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TOM TAT

Phuwong phdp todn tir FK véi phép bién doi Laplace duwoc &p dung d@é tim lgi nghiém sé cho
bai toan exciton hai chiéu trong tir trieong déu nham thay thé phép bién déi Levi-Civita trong viing
tir triong 16n va phat trién cho cac hé phuic tap. Két qua thu duoc nghiém sé véi dé chinh xac tam
chiz sé thap phan cho céc trang thai co chi sé liong tir dén hang tram. ¢ chinh xac nay giam khi
tir trieong nhé va doi Véi trang thai co sé heong tir tir m = 0. Nhuw vdy, phép bién doi Laplace
khong thay thé duoc hoan toan cho phép bién doi Levi-Civita khi xdc dinh nghiém s, nhung van
6y nghia cho phan tich gidi tich va thugn lgi dé phét trién cho nhiing hé phizc tap.

Tir khoa: exciton hai chiéu, nghiém sb, phuong phap toan tir, phwong trinh Schrodinger, tir
truong.
ABSTRACT

The modified FK operator method for solving the Schrédinger equation
of two-dimensional exciton in a uniform magnetic field of arbitrary strength

FK Operator Method combined with Laplace transformation is used to retrieve numerical
solutions of the problem of 2D exciton in a uniform magnetic field (MF) in order to replace the
Levi-Civita transformation in the case of high MF. Numerical solutions with precision of eight
decimal places are found for states with quantum number up to hundreds. This presicion decreases
for states with the magnetic quantum number m=0 and in weak MF. Therefore, the Laplace
transformation can not be replaced entirely for the Levi-Civita one to get numerical solutions but it
is meaningful for analytical analysis and for complex systems.

Keywords: laplacetransformation, numerical solution, operator method, Schrédinger
equation, two-dimensional exciton.

* Email: tramhdn@hcmup.edu.vn

129



TAP CHi KHOA HOC - Trwdng DHSP TPHCM Tap 14, S§ 3 (2017): 129-139

1. Médau

Exciton 1 trang thai lién két giita dién tir va 16 tréng trong cac tinh thé ban din, day
1a ddi tuong nghién clru quan trong trong cac nghién ctru co ban va céc tmg dung trong
quang dién tir [1]. Pic biét, trong cac hé ban dan hai chiéu dang rat duoc quan tdm nhu
TMDs (Transition Metal Dichacogenics), viéc hinh thanh exciton chinh la hinh thirc
chuyén doi quang hoc chii yéu [2]. Viéc tim pho ning lugng cia exciton 1a mot trong cac
hudng nghién ciru dugc quan tim do phd hip thu cila exciton ¢6 cau tric 16 nét, cho phép
thuc hién cac phan tich chi tiét vé mat Ii thuyét. Tuy nhién, ning lugng cia céc trang thai
kich thich cua exciton rat kho do duoc trong thuc nghiém [3]. Vi vay, nguoi ta thudng sir
dung truong ngodi trong cac nghién ciru vé do dac phéd ning luong cua exciton, dic biét 1a
tir truong. DSi voi cac hé exciton, viée ap dung tir trudng vao hé s& giam hdm exciton, lam
tang cuong do dao dong va khdi lwong hiéu dung cta exciton... Do d6, nang luong lién két
cha cac exciton ciing duogc ting 18n [4], phd ning luong tmg voi c4c trang thai kich thich
cha cac exciton rd nét hon. Vi vdy, viéc tim phd ning luong cta exciton trong tir trudng
gilp ta c6 thé nghién ciru va giai thich mot sb hiéu ung vat Ii ciing nhu hiéu thém vé cac
tinh chat quang ciia hé ban dan dudi sy tac dung cia tir truong.

