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PHAM TRU MO HINH
VA TINH DUY NHAT CUA PHAM TRU ON PINH

PHAN DUY NHAT’

TOM TAT
~ Trong bai b4o nay, ching tdi gidi thiéu vé phgm trd md hinh va ching minh tinh duy
nhat cua cau trdc pham tra md hinh sai khac phép twrong dwrong Quillen.

Cho C la mgt phgm tri md hinh on dinh. Néu pham trix dong luan cia C va pham
tru dong luan 2 - dja phwong cua phé la twong dirong nhau véi Yy nghia nhw pham tru tam
giac phan thi ton tai mot twong dwong Quillen giira C va phgm trd md hinh 2 - dia
phuong cua pho.

Tir khoa: pham trd mé hinh, dong luan, Quillen.

ABSTRACT
Model category and the uniqueness of the stable category

In the paper, we introduce model category and prove the uniqueness of model
category structure underlying Quillen equivalence.

Let C be a stable model category. If the homotopy category of C and the 2-local
homotopy category of spectra are equivalent as triangulated categories, there exists a
Quillen equivalence between C and the 2-local model category of spectra.

Keywords: model category, homotopy, Quillen.

1. Giéi thigu va kién thirc chuin bi

Pham tra dong luan 6n dinh d& dwoc nghién ciu bai tpod dai sé trong mot thoi
gian dai. Nguoi ta d8 xay dung rat nhicu dang mé hinh cho pham tra dong luén 6n dinh
va viéc tinh toan nhom dong luén ciing phu thudc vao mé hinh da xay dung. Chung toi
s€ nghién ctru tinh duy nhat caa cau tric mé hinh sai khac phép tuong duwong Quillen.
Dinh nghia 1.1.

Cho f, g lahai ciu xa trong mot pham trd C . Chling ta goi f 1a mot co rut cua
g néu ton tai mot so dd giao hoan nhu sau:

X — vy /L5 X
3 f g 3 f

Xl i’ Yl r' Xl

" ThS, Trwong Dai hoc Sw pham TPHCM
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Trong do: roi=1d, va r'oi'=1d,..
Dinh nghia 1.2.
Mot pham trd md hinh 1a mot pham tra C véi 3 loai [6p cau xa:
i) Tuong duong yéu
ii) Phan tho
iii) B6i phan thg
MJi 16p cdu xa nay bao toan quan hé hop thanh va chira tit ca cac cau xa ddng
nhat. Mdi cau xa vira 1a phan thé (twong tmg d6i phan thé) vira la tuong duong yéu
dugc goi la phan thg khéng tuan hoan (twong ung doi phan thé khdng tuan hoan), sao
cho ching thoa mén 5 tién de sau:

MC1: Tich tryc tiép va téng truc tiép hitu han ton tai trong C .

MC2: Néu f va g la hai cau xatrong C sao cho gof dugc dinh nghia va hai
trongbacauxa f, g, gof la tuong duong yéu thi cdu xa con lai ciing 1a trong dwong
yéu.

MC3: Néu f lamotcoritcua g va g 1a mot phan thg, doi phan thé hay twong
duong yéu thi f ciing vay.

MC4: Cho so db giao hoén sau

A 5 X

di Ip

B —> Y

Ton tai mot nang 1én trong so d6 giao hoan nay (nghia 13, téq tai mot ciu Xa
h:B — X sao cho so do nay cd 5 dong giao hoan h=pof = goi) néu thoa man mot
trong hai diéu ki¢n sau:

i) i 1amotddi phan thd va p 1a mot phan the khdng tuan hoan.
ii) i 1a mot doi phan thd khong tuan hoan va p 1a mot phan thé.

MC5: Mot ciu xa f bét ki c6 thé dugc biéu dién boi hai cach sau:

i) f=poi,trongdd i 1addi phan thé va p 1a phan thg khdng tuan hoan.
i) f =poi,trongdod i 1a dbi phan thé khong tuan hoan va p 1a phan thé.

