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VE MQT LOP PHUONG TRINH LOGISTIC SUY RONG
NGUYEN BiCH HUY", TRAN BiNH THANH™

TOM TAT
Trong bai bdo, ching 6i &p dung bdc t3pé trong non dé chitng minh sy ton tai
nghiém yéu duong cho mot 16p phurong trinh logistic suy rong.
Tir khoa: phuong trinh logistic suy rong, bac topo trong nén, nghiém yéu duong.
ABSTRACT
On a class of generalized logistic equations

In the present paper we apply the topological degree in a cone to prove the existence
of a positive weak solution for a class of generalized logistic equations.

Keywords: generalized logistic equation, topological degree in cone, positive weak
solution.

1.  Mé dau
Phuong trinh logistic c6 dang:
Au = Aa(x)u” —=b(x)u” trong Q;u=0 trén 8Q, (1)

trong d6, A 1a mot toén tir vi phan elliptic cap 2. Phuong trinh ndy duoc M. Gurtin va
R. MacCamy dua vio nghién ctru ndm 1977 nham md ta sy phat trién caa cac quan thé
sinh hoc trong ty nhién. Sau nay, phuong trinh (1) con dugc wng dung trong nhiéu van
dé caa Y hoc, trong bai toan van tai... Vi nhitng ang dung quan trong cia né ma
phuong trinh (1) nhan duoc sy quan tdm nghién ciru cia nhiéu nha toan hoc va dugc
ma rong theo nhiéu hudéng khac nhau (xem [2-8] va cac tai liéu tham khao & d6). Toan
tir vi phan ban dau |4 toén tir Laplace dd dugc mé rong thanh céc toan tu elliptic tua
tuyén tinh. Cac ham a(x), b(x) ban dau la cac hang sd, sau nay da dugc mé rong thanh
cac ham lién tuc va sau do 1a cac ham thudc I6p L%(Q) véi g c6 thé nho. Gan day, vé
phai caa (1) d&@ duoc mo rong trong cac bai bao [2, 8] thanh dang A f (x,u) — g(x,u) Vai
cac ham f, g kha tong quat va duoc nghién ctru nhd phuong phap bién phan. Trong bai
bé&o nay chdng téi s¢ nghién ctru phuong trinh logistic ma rong cé dang sau:

—A u=Af(xu,Du)-g(xu) trong Q;u=0 trén 5Q, 2

Trong d6 A u= div(|Vu|’)'2 Vu) latoan tir p-Laplace
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Sy ¢6 mat cua sé hang Du trong (2) lam cho phuong trinh ndy khong thé nghién
cau nho phuong phap cua [2, 8]. Ngoai ra, ching tdi cho phép ham
X Af(x,u,v)—g(x,u) thuoc 16p L9(Q) vai g nho va do vdy nghiém cua (2) c6 thé
khong bi chan. Diéu nay lam cho viéc nghién ciu (2) tro nén phuc tap. Pé nghién cau
phuong trinh (2), ching t6i s€ su dung phuong phap bac topd ket hgp vai phuong phap
chan duéi don diéu.

Trong phan tiép theo chiing tdi gia thiét Q 1a tap bi chan co6 bién tron trongl M va
pN

véi p< N, t’ 1a chi s6 lién hop cua t, nghia 1a

su dung cac ki hiéu sau: p"= N

t' =i; || 1a chuan W,"*(€2), |, 1& chuén trong L'(€2) . Néu khong néi rd thém thi cac

tich phan dugc lay trén Q.
2. Puwa vé bai toan diém bat dong

Pinh nghia. Giasa f:Qx0 x0"Y >0, g:Qx0 -0 lacac ham thoa man diéu
ki¢n Caratheodory. Ta goi ham u e W}" () 1a nghiém yéu cia (2) néu ham

Af (x,u, Du)—g(x,u) thuoc khong gian L*? (Q) va
I|Vu|p_2VuV¢=j[lf(x,u,Du)—g(x,u)]go VoW (Q).

s S p-2
Tur day veé sau ta sé ki hiéu <Au,go>=J'|Vu| Vuve.

Ménh dé sau day dong vai trd quan trong trong viéc chuyén bai toan tim nghiém
yeu cua (2) vé bai toan diém bat dong va da dugc chirng minh trong [4, 7] .