Viée giai phuong trinh Schrédinger dé tim phd ning lwong va cac ham riéng caa
exciton hai chiéu trong tir truong dugc nhiéu nhom nghién ciu quan tam [5-8]. Phuong
phép toan tir FK (FK-OM) [9] d4 duoc ap dung dé giai bai toan exciton trong tir trudng déu
Vi cudng do bat ki bang cach két hop vai phép bién d6i Levi-Civita. Két qua thu duoc 1a
nghiém s6 chinh xac (ham song va ning luong) dén 20 chir sd thap phan cho trang thai co
ban va céc trang thai kich thich voi sé lugng tir chinh 1én dén 150, 1a mot ki luc trong
huéng nghién ctru ndy [5, 6]. Tuy nhién, viéc két hop phép bién d6i Levi-Civita voi FK-
OM ciing gip mot sd kho khin khi 4p dung cho bai toan. Thir nhit, khi sir dung FK-OM
két hop v6i phép bién d6i Levi-Civita, bo ham song co s¢ 12 bo ham riéng cua bai toan
nguyén tr dudi tic dung cia twong tac Coulomb. Bo ham séng nay lam viéc tét trong
truong hop tir truong nho. Trong trudng hgp tir truong 16n, hi¢u qua ctia phuong phap
giam di, thé hién qua su giam toc do hoi tu vé nghiém chinh xac ciing nhu sy thu hep mién
hoi tu duoc theo tham sb tu do dung hi€u chinh tdc d6 hoi tu. Déng thoi, cling do bo ham
song co s& 1a bo ham Coulomb, viéc sip xép cac muc ning lugng trong mién tir trudng
manh ciing khong theo trat ty. Thu hai, viéc két hop phép bién doi Levi-Civita trong FK-
OM la nham 1am mat di cac bién dong luc & mau s6. Tuy nhién, diéu ndy chi hiéu qua
trong truong hop bai todn mot hat, trong truong hop bai todn hé nhiéu hat, viéc ap dung
phép bién d6i tré nén rat phic tap.

Trong cdng trinh [10] d4 chi ra ring FK-OM véi phép bién d6i Laplace c6 thé thay
cho phép bién ddi Levi-Civita dé dwa bién dong luc ra khoi mau s trong cac bai toan
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nguyén tir. V&i phép bién d6i Laplace, bo ham song co sé cb phan dong gop 16n cua tir
truong, nén dugc ki vong 1a s& 1am viée t6t trong mién tir truong 16n. Ngoai ra, phép bién
d6i ndy ciing duoc chi ra 1a c6 thé mé rong cho bai toén cac hé nhiéu hat nhu exciton 4m
[11].

Trong cdng trinh nay, ching tdi 4p dung FK-OM két hop véi phép bién doi Laplace
cho exciton hai chiéu trong tir truong déu dé tim lai nghiém s6 chinh xac cho bai toan. Tir
cac két qua thu dugc, chung t6i danh gia kha ning 1am viéc cua phuong phap trong cac
mién tir truong khac nhau, nhat 1a mién tir truong 16n. Tir d6, két luan vé kha nang ap dung
cua bai toan cho viéc giai phuong trinh Schrédinger cho cic hé nguyén tu. Pay cling 1a
mot budc trong viéc hoan chinh FK-OM cho céc bai toan hé nguyén tir hai chiéu trong tir
truong.

Céu tric bai bao gom ba phan: Phan thir nhét trinh bay vé phuong phap, phan thi hai
trinh bay két qua thu dugc va thao luan; cudi cling & phan két luan va dy kién phat trién
clia d2 tai.

2. Phuong phap toan tir FK cho exciton hai chiéu trong tir truomg
Phuong trinh Schrédinger cho exciton hai chiéu trong tir truong ¢ dang [5]:

MY (x,y)= EY(x, y) 1)

g @12 120 10
voi He - E]T ﬂyﬁ ZEﬂy X:l- (x +y) 2

trong do don vi d6 dai va nang lvong dugce dinh nghia nhu trong cong trinh [5].
Déi v6i phan tuong tic Coulomb trong (2), ching t6i sir dung phép bién ddi Laplace
[10] dé dua toa d6 ra khoi mau s6 nhu sau:

+¥ - tr2

_1_ 1 e
M_I’ \/—?Wdt- (3)

Trong phan ndy, ching tdi 4p dung FK-OM d¢ giai phuong trinh Schrédinger (1)-(3)
Vi bon bude co ban [10]:

Buwéc 1. Viét lai Hamiltonian trong biéu dién dai s6 ciia cac toan tir sinh huy hai
chiéu:

(4)
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trong d6: w la tham sb tu do dua vao dé tdi vu hoa qua trinh tinh toan; h’;% la cac toan tu
hay; 3 B 1a cac toan tr sinh. Cac toan tir ndy thoa mén céc h¢ thuc giao hoan:
gajl S (5)
e u
Céc giao hoan tir khac s& bang khong.