Chay: Tu day yé sau ching ta ki hiéu C la mc}tqpham tra mo hinh. Pham tri mo

hinh C c6 mot vat day pho dung € va mot vat kéo pho dung *. Mot vat A dugc noi la

c6 tinh d6i phan thd néu @ — A 1a mot d6i phan thé va cé tinh phan thé néu A— = 1a
mot phan thé.
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Vi du: Ching ta dinh nghia mot cau tric mé hinh trén pham trd khdng gian topd
Top.
Cho B Ia mot khong gian t6pd va A l1a khdng gian con ciaa B. Anh xa nhing
i A— B duogc goi la ddi phan thé Hurewicz dong néu A 1a mot khong gian con déng
cua B va i c6 tinh mé rong ddng luan, nghia 1a voi khong gian topd Y bat ki va so dd
giao hoan sau:
Bx0UAx[0,] —> Y
\’ \’
B x[0,1] — %
t6n tai mot anh xa h: Bx[0,1] = Y sao cho so do nay c6 5 dong giao hoén.
Mot &nh xa p: X —Y gitra hai khdng gian topd dugc goi la mot phan thd
Hurewicz néu p c6 tinh nang 1én ddng luan, nghia 1a véi khong gian topd A bat ki va
so dd giao hoan sau:

Ax0 —— X
J pl
Ax[0,]] —> Y
ton tai mot anh xa h: Ax[0,1] = X sao cho so d6 ndy c6 5 dong giao hoan.
Bay gio s& dinh nghia mot cdu tric md hinh trén Top. Mot 4nh xa f: X —Y
gitra hai khdng gian tépd X, Y la
i) Mot trong duong yéu néu f 12 mot twong duong ddng luén,
i) Mot d6i phan thé néu f 1a mot d6i phan thé Hurewicz dong,
iii) Mot phan thd néu f 12 mot phan the Hurewicz.
Vi 3 16p cu xa nay thi Top la mot pham trt mé hinh.
Dinh nghia 1.3.

Mot vat tru (cylinder object) cua vat A la mot vat A Al caa C cung voi mot so
do

ACA—L sAAI—TSA
Thoa mén fo(i,+i,)=id,+id, :ACA—> A va trong d6 f la mot twong
duong yéu.

Hai c4u xa f, g: A— X trong C duogc néi la déng luan trai néu ton tai mot vat
tru AAl cia A thoa man ciu xa tong f+g: AC A — X c6 thé mé rong thanh ciu
xa H:AAl— X, nghialaton tai mot ciu xa H: A Al — X thoa H(i,+i,) =f+g.
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Dinh nghia 1.4.
Mot vat duong (path object) cia X 1a mot vat X' caa C cling véi mot so do
X—9 5 X' 2 3 XxX

thoéaman pog = (id,,id,) : X — XxX. Trong 46 g 1a mét twong duong yéu.

Hai cdu xa f, g : A— X trong C duoc goi 1a ddng luan phai néu ton tai mot vat
duong X' caa X théa man cau xa tich (f, g) : A — XxX c6 thé dugc nang 1én thanh
mot cau xa H: A —» X',

Pinh 11 1.5. [1]

Néu A c6 tinh doi phan thé thi dong luan trai 1a mét quan hé rwong dirong trong
Hom (A, X).

Néu X c6 tinh phan thé thi dong luan phdi 1a mét quan hé niwong dwong trong
Hom (A,X).

Néu A c6 tinh doi phan théva X c6 tinh phan thé thi quan hé dong luan tréi va
phai trong Hom(A,X) trang nhau, nghia /4 f dong luan trai véi g néu va chi néu

f dong luan phdi véi g.

chay:

Néu A c6 tinh dbi phan thé va X c6 tinh phan thg thi quan hé twong duong
dong luan trai va phai trong Hom(A,X) dugc goi la quan h¢ twong duong dong luan.
Tap hop céc l6p tuwong duong nay duoc ki hi¢u boi m(A,X).

MJi vat X cua C ching ta c6 thé 4p dung MC5(i) cho cdu xa 6 — X thi thu
duoc mot phéan the khong tuan hoan p,:QX — X trong d6 QX ¢ tinh dbi phén the,
va ap dung MC5(ii) cho cdu xa X —* thi thu duoc mot d6i phan thé khong tuan hoan
Iy : X—= RX trong d6 RX c6 tinh phén thé.

Dinh nghia 1.6.

Pham tri ¢ong ludn H o(C) cua pham tri mé hinh C 1a mot pham trii véi cling
l6p céc vat caa C va 16p cac cAu xa la

Hom, e, (X,Y) = ((RQX,RQY)

Dinh nghia 1.7.
Giast C, D la hai pham tru mod hinh.