Ménh dé 1. Giast g:Qx0 — 0 la ham Caratheodory théa man diéu kién sau:
(G) 9(x,0)=0,g(x,u) la ham tang theo bién uva
g(x.u)<au’ +b(x) ¥(x,u)eQx[0,0) trongdd f<p -1vabel®'(Q).
Khi d6 véi mdi ham heW *P(Q) ton tai duy nhat ham ueW}P(Q) sao cho
wg(xu) e (@), g(xu) el () va
(Aup)+[g(xu)p=(hp) VoeWsP(Q). 3)

Anh xa P tr WP (Q) vao W}"(Q), dit twong tng ham h vao ham u thoéa man
(3), ¢6 céc tinh chat sau:
a. P laanh xa tang theo nghia néu h <h, thi P(h)<P(h,).

b. P la anh xa lién tuc va anh cua tap bi chan la tap bi chan.
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c. Néu 6> (p*)/ thi P 1a 4nh xa hoan toan lién tuc tir L (Q) vao WP (Q) .

Tiép theo ta xét thém mot 4nh xa. Cho f :Qx[ x0O N — 0 1a ham Caratheodory.
Taki hiéu N la anh xa cho bai

N(u(x)) = f(x,u(x), Du(x)), ueW,"(Q). N goi la anh xa Nemyskii turong ung
véi ham f.
Ménh d@é 2. Gia sir ham Caratheodory f :Qx xON —[ thoa man

|f(x,u,v)§ g(x,|u|,|v|)| V(x,u,v) e Qx0 xO N,
trong d6 g:Qx[0 *x0* — 0" 1a ham Caratheodory, ting theo bién thir hai va ba va c6
tinh chat

uel” (Q),vel’(Q)= g(xu(x),v(x)) e L(Q)

Khidé N la anh xa lién tuc tr W,""(Q2) vao L°(Q).

NGi riéng, néu

£ (x,u,v)| < m(x)|ul* +c|v[ (4)

Véi a<p*-Ly<—L m(x)e L“(Q),q>( P j
(p¥)’ I+a
thi N laanh xa lién tuc tr W,"?(Q) vao L°(Q)Véi 6 = min{E,L}.
y Qo+p*
Chang minh. Gia su trai lai &nh xa N khoéng lién tuc tai u.
Khi d6
>0 Fu,} Wy P(Q) 1 u, - u,,

N(u,)-N (u0)||5 > e (5)
Chuyén sang xét mot ddy con néu can, ta co thé gia thiét rang

u, — u,, Du, — Du, hkn trong Q

Khi do6 ta co

N(u,) = N(u,) hkn trong Q, [N(u,)|<g(.,u,v)eL’(Q).

Do d6 theo dinh i h¢i tu bi chan tasuy ra N(u,) > N(u,) trong L’ (Q) diéu nay

mau thudn véi (5). Vay anh xa N lién tuc tai moi diém u e W} " ().
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Bay gio ta xét truong hop riéng khi ham f thoa man diéu kién (4). Voi
ue L”(Q),we L”(Q) va u>0,v=0 ta co

*
mx)u e L'(Q),t = ﬁ,wy e LP7(Q).

Do d6 ham m(x)u® +cw’ thuoe L°(Q)véi & = min {EL}
Yy Qa+p*

Vai viéc xay dung cac anh xa P va N ta thay bai toan tim nghiém yéu cua (2)
dugc dua vé bai toan tim ham u eW,"*(©)sao cho u=P[ AN (u)].
3. Kétquachinh

Pinh li. Gia st ham g:Qx0 — [ thoa diéu kién (G) trong ménh dé& 1 va ham
f:Qx0 x0N -0 théa man cac diéu kién sau

(F) 0< f(x,u,v)<mO)u®+clv[  V(x,uv)eQxD*xO"

* /
Vo a< p-1 m(x) e L'(Q), q>(1p J
+a

va mot trong cac gia thiét sau dugc nghiém ding

(@ r<p-1
(b) }/<p%, g(xu)>bu”.

(F,) Ton tai tap mé Q, sao cho Q,  Q va cac s6 duong &,a,m, sao cho
f(x,uv)=mu* VvxeQ,, Vuel0,a], vvel",

im9W o éutren @,

u—>0 Yyt

Khi d6 V2 >0 thi phuong trinh (2) ¢6 nghiém yéu duong.

Chiing minh. Ta can chitng minh anh xa Po AN c6 diém bét dong trong non K
cac ham khong am caa W.**(Q) . Bé don gian ki hiéu, taviét N thay cho AN . T gia

thiét (F,) tathdy a < p*-1,y < pi - nén do ménh dé 2 anh xa N tac dong lién tuc tir

y qo+p*
ta thay 8>(p”)’. Do d6 theo ménh dé 1 thi anh xa P 1a hoan toan lién tuc tir L° vao W}".
Vay anh xa hgp Po N 1a hoan toan lién tuc tir WP vao W} P. Phan tiép theo cia chung
minh dugc chia thanh 3 budc.