Mt khac, d6i v6i hé hai chiéu, hinh chiéu moment quy dao 18n truc z 1a dai luong

bao toan, do d6 ta chon cac toan tur sinh hity méi sao cho I:Z O dang chéo hoa:
. 1/, .0 ~_ 1 . .~
=—(a" +ib"), U= —=(a- ib),
5( ) 5@ 1)
- 1/ .2 P S
T=—(a"-ib"), v=—=(a+ib)
@ - b7) 7= (i)

Céc toén tir ndy ciing thoa man c4c hé thirc giao hoan nhu biéu thic (5):
.0 gV f L. (7

Khi d6 toan tir hinh chiéu moment dong lugng quy dao duoc viét lai nhu sau:

(6)

L, =d"a- 9. (8)

Ldc nay, Hamiltonian trong biéu dién dai s6 ¢6 dang nhu sau:

- Wpes A, o~y gm o g? - 2w’'L dt

H=- —(M+M*- N+ 2=+ 2_(lh+ K& M7 ) 2,/ — 9
al 5 16W( ) Vp O ®

- 6

g le@-t &oay 1 e & -t 1 .=
%x M*)— M g; 1wz
%0(”)2 1+ 2t B ( )(1+ 2t)N/Z ?'Oa': ||J| 1+ 2 (1+ 2t)N/Z %

it j)

At At

trong d6 M* = 24°0", N= 20*(+ 20*V+ 2 va M = 200. C4c toan ti ndy ciing tao
thanh mot dai s6 kin véi cac hé thie giao hoan:

AN NU= AN N MU= 9N N MU= AN+

g\/I,Ng 4M, gVI,M i 2N, g\I,M i AM ™. (10)
Céc biéu thirc giao hoan (10) chinh 13 co sé cho cac tinh toan dai s6.

Budée 2. Tach Hamilton thanh hai phan: phan chinh gdm cac toan tir trung hoa (c6 s6
toan tir sinh va hity bang nhau), phan con lai 1a nhidu loan:
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- >0~ gm Ddt ¢ 1 @-t
H,=p—+ N+—- Z,|— g—
’ g 6wg 2 p ?[uo(ll) l+2tB'( )(1 2t)N/2

A_aew g2(..j'\ 7+ ). \/: -t
V_E-4+16WBE’(M+M) z P ,0 JO|'Jlg1+2t ( )(1 2t)N/2

V61 cach tach nhu trén, ta théy ca hai thanh phﬁn trén déu phu thudgc tham s6 tu do
W duoc dua vao trong Budc 1. So di tham sé ndy goi 1a ty do vi Hamiltonian toan phan
khong phu thudc gia tri ciia nd. Do d6, gia tri ciia tham s6 W khdng lam anh huong dén

(11)

nghiém chinh x4c cia bai toan. Mic du vy, tham s6 nay c¢6 thé hiéu chinh tdc d6 hoi ty vi
khi hya chon gia tri phQl hop, phan chinh ctia Hamiltonian chiém wu thé so vai thanh phan
nhidu loan — hay n6i cach khéc l1a nghiém gan dung bac khong s& rat gan véi két qua chinh
Xac, Vi vay bai toan s¢€ hi tu nhanh.

Budée 3. Chon bd ham song co s 1a ham riéng cua phan chinh va hinh chiéu moment
quy dao 1én truc z:

_ Gt ktm| gy
|k,m> \/k'(k7( ) ( ) |O(W
G s\ ] <
|k,m)= W( Y (@) |o@w)) khi m<o0,

v6i k=0,1,2,...; m=0, £1, +2,... 12 s6 lwong tr tir (trj riéng cua I:Z) va trang thai “chan

) khi m>0, (12)

(13)

khong” ‘0(W)> dugc xac dinh boi phuong trinh:
Glow))= 0, ¥|ow))= 0, (O(w)|ow))= 1. (14)

Khi tac dung cac toan tir M, N,M* Ién cdc ham song co so (12), (13), ta thu dugc
két qua giéng nhau:

= 2\/(k+ D(k+ |m|+ )|k + 1,m),

M* |k,m

Ry

M|k,m) = 2./k(k+[m][k- 1m), (15)
N|k,m) = 2(2k+ |m[+ 1)/k,m).