1. Ching ta goi F:C — D 1a mot ham tr Quillen trai néu F 1a mot ham tir lién
hop tréi va bao toan doi phan thé va doi phan thé khéng tuan hoan.
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2. Chang ta goi G:D — C la mot ham tu Quil[en phai néu G 1a mot ham tir lién
hop phai va bao toan phan thé va phén thg khong tuan hoan.

3. Giast (F,G,p) lamot lién hop tr C vao D. C6 nghia, F la mot ham tir tr C
vao D, G lamotham tir tir D vao C, va ¢: D(FA,B) — C(A,GB) la mot dang cau
tu nhién. Chung ta goi (F,G,¢) 1a mot lién hop Quillen néu F 1a mot ham tir Quillen
trai.

4. Mot lién hop Quillen (F,G,¢):C — D duoc goi l1a twong dwong Quillen néu
moi vait X e C ¢6 tinh dbi phan thd vavat Y € D c6 tinh phan tha thi f:FX Y la
mot twong dwong yéu trong D néu va chi néu ¢(f): X — GY la mot tuong duong
yéu trong C.

Chay. Giasu (F,G,p):C — D la mot lién hgp cua nhitng pham tra moé hinh.
Khi d6 (F,G,¢) 1amét lién hop Quillen néu va chi néu G 1a mot ham tir Quillen phai.
Ménh dé 1.8.

Gid sir (F,G,9):C — D la mét lién hop Quillen. Khi @6 cic ménh dé sau ddy
twong dwong nhau

1) (F,G,p) lamét tuong dwong Quillen.

(2) X 2 GEX G—> GRFX |a mét twong dwong yéu véi moi Vit X ¢6 tinh doi
phan thé, va FQGX Fp—G; FGX —£>X la mét twong dirong yéu véi moi vat X c6 tinh
phan tho.

(3) L(F,G,p) lamgtlién hop tuong dwong cua nhieng pham tru.

Ching minh:

@) = (2) Giast (F,G,p) la mot twong dwong Quillen va X la mot vat co tinh
d6i phan thé caa C. Ching tacé FX — RFX la mot déi phan thg khong tuan hoan.
Do d6 Cﬁ:.u xa X — GRFX dugc phan tich thanh X i>GFX G:; GRFX 1a mot tuong
duong yéu. Tuong tu khi vat X c0 tinh phéan tho. W

(2)= (@) Giasi (F,G,p) thoaman (2). Cho f:FX —Y la mét tuong duong

yéu giita vat X co tinh ddi phan thd va vat Y c6 tinh phan thé. Ching ta ¢ so db giao
hoan sau

n G(f)
X - GFX — GY
I Gig, Gi,
GR(f)

X — GRFX —» GRX
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Do d6 G(f)on=¢(f):X ->GY la mot twong dwong yéu. Tuong tw, néu
o(f): X > GY la mot twong dwong yéu. Chiing ta c6 so d6 giao hoan sau

FQ(e(f)
FQX — FQGY —> Y
1 Fp, ¥ Fpey I
Flo(1) £
— FGY —-> Y
Khido f =s0F (p(f)):FX —Y lamot twong dwong yéu. W

(2) < (3) Chiing ta c6 so do giao hoan sau

Girgx

QX > GFQX -> GRFQX
1 p, 1 GFp, 1 GRFp,

Giy

X > GFX — GRFX
Do d6 X — RGoLF(X) la mot dang cau trong H oC khi va chi khi

! Girgx 07

Px
X—>0QX — GRFQX

) , GiFQxWI i
la mot dang cau trong H oC khi va chi khi QX — GRFX la mét twong duong yéu
Gigy on ,
véi moi vat X khi va chi khi X — GRFX la twong duong yéu vai moi vat X cd
tinh d6i phan thé. W

2. Kétquachinh

Trong phan nay ching t6i s& ching minh dinh li ’chi’nh cua bai bao l1a binh i 2.5.
Trudc khi ching minh dinh i nay, ching téi can mot so két qua sau day:

Ménh dé 2.1. [3]

Cho C 1a mgt phgm tri mé hinh on dinh va X 1a mét vat c6 tinh doi phan tho va
phéan tho cdg C . Khi do tén tai rr]ét ham tze Quillen trai tez pham tru céc‘phé vao C ma
anh cua pho cau |E‘i, X . Néu tu dong cau vanh cua X trong pham tru ,déng Iu§1n cua C
la mét Z - dai so thi ham tuz nay ciing la mgt ham tu Quillen trdi doi véi cau truc mo
hinh 6n dinh p — dia phirong cho phé.