W, P vao L° véi &= min{E,L}. Ciing tir cac gia thiét dat 1én y va q trong (Fy)
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Buwoc 1. Ta s€ chirng minh khi R du 16n thi
u=P[tN(u)] Vte[0,1], Vux0, |u|=R.
That vay, néu didu can chimg minh 1a khong ding thi ta tim duoc céc day
{t.}<[0.1],
u, 20, [u,|— e sao cho u, =P[t,N(u,)] hay
(Aun,go>+J.g(x, u ) = th. f(x,u,Du ) VoeW,P. (6)
Cho ¢ = u, va sir dung gia thiét (F,) ta nhan duoc:
s [° JrJ.g(x,un)un SJ.m(x)uﬁ“ +CJ.|Dun|7un @)
Gia str gia thiét (a) cua (F,) dang. Ta ap dung cac bat dang thire Holder va Young

va thu duogc

/
+a p
R T B E ®
Vi (1+a)q < p*, t<p" vaphép nhing Wy* — L* lién tuc nén tir (8) ta suy ra

s )

Diéu ndy mau thuan véi 1+a < p, t<p va |u,|— =

"< cua " +|

Tiép theo ta xét truong hop khi diéu kién (b) trong (F,) dung. Do bt dang thirc
Young taco

”Dunny u, SC(8)|Dun|7(l+ﬁ)'+8.ui+ﬁ
Thay vao (7) tasuy ra
/
o 5 <l o+ ) o
Tu day ta duoc

ol <o+,

Ta lai gap mau thudn vi 1+a<p, y(1+8) <p.
Buwéc 2. Ta chimg minh khi r > 0 da nho thi
u=P(N())+tu, Vt>0,vux0,|u|=r (10)
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trong d6 ham u, duoc dinh nghia nhu sau: ta goi u 1a ham riéng duong, twong ng Vi
vecto riéng chinh Ao ciia todn tir (-A,) trén tap Q, va dat u, =cu trong Q; va up=0
trén Q\Q,.

Trong [1] d4 chitng minh ring

<Au0,¢)>§loj.u§'lq>§ﬂoj.ug¢ Vo eW,?,0>0 (11)
khi ¢ > 0 da nho.

Tiép theo ta xay dung ham f,:Qx0* — 0" chobdi f,(x,u)=mu” néu x eQy,

f.(x,u)=0 néu xeQ\Q, vagoi N, la &nh xa Nemyskii twong tng véi ham f,.

A N ~ (04 (04 N~ , .
Ta chon s6 ¢ thoan méan 1> o > max{—, } va s€ chung minh

p-1 a+¢
P[N, (tu,)]>t°u, thi t> 0 du nho. (12)
That vay, dat v=P[N,(tu,)] thi theo dinh nghia cua anh xa P ta co:
(Av,0) = [[f,(6tu)—g(x Ve Vo eW;(Q) (13)

Chon ¢ = (t°u, —v)* trong (11), (13) va trir tirng Vé ta dugc
(At7U,) = AV, (t7U, =V) ) < jﬂ [At7PPug — £, (x,tuy ) + g (%, V)1(t7U, —v),  (14)
trong d6 Q, = {X:t"U,(x) 2v(x)} . Ta goi h & ham trong déu tich phan & vé phai cia

(14). Trén Q,\Q, thi h=0 con trén Q, NQ, tacd v<t’u, va vi ham up bi chan trén
voi t> 0 dunho taco

h< [ﬂot“(p‘l’ug‘ —m, (tuy)* +m,(t7u,)** }(t"u0 —v) =
= (tuy)“[A 7P —my +m, 7 uf ] (tu, —v) <0
Do d6 (A(t7u,)— Av, (t"u,—v)*)<0. Tir day ta suyra v > t"u, khi t >0 dir nho.

Bay gio ta tré lai chizng minh (10). Néu diéu nay khong dung thi ta tim duoc cac
day t,>0,u,>0 |u,|— 0sao cho

u, = P[N(u,)]+t,u, (15)
Vi u, >tu, nén néudat s, 1asé I6n nhatsao cho u, >s,u, thi s, >t .

Vi Ju 2o,
Tu (15) taco
u, = P[N(u,)]1= P[N,(u,)]= P[N,(s,u,)]-

> cs, [u,

. _néns —0.
p p

10
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Do d6 u, >s’u, theo (12). Do dinh nghia ciia s, ta suy ra s <s, . Diéu nay mau
thudn véic <1va s, — 0.

Buwoéc 3. Tu cac budce 1,2 ta tinh duoc bac tdpb trong non K cua dnh xa Po N nhu sau:
i(PoN,B(6,R),K)=1 KhiR dui lon
i(PoN,B(6,r),K)=0 Khirdulon
Do dé tontai ueK, r<|u|<R saocho u=PoN (u).

DPinh i dugc ching minh.
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