Buwéc 4. Tim nghiém s6 chinh xac cta bai toén

Ham song chinh xac dudi dang t6 hop tuyeén tinh ctia cac ham song co s¢:

Y.(0= & C|k.m) (16)

k=0
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O day, ta gia st ham s6ng hoi tu vé nghiém chinh xéc khi k= N

Ta thay ham song (16) vao phwong trinh (1) va thyc hién mot sb tinh toan, ta c6
phuong trinh Schrédinger dudi dang ma tran:

é. CHw=E é. Cy, (17)
k=1 k=1
hay (H)(C)= E(C) (18)

C,. Cac

véima tran (H) c6 cac thanh phan H,,.va ma tran (C)co cac thanh phan C,,..,

tri riéng E 1a cac nghiém ma ta can tim, nghiém nay cang tién téi gié tri chinh xac khi N__

cang I6n. Trong do, cac yéu t6 ma tran (H) duoc xac dinh boi:

k!(k+ |m|)!

gm 92 WQ & 1 ”
==/ —32(2k 1)- Z | ,
o G ) 20 e
_®g® wo
Hisor = fro Z%Z\/(IH (K + [m[+ 1)

i \/kl(k+ m)i(k+ 1) (k + 1+ m]): " (19)
ia;l ili- 1 (k- i+ 1)'(k+ |m|— i+ 1), 2k+\m\+z,
s 1 \/k!(k+ ImrCk+ sk + s+ m)r
|_|I((s+>sl>k Z\Ma Jil(i- s) (k- i+ s)(k+|m|- i+ s) ok se i
10
¢ 1)'GEp- g- —:G q+ :
Vi Iy :_Odt S9 E & 2 (20)

p = O
5

3. Két qua va thao luan

L+ )P JBG(p)

Tur cac két qua tinh toan, ching ti d& xay dung chuong trinh tinh toan tu dong dwa
trén ngbn ngt FORTRAN. Trong chuong trinh ¢6 st dung gbéi LAPACK tim nghiém cho
bai toan ham riéng tri riéng trong thu vién Intel Math Kernel. Két qua thu dugc nghiém sd
cho cac trang thai img v6i cac s6 lwong tir k 1én dén hang tram va sd luong tir tr mt 0
VGi d6 chinh xac 6n dinh khoang tdm chir s6 thap phan khi két qua viét dudi dang chuan.
Dé minh hoa, trong cac Bang 1-4, ching t6i trinh bay két qua cho mot so trang thai co thé
so sanh duoc voi cac két qua trong cong trinh [5] va mot sé két qua mo rong khac. Bé dé
so sanh, & day cuong do tir truong dugc thé hién qua dai lwong g'= g/(g+1). Ning

lwong cua cac trang thai c6 m duong co thé duoc suy ra tir cac trang thai cé6 m am dya vao
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mbi quan hé: En= Bt mg. Két qua cho thiy FK-OM cai tién cho phép thu dugc
nghiém s6 cho bai todn. Két qua nay khong c6 do chinh xac cao nhu trong cong trinh [5]
khi sir dung phép bién d6i Levi-Civita (20 chit s thap phan). Mot trong nhiing Ii do Ia do
trong cdng trinh [5], chuong trinh tinh toan sir dung goi hd tro cho phép cac dir lidu dat dén
d6 chinh xac 12 50 chir s6 thap phén, trong cong trinh ndy, do mic dinh cia goi LAPACK,
c4c dir liéu chi dat dén do chinh x4c t6i da 13 15 chir s6 thdp phan. Viéc phat trién bo code
dé thu duoc két qua chinh x4c hon can dugc nghién ctru tiép. Tuy nhién, nhiing két qua d&
dat dugc van du cho cac phén tich giai tich dé tim hiéu ban chét hé vat Ii.

