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TOM TAT

Phirong phdp dai s6 dwoc xdy dung cho bai toan exciton am hai chiéu. Hamiltonian
ciia hé dwoc biéu dién qua cc toan tir sinh hiy dwéi dang chudn, thudn tién cho viéc tinh
toan. Bé ham co s¢ dwoc xdy dung dudi dang dai s6 cho phép tinh tdt cd cic yéu té ma
trdn can thiét. Két qua nay la buede chuan bi quan trong dé ap dung phirong phdp todn tir
FK gidi phirong trinh Schrédinger cho exciton am hai chiéu trong céng trinh tiép theo.

Tir khéa: phuong phap dai s, phuong trinh Schédinger, exciton am, ban dan hai chiéu.

ABSTRACT

Algebraic method for the problem of a negatively charged exciton
in two-dimensional semiconductors

The algebraic method is developed for the problem of a negatively charged exciton
in two-dimensional semiconductors. The Hamiltonian is represented algebraically in the
standard form of the annihilation thus being advantageous for calculation. The basis set of
wavefunctions is developed in the algebraic form that allows calculating all needed matrix
elements. This result is an important preparation step before applying the FK operator
method to solve the Schrddinger equation of the problem in the next study.

Keywords: algebraic method, Schrddinger equation, negatively charged exciton, two
dimensional semiconductors.

1. Mé dau

Khéi niém exciton, trang thai lién két giira dién tir va I3 trong trong ban din, duoc
dwa ra dau tién boi Wannier vao nam 1937 [13] va cho dén nay dwgc nghién ciru tich
cuc v6i nhiéu hiéu tmg vat Ii méi [1, 10]. Nam 1958, Lampert néu ra kha ning ton tai
Cac trang thai exciton phtrc tap mang dién [7], Vi du nhu exciton am 1a trang thai lién
két cta hai electron voi mot 16 trong. Trang théi lién két nay dugc quan sat thuc
nghiém sau do trong giéng lugng tir pha tap khi sy chénh léch mét d6 giira dién tir va 15
tréng rat 1on (xem, vi du, [2, 4, 12]). Exciton &m vé hinh thtic thi giéng nhu i-6n &m
H™ hay nguyén tir heli, tuy nhién ning lwong lién két nho hon nhiéu do khéi luong
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hiéu dung cuia dién tir va 15 trong rat nho. Chinh vi vay kich thude clia exciton 4m ciing
I6n hon rat nhiu so véi kich thudc cuia nguyén tir heli. Ngodi ra sy twong quan giita
khdi luong hiéu dung cia dién tir va 16 trong ciing khac nhiéu so véi su tuong quan
gitta khéi luong dién tir va hat nhan heli. Do vay, Hamiltonian cta exciton am ciling
khong hoan toan gidng cta nguyén tir heli.

Hé ban dan dang nhiéu 16p dugc quan tdm nhiéu, chinh vi vay mot dbi twong
quan trong duoc nghién ctu Ii thuyét ciing nhu thuc nghiém 12 exciton hai chiéu. Loi
giai phuong trinh Schrédinger cho hé hai chiéu duoc tim thay, vi du cho heli [5, 11],
tuy nhién trong cac cong trinh d6 khong co6 su thao ludn lién quan dén exciton am. Ban
than phwong phap giai phuong trinh Schrédinger dua trong cong trinh [5, 11] ciing can
duogc phat trién. Chiing t6i nghién ctru phuong phéap toan tir FK [3] va da tng dung nd
thanh cong cho viéc tim nghiém chinh xac cling nhu giai tich cua phuong trinh
Schrédinger cho exciton hai chiéu trong tir truong [6]. Viéc phat trién phuong phap
toan tir FK cho bai toén exciton am hai chiéu khdng nhiing c6 y nghia vat i ma con c6
tam quan trong vé phat trién phuong phap tinh ton. Dé c6 thé sir dung phuong phép
toan tir FK, mot budc quan trong 1 can xay dung phuong phap tinh toan dai sé [8, 9]
cho bai toan exciton am hai chiéu. D6 chinh 1a dong lyc ciia cong trinh nay.