Bo dé 2.2. [3]

Cho F Iz}l m¢t ham ti khq’p gizza nhing phgm trii tam gi&c sinh compact véi doi
tich vo hgp. Neu F bdo toan doi tich va han ché la mét twong dwong gitra nhitng pham
trii con day du cua nhizng vt compact thi F 1a mot twong dwong.
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Ménh dé 2.3. [3]

Cho p la mét sé nguyén té va F 1a mét ham ti khép tir pham tri dong luan cua
phé p — dia phirong hiru hgn vao chinh nd ma bdo toan phé cau p — dia phwong (qua
dang cau). Néu moi phan tir cia mét loc Adams trong tw dong cau vanh phan bdc
[F(S(p)) F(S(p))] la anh cua F thi F la tw duong tuong.

Ménh dé 2.4. [3]

Cho F la mgt ham tu khop tee pham tril dong luan cua nhing phé 2 — dia phirong
hitu hgn vao chinh n6 ma bao toan phé cau 2 — dia phirong (sai khac phép ddng cau).
Khi @6 tat ca nhitng dong cau cua mét loc Adams trong tw dong cdu vanh phan bdc

[F(S%) F(S%)]. 1aanh cia F .

binh 1i 2.5.

Cho C 1a mét pham trd md hinh én dinh ma pham tri: dong luan cua né 1a sinh
compact. Gia si pham tru con day du cua nhing vat compact trong pham tru dong
luan cua C va pham tru dong luan cua pho 2 — dia phuong hitu han la twong dwong
nhau nhw nhing pham tric tam gidc phan. Khi do ton tai mot tuong dwong Quillen giira
C va phgm tru mé hinh 2 — dia phwong cua pho, thoa mén ham ti lién hop tréi co C
nhw la muc tiéu cua no.

Ching minh:

Cho F la mot twong duong cua pham trd tam giac phan tir pham tru dong luan
cua pho 2 — dia phuong hitu han vao nhitng vat compact trong pham tru dong luan cua
C. Chdng ta chon mot vat ddi phan thd va phan th¢ X cia C ma dang cau voi
F(Sg) trong pham tru dong luan cia C. Theo ménh dé 2.1, ton tai mot ham tix
Quillen trai, d6i v&i cu trc mo hinh 6n dinh 2 — dia phuong, tir pham tru ciia phd vao
C ma anh cua phd cau la X . Chang ta ki hiéu ham tir nay 1a X A —. Ham ta Quillen
trai nay c6 mot ham tir dan xuét trai khép X A" — trén bac caa pham tru ¢ong luan.

Ching ta c6 X A" Sy =X, do d6 ham tr nay bién vat compact thanh vat

compact. That vdy, bang cach chiing minh quy nap theo sé chiéu cellules cua nhiing
vat compact. Chung ta cé day cofiber

7(Y)-1 1 7(Y)
YS -SY'>Y —>\I/S

Trong d6 7(Y) lasé chiéu cellules 16n nhat cua vat compact Y va z(Y ') <z(Y).
Tu X A" — 1a ham tir khép nén chiing ta c6 day cofiber sau

XATST 5 XATY 5 XATY - X AFv ST
|
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Do d6 X A"Y ciing 13 vat compact. Chlng ta ki hi¢u (X A" -)|,., 12 gi6i han
trén phd 2 — dja phuong hitu han. Ham tir @ = F ™ o(X A" =) |, S& bién phé cau 2 -
dia phuong thanh chinh né, qua dang ciu, vi vay bsi ménh d¢ 2.3 va 2.4 ham ti @ 1a
mot tu twong duong cua pham tru dong luan on dinh 2 — dia phuong hitu han. Tir @
and F~' 1a nhitng twong duong ctia pham trQ, thi (X A" )|, Ciing 1a mot twong
duong. Tir bd d& 2.2, ham tir X A" — 12 mot twong duong cua pham trl, do d6 ham tir
Quillen trai X A — cling vay va ham tir lién hop phai cta no ciing 1a mot twong duong
Quillen béi ménh d&1.8. W
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