Mt khac, tir cac sb lidu thu dugc, ta co thé théy FK-OM cii tién khong hiéu qua cho
mién tir trudng nho. Trong qua trinh chay chuong trinh tim cac niang lugng chinh xac cho
c4c trang thai k =0, m=—-4 t6i k =168, m=-9, ching t6i thdy ring vdi cac trudng hop tir
truong manh (y'cd 0.65 tro 18n) thi vang lya chon tham s6 tu do dé nghiém hoi tu vé
nghiém chinh x4c rong hon so v&i viing lra chon tham sé ty do trong viing tir trudng yéu (
7'cd 0.35 tro xudng). Cu thé, dbi véi trang thai c6 k=8, m=-9: trong tir truong yéu
y'=0.15 ¢6 ving lya chon tham sé @ dé c6 nghiém chinh xac 10 chit s6 thap phan nam
trong khoang (0.25, 0.50); trong tir truong manh y'=0.85 ¢6 viing lya chon tham s6 o dé
nghiém chinh xac 10 chir s6 thap phan nam trong khoang (1.25, 6.00). Biéu nay la phd hop
v6i du doan ban dau, vung lya chon tham s6 w dé nghiém hoi tu chinh xac s€ rong hon
trong ving tr truong manh. Piéu ndy c6 thé giai thich 1a do khi két hop phép bién doi
Laplace vao phuong phap toan tir FK dé tim niang lugng chinh xac, phan twong tac tir
truong 1a phan chinh va phan twong tac Coulomb 1a phan nhiéu loan. Mt khéc, tir Bang 4,
ta thiy rat kho c6 thé xac dinh duoc cac gia tri ning luong cua cac trang thai kich thich cao
trong viing tir truong yéu. Trong viing tir trudng yéu (' =0.05 tdiy ' =0.35), ta khong tim
duoc gia tri ciia tham sd o dé xac dinh nghiém sb chinh xac ctia mot s trang thai kich
thich cao. Tir dé, ta co thé két luan 1a trong viing tir truong manh, FK-OM két hop véi
phép bién d6i Laplace tim nang luong chinh xac c6 phan d& dang hon so voi trong viing tir
truomg yéu.

Ngoai ra, trong Bang 3 ta ciing c6 thé thdy rang do chinh xac cua cac két qua tmg véi
c4c trang thai co s6 s6 lugng tir trm= 0 bj giam con ba chit s6 thap phan. Diéu nay c6 thé
giai thich rang dbi v6i trudng hop m= 0, dong gop cua tir trudng trong phan chinh cua
Hamiltonian bi giam di dang ké, dan dén viéc hoi tu cham.

Nhu vay co thé n6i, viéc két hop phép bién doi Laplace trong FK-OM khong thé thay
thé duoc hoan toan dugc phép bién dbi Levi-Civita trong viéc tim nghiém sé chinh xac.
Tuy nhién, véi kha ning ap dung ciia FK-OM cai tién trong viing tir trudng 16n, hai huéng
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phét trién FK-OM nay c6 thé bo khuyét cho nhau khi tim nghiém cho cac bai toan hé
nguyén tir hai chiéu. Hon nita, viéc phét trién FK-OM véi phép bién doi Laplace 1a can
thiét cho sy mo rong sang cac hé nguyén tir phic tap hon.
Béng 1. Nang lwong iing Vi trang thai 2p, 3p", 4p” (M =—1). Két qua duroc so sénh véi
nghiém sé chinh xdc thu dwoc bang FK-OM két hop véi phép bién doi Levi-Civita trong
cong trinh [5]. Két qua cho thdy nghiém cé dé chinh xdc on dinh 13 tam chit s6 thdp phan.

g' 2p (k=0,m=-1) 3p(k=Lm=-1) 4p (k=2,m=-1)
0.05 -0.24474134 -0.08036721 0.00090050
0.15 -0.27410756 0.00108637 0.21323373
0.25 -0.28409801 0.14986742 0.52606940
0.35 -0.27398063 0.37170668 0.96036057
0.45 -0.23736745 0.69769322 1.57415466
0.55 -0.15849200 1.19360373 2.48370977
0.65 0.00008428 2.00503229 3.94243430
0.75 0.34214588 3.51694576 6.61507130
0.85 1.27112332 7.16153917 12.95785147
0.95 6.70030514 26.07692664 45.30314463