2. Phwong trinh Schrédinger cho exciton &m hai chiéu

Ta xét phuong trinh Schrédinger cho bai toan exciton am hai chiéu c6 dang nhur
sau:

2 2
{_hl—lAz—ah[ o, @ j_E_L#}\P(rpwE\P(rl,m-<1>
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Pay l1a phuong trinh m ta chuyén dong twong dbi cia hai dién tir voi 18 trdng.
Chuyén dong khoi tAm ctia hé gom 16 trong va hai dién tir duoc tach riéng va ta khéng

xét & day. Cac dai luong r,=x>+Yy>, I, =+/X"+Y,” lan luot 1a khoang cich

twong d6i ciia timg dién tir dén 16 tréng, con 1, = |rl - r2| = \/(X1 — %)+ (Y, - Y,)? la

khoang cach gilra hai dién tir. Ta str dung ki hiéu :
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trong d6 m;, m’ 1a khdi luong hiéu dung ciia dién tir va I3 trong trong chit ban dan.

O day ta st dung hé don vi nguyén ti, trong d6 don vi d6 dai va niang luong lan
lugt 12 ban kinh Borh hi¢u dung r = 47g,h’/ ue® va hang sé Rydberg higu dung

R; = pe* 1167°e2h* . Vi xét chuyén dong twong ddi giira dién tir va 16 tréng cho nén
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khdi lugng tuong d6i ciia hat 18 g =m'm’ /(m:+m’). Vi du v6i hé ban din 16p
GaAs/AlGaAs ta sir dung sb liéu m, ; 0.067m, va m; ; 0.45m, cho nén khéi lwong
hi¢u dung tuong di1a x ; 0.058 m, dan dén ban kinh Borh hi¢u dung s& dai hon ban
kinh Borh khoang 17 lan va hing s6 Rydberg hiéu dung nho di khoang 17 lan twong
mg. Day khong phai 1a khac biét duy nhat ciia exciton am so v&i nguyén tir heli. Ta
chi y trong phuong trinh (1) ¢6 thanh phan:

j=ah[ 2 j )
X%, Y10,

dugc bo qua trong Hamiltonian ctia nguyén tir heli. Li do 1 vé6i heli khdi lwong hat
nhan I6n hon khéi lugng dién tir nhidu 1an va hé sé «a, ; 0.00025 rit nho. Véi truong

hop exciton 4m trong hé ban dan GaAs/AlGaAs khdi lugng hiéu dung cua 16 trong chi
I6n hon khoi lugng hi¢u dung cua dién tor khoang 7 lan cho nén ¢, ; 0.13 va thanh
phén (2) trong Hamiltonian khong thé bo qua.

Piéu dic biét 12 voi thanh phan (2) bai toan exciton &m van co sy bao toan mo-
men dong luong quy dao. Ta s€ giai phuong trinh (1) cung véi phuong trinh :

L¥(r,r,)=m¥(r,r,), ©)

~ 0 0 0 0

L, =i ——y—+x——y—j (4)
[Xlayl o oy, ok,

véimlasd luong tr tir ¢6 gia tri nguyén: m=0,+1,+2,...
3. Phwong phap dai s6 biéu dién Hamiltonian

Phuong phép dai s6 s& duoc sir dung cho cac tinh toan théng qua cac toan tir sinh
huy dugc dinh nghia nhu sau:

~ 0] 10 A w 10
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O day, chi s6 s=1, 2 va tham sé @ la sb thuc duong, khong thir nguyén dugc
goi 1a tham s6 tu do [3] va c6 thé chon bat ki. Tham s6 ndy c6 vai trd rat quan trong
trong viéc giai phuong trinh Schrodinger bang phwong phap toan tir FK. Céc toan tir
cung loai sinh hay huy thi giao hodn véi nhau, cOn céc toan tir sinh va hay thi thoa hé
thure giao hoan sau:

Q)
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[és’éT+]=5st' [65,6:]:5“. (6)

Nham muc dich chéo héa toan tir md-men dong luong quy dao I:Z , ta dinh nghia

C4C toAn tir sinh hity méi qua phép bién ddi chinh tic nhu sau :

Q: =%(é§ +ib; ), 4, =%(as _iB),
(7)
0 = (& -ib}). 9,=—

=7 7l

Céc toan tir nay thoa mén cac hé thirc giao hoan nhu cac toan tur (5).

a, +ib, ).

