching tdi gisi han
chi xét cac bai toan trong khéng gian mot
chiéu.
3.1. Dao déng tir diéu hoa

Thé ning cta dao dong tir diéu hoa
c6 dang

1 2,2
V =—wX", 9
> ©)

va cdc muc nang luwong duoc giai ra
chinh xac la

E, =[n +1ja)
2

Két qua &p dung phuong phép thoi
gian ao dugc ching toi thé hién trong
hinh 1 va so sanh vai két qua chinh xac.

(10)
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Chi 8 trang thdin

Hinh 1. Nang lwong cia dao dong tir diéu
hoa véi @ =1cho cac mirc nang lwong tir co
ban dén kich thich thiz 30. Puwong lién nét
la két qua tinh toan chinh xac.Chdm tron 1a
két qua tinh todn bang phwong phdp thoi
gian do

Két qua tinh toan ning lugng cho
dao dong tir caa chlng toi cho thay co su
phu hop véi két qua tinh toan chinh xac.
Két qua hién tai caa ching t6i chinh xac
dén 8 chir sb sau dau phay va d¢ chinh
xac nay hoan toan cd thé tang lén.

Chung tdi tiép tuc tinh toan cho céc
truong hop dao dong tir didu hoa voi céc
tan s6 @ khac nhau. Tinh todn cho thay
phuong phap thoi gian van cho két qua
bang sb chinh xéc toi 8 chir s6 sau day
phay.

3.2. Dao déng tir phi diéu hoa

Trong phan nay, ching ti tiép tuc
&p dung phuong phap thoi gian 4o dé giai
cac bai toan dao dong tir phi diéu hoa.
Trong phan nay ching t6i xét s6 hang phi
diéu hoa 1a Ax*. Voi dang thé phi diéu
hoa nay, ngoai st dung phuong phap thoi
gian 4o, chung t6i déu tinh toan cac mirc
ning luong theo hudng tiép can cua Ii
thuyét nhidu loan. Ngoai ra, ching toi
con tinh toan thém véi phuong phap toan
tir dé c6 két qua so sanh.

Trong hinh 2, chdng téi trinh bay
két qua tinh cac mirc nang lwong cho dao
dong tir phi diéu hoa voi sé hang phi diéu
hoa Ax* tng véi A =0.01.

T T T T T T
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—-—- Ly thuy€t nhic¢u loan

35 L Phuong phdp todn ti i

e Phuong phdp thdi gian do
30 | R

25 | R 4

20| e 4

Niing lugng (a.u.)
\

Chi 6 trang thdi n

Hinh 2. Nang lwong cua dao dong tur
phi diéu hda véi A =0.01

Puong lién nét 1a két qua phuong
phap toan tur, duong dut nét 1a két qua
phuong phap nhiéu loan, va chdm tron la
két qua phuong phap thoi gian 4o.

Trong hinh 2, ung véi cac muc
nang luong thap n<4, ba hudng tiép
can déu cho két qua tring nhau. Tuy
nhién, v4i cac mic nang lugng cao hon
thi hai phuong phap toan tir va phuong
phap thoi gian a0 cho cung két qua.
Trong khi d6, phuong phap li thuyét
nhiéu loan lai cho két qua sai léch.

Vé6i nhitng gia tri A lén hon, két
qua van cho thay c6 su trang khép gitra
hai phuong phap toan tir va thoi gian ao
va su sai léch cia phuong phéap Ii thuyét
nhidu loan. Ung véi gia tri A cang lon
thi phan tring hop giita phuong phap
nhiéu loan va hai phuong phap kia cang
it. Pidu nay la do khi Acang lsn thi
mién ap dung cho céc trang théai cang
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hep. Diéu kién nay thé hién qua mbi lién
hé gitra 4 va n sau [6]
_ 2(2n+1)
6n° +6n+3

Ung voi A =0.01, ta co thé tinh ra
gidi han cua chi sb trang thai n =4. Diéu
nay da duoc thé hién trong hinh 2. Chinh
Vi vay ta thdy rang vai bai toan dao dong
tir phi diéu hoa, khi A 16n, phuong phap
thoi gian 40 van cho két qua chinh xac
khi so sanh véi phuong phap toan tu,
trong khi 1i thuyét nhidu loan lai thé hién
nhitng han ché khi tinh toan nang lugng
cua hé.
4.  Kétluan

Chiing t6i da ap dung phuong phap
thoi gian ao dé khao st cac bai toan dao

11)

dong tir didu hoa va dao dong tir phi
diéu hoa. Bdi vé6i dao dong tir didu hoa,
bai toan c6 két qua chinh xac bang
phuong phap giai tich, phuwong phap
thoi gian 40 cho két qua chinh xéac dén
tam chir sb sau dau phay. Béi voi dao
dong tir phi diéu hoa, phuong phap thoi
gian 4o d4 tiép tuc thé hién vu diém khi
cho két qua chinh xac, phu hop Véi
phuong phap toan tu, trong khi do
phuong phéap nhiéu loan lai thé hien két
qua kém chinh xac. Vi cac két qua do,
phuong phap thoi gian ao cho thay Ia
mot phuong phap giai sé phwong trinh
Schrédinger dung hiéu qua, chinh xac.
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