Bdng 2. Nang hrong vmg voi trang thai 3d~,4d™,5d ™ (m=-2), dugc so sanh véi

nghiém sé chinh xdc thu dwoc bang FK-OM két hop véi phép bién doi Levi-Civita trong
cong trinh [5]. Két qua cho thdy nghiém cé dé chinh xdc on dinh 13 tam chit s6 thdp phan.

g' 3d (k=0,m=-2) 4d (k=L m=-2) 5d (k=2,m=-2)
0.05 -0.11440510 -0.03603819 0.02905749
0.15 -0.13674173 0.06842568 0.26190026
0.25 -0.13064401 0.23628341 0.59077510
0.35 -0.10076026 0.47676457 1.04063336
0.45 -0.04057485 0.82292516 1.67121288
0.55 0.06740516 1.34249561 2.60039856
0.65 0.26432778 2.18414967 4.08414376
0.75 0.66251797 3.73942662 6.79260902
0.85 1.69141167 7.46015607 13.19819451
0.95 7.42860734 26.60790678 45.73489523
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Bing 3. Nang lwong irng véi trang thdi 1s, 2s, 3s. Hiéu qud ciia FK-OM cdi tién

giam di khi m = 0, do chinh xac cua nghiém thu dwoc chi dat dén ba chir s6 thap phan.

g’ 1s(k=0,m=0) 2s(k=1,m=0) 3s(k=2,m=0)
0.05 -1.999 -0.244 -0.114
0.15 -1.998 -0.274 -0.136
0.25 -1.994 -0.284 -0.130
0.35 -1.986 -0.273 -0.100
0.45 -1.969 -0.237 -0.040
0.55 -1.934 -0.158 0.067
0.65 -1.856 0.000 0.264
0.75 -1.665 0.342 0.662
0.85 -1.059 1.271 1.691
0.95 3.231 6.700 7.428
Béing 4. Nang lieong cho mét sé trang thdi kich thich cao.
Hiéu qua ciia FK-OM cdi tién giam trong Ving tir trieong nho.
g' k=159, m=—7 k=133, m=-7 k=164,m=-9
0.05
0.15 T
0.25 \\
0.35 x\
0.45 130.40557544 109.127292561 134.50154056
0.55 194.829041501 163.044475049 200.94633148
0.65 294.214603648 247.777955911 305.36536685
0.75 475.318841822 400.308578818 493.32888931
0.85 903.584870478 756.236927551 931.93150450
0.95 3030.04505702 2536.01831107 3125.0694106
4. Két luan

Trong bai bao nay, FK-OM két hop phép bién d6i Laplace d& duoc 4p dung dé tim
nghiém s6 chinh xac cta phuong trinh Schrédinger cho exciton hai chiéu trong tir truong
déu. Chang t6i da xay dung dugc chuong trinh tinh toan ty dong dua trén ngbn ngir
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FORTRAN cho phép xac dinh ning lugng cta céc trang thai v6i cac chi sé luong tir 18n
dén hang tram. D6i v6i trang thai ing véi s6 lwong tir tir m? 0, do chinh xac dén tam chir
s6 thap phan. Ddi véi trang thai ung voi s6 lwong tir tir m= 0, d6 chinh x4c giam con ba
chit s6 thap phan. Thém vao d6, trong viing tir truong yéu ta rat khé xac dinh nghiém cho
C4c trang thai kich thich cao. Nhu vy co thé néi, viéc két hop phép bién ddi Laplace trong
FK-OM khdng thé thay thé duoc hoan toan dugc phép bién doi Levi-Civita trong viéc tim
nghiém sé chinh xac. Tuy nhién, véi sy hiéu qua cia FK-OM ci tién trong viing tir truong
I6n, hai phép bién ddi co thé dugce két hop véi FK-OM dé bd khuyét cho nhau khi tim
nghiém cho cac bai toan hé nguyén tir hai chiéu. Hon nita, viéc phat trién FK-OM véi phép
bién d6i Laplace 14 can thiét cho su phat trién sang cac hé nguyén tir phtc tap hon,

Loi cam on: Nghién ciru nay duwoc tai tro boi Quy Phét trién khoa hoc va cong nghé Quéc
gia (NAFOSTED) trong dé tai ma so 103.01-2014.44.
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