Bay gio ta s& biéu dién cac toan tur trong Hamiltonian ciia phuong trinh (1) vé

dang cac toan tur sinh, huy (7) nhu sau:

Trong (8) ta da su dung ki hiéu |\7|+=|\7|1++|\7|2+, M =M1+|\7|2, N=N1+N

O, 5 G
Al:_E(Ml _N1+M1)’
W,5, =
Azz_E(Mz_N2+M2)’
X12+y12 :i(l\,/\lf"'NAl‘*'Ml)’ (8)
20
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N =N, + N, V&i cac toan tr mdi dugce dinh nghia nhu sau:
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Toén tir mé-men dong lugng quy dao co6 dang:
3 A A J+V) A 5+
L, =uU, =V v, +U,U, =V, V, (10)
1 toén tir trung hda va giao hoan vai tat ca cac toan tir (9).

Mot diém quan trong 13 c&c toan tir (9) tao thanh cac dai sé kin véi cac hé thuc
giao hoan sau:

N2 AN, [N N =28, (R M, ] = aM,

N

| —
3

M N |- an, [N, M= 2N, [N, M, = 4n,,

(N,-N,), (11)

Ngoai cac giao hoan tir (11) ta can luu y cac giao hoan tir khac déu bang khong.
Cu thé, ngoai trir cac toan tr A, A, va N, N,, C4c todn tir con lai véi déu (+) 1a toan
tir sinh, va khong c6 déu ndy goi 12 toén tir hity. CAc toan tir sinh giao hoan véi cac toan
tir sinh, cac toan tir hily giao hoan vai cac toan tir huy. Ngoai ra, cac toan tu khac chi so
(1 hodc 2) giao hoan véi nhau, ngoai trir hai toan tar A, A, .

Viéc xay dung duogc dai sé kin (11) va biéu dién dugc Hamiltonian cta hé qua
cac toan tir (9) rat quan trong trong viéc tinh toan str dung phuong phap dai so. Vi du
Ccéc toan tir tuong tac Coulomb trong Hamiltonian c6 thé dua vé dang chuan theo nghia
Ia cc toan tir sinh sang bén trai, va toan tu hiy sang bén phai. Ta thu dugc :
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Pé c6 duoc toan tir twong tac Coulomb dang chuén nhu trong cac cong thirc (12),
trude tién ta dd sir dung phép bién ddi Laplace dé dua toa d6 dudi mau vé dang ham
mii. Sau d6 st dung cac giao hoan tir (11) va mot quy trinh bién déi nhu trinh bay trong
cong trinh [8] dé thu duoc (12).

4. B® ham co sé va tinh toan yéu té ma tran

>
| N

Bay gio ta xdy dung bo ham co s¢ dudi dang dai sb. Ta xuat phat tir nghiém riéng

cua céc toan tir trung hoa 0,%0,, U,"0,, V,*V,, V,"V,, dé dang xay dung nhu sau:

1

(@) (9) =05 (5) "

| j1j2j3j4> =

NN 0(w)) (13)

V6i i, J,. Jar J 12 cAC s6 nguyén khong am. Trong (13), trang thdi chan khong |0(w))
Ia nghiém cua cac phuong trinh:

0,|0(w)) =0, §,[0(w))=0, ¥,|0(w))=0, V,|0(w))=0 (14)
v6i diéu kién chuén hoa (0(w)|0(w)) =

Ddi v6i bai toan dang xét, ¢ bao toan md-men dong lugng quy dao nén bo ham
séng co s& cAn tim ciing 13 b ham riéng cua toén tir L. Tir (10) ta thdy toén ti ndy chi
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A

chura cac toan tir trung hoa cho nén (13) chinh la ham riéng cua L, véi tri riéng
M= j+j,— j,— J,- Ta dinh nghia s6 lugng t&r chinh N = j + j,+ j, + j, va thiy
rang N=2j +2j,-m=2j,+2j,+m.Vavi N 1as6 nguyén khong &m nén tasuy ra
dang ciano la N =2n +|m| v6i N=0,1,2,... 1a s6 nguyén khong am, lién quan dén
CaC $6 J;» J,» Js» J, nhusau: (@) N=j,+j, néu m<0; (b) n=j,+j, néu m>0.
Pé thuén tién ta s& sir dung bon sb lugng tir n, b Jpo M dé dic trung cac trang thai
{mg vé6i cac ham trong bo ham co s6. Ta viét lai (13) nhu sau :

: () (7)) )

>: \/jlljzl(n+|m|_ jl)!(n_ Jz)

cho truong hop m>0, va

0(w)) (15)

|n1 jl7 j27m

>_ 1

Vi = i)Y +[m] - j,)!
cho trudng hop m < 0. Trong d6 n 1a s6 nguyén khdng &m bat ki; m 12 s6 nguyén bat
Ki; . J, 12 hai sb nguyén khong am théa min cac didu kién: n+|m|>j,>0 va

(G (07) = (85)" % (9)

0(w)) (16)

[, Jys Jpom

n>j,>0 trong truong hop m=>0; hodc n> j >0, n+|m|2 J, 20 trong truong
hop m<O0.

Ta xét truong hop riéng khi m=0. Chi y la phuong trinh Schrddinger (1) chi
chira c4c toan tur dua ra trong (9) cho nén ta c6 thé xay dung bo ham co s& méi 1a to
hop cua bd co s¢ (15)-(16) sao cho n6 cd dang nhu sau:

[0, d B = (M) (M) ()% |0(w)). (17)

B6 ham co s& mai (17) vé& nguyén tic ciing 1am viéc nhu bd ham co so (15)-(16),
tuy nhién nd s& gidp tiét kiém ngudn tai nguyén tinh toan nhiéu lan.

Céac yéu t6 ma tran cua Hamiltonian c¢6 thé tinh toan bang phwong phap dai sb
dua vao cac giao hoan tr (6) cho bo ham co s (15)-(16) va dwa vao cac giao hoan tu
(11) cho bd ham co s& (17). Trong pham vi bai b&o nay chung t6i dua ra cac cong thire
co ban dé tinh cac yéu t6 ma tran theo bd ham co s¢ (17) nhu sau:

N, [n G ) =20+~ 1, + D)0,y ),

N, [0 by, Jo) = 200— by + J + D0, s By,

A0, b B = (= = B0 d B+ )+ 25 0L -1 ),

i, [0, J i) = (= j— )| i +1 5,0+ 2,0, i, 1), 18)
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M, [N, g, i) =45 (0= i) -1} -1 j,)

+(N= - )= -, -D[n-1 j,, J, +1),
M, |0, by, o) =44, (=) |n=1, . J, -1)

+(N- - )= j— L -D[n-1 j, +1 J,),
[N, J, 5p) =+ J + J, + D= - )0 -1 Jy, )

+4j1j2 |n -1 j1 -1, jz _1>'

5.  Kétluan

Nhu vay ta d& xay dung thanh cdng mot dai sé kin bao gdm céc toan tir bac hai
clia cac toan tir sinh huy va biéu dién dwgc Hamiltonian ctia exciton 4m hai chiéu qua
C4c toan tir ndy. Két qua nay cho phép tmg dung tinh toan thudn dai s6 khi giai phuong
trinh Schrodinger cho bai todn dang xét béng phuong phap toén to FK. Bo ham co so
cling dugc xay dung qua biéu dién dai s6 va cac cong thirc can thiét dugc dua ra cho
viéc tinh cac yeu t6 ma tran ung voi bd ham co so nay. Trong cbng trinh tlep theo
ching t6i s& van dung phuong phap toan tir FK dé tim nghiém s6 chinh xac cho phwong
trinh Schrodinger cho exciton am hai chiéu. Cha y 1 trong cong trinh nay Hamiltonian
Cla exciton 4m hai chiéu duogc dua ra véi diéu kién khdi lugng di¢én tir khong thé bo
qua so Vi khdi lwong 16 tréng.

Ghi cha: Cong trinh nay duwgc thiee hién trong pham vi d@é rai tai tro boi Quy phdt
trién khoa hoc va cong nghé quéc gia (NAFOSTED), ma s6 103.01.2011.08. Tac gid
Hoang P6 Ngoc Tram cam on sy i tro cia dé @i cap co sé Truong Pai hoc Sw pham
TPHCM.
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