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MOT KET QUA HQI TU NGHIEM BI CHAN
CUA HE TUA GRADIENT BAC HAI KHONG THUAN NHAT
Pham Tién Kha'

Khoa Toan — Tin hoc — Truong Pai hoc Sw pham TP Hé Chi Minh
Ngay Tda soan nhan dwoc bai: 21-4-2017; ngdy phan bién danh gia: 22-5-2017; ngdy chap nhan dang: 05-6-2017

TOM TAT
Trong bai viér ndy, chlng t0i sé nghién ciru swe héi tu ciia dao ham bdc nhdt nghiém bi chan
ciia phirong trinh G(t) +y (DU (L) +V @(u(t))= g (t), rrong dé ¢ laham 16i bi chan dudiva g e L.

2
Cu thé, ching 16i khing dinh rang néu y bi chan, v ¢ L', y € ® va Y el thi u(t)— 0 khi
/4
t—> . Déng thoi chung toi ciing dua ra mot 56 Vi du thé hién su doc lap cua diéu kién du nay Vi
diéu kién duoc néu trong [1].
Tir khoa: hé tua gradient, hé sb chéng x6c¢, su hoi tu.
ABSTRACT
The convergence of the first derivative of bounded solution of Gradient system
In this article, we study the convergence of the first derivative of bounded solution of the
equation U (t) +y (t)u(t) +Ve(u(t))= g(t), where ¢ is a bounded below convex function and
.2
g € L. In specific, we claim that if » is bounded, y ¢ L', ¥ € L* and 7 e, then U(t) > 0 as
/4
t — co. We also give some examples showing the independence between this sufficient condition
and one given in [1].
Keywords: gradient-like system, damping term, convergence.

1. Giéi thiéu

Xét hé tira gradient bac hai khong thuan nhét, ¢6 dang

U(t) +7 ()u(t) +V d(u(t)= g(v), 1)
trongdd ¢:0" >0 ,g:0" —>0"va y:0* —-0" 1acéc ham thoa hé diéu kién sau:

i. ¢ thuoc C*, 16i va bi chin dudi.

i. V¢ Lipschitz dia phuong.
iii. yew:@*,0%).

loc

iv. gel.
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Dudi day ta s& dung ki hiéu L thay cho LP(0,0).

Trong [1], Jendoubi d4 dua ra dinh li vé mot diéu kién du dé u(t) >0 khi t >
V6i U 1a mot nghiém bi chin cua (1), cu thé nhu sau.
Dinh Ii I ([1, Pinh 1i 1.1]).

Gid sir argming #@, y ¢ '(0,00) va y € *(0,00) . Néu U la mgt nghiém bi chin
cia (1) th

u(t) > 0 va ¢(u(t)) - ming khi t — .

Nhan xét rang gia thiét y ¢ L' 1a quan trong. Ching han, 1y @(t) =%t2, y(t)= t21 1
J’_
va g(t) = CZOSt . Xét phuong trinh
t°+1
1 cost
G(t) + u(t) +u(t) = .
® t*+1 ®)+u®) t?+1

Phuong trinh nay c¢6 nghiém u(t) =sint bi chan, tuy nhién u(t) » 0 khi t — . Do
d6 chiing t6i tin rang diéu kién y ¢ L* trong Dinh Ii 1 12 rat kho thay thé.

Trong qué trinh khao sat bai toan, chdng tdi phét hién ra ring c6 nhiing 16p ham y
khéng thoa diéu kién 7 € L' nhung van thu dugc két qua hoi tu nghiém cua (1). Véi ¥
tudng ndy, ching toi dd dwa ra mot didu kién da doc 1ap voi Pinh 1i 1 dé u(t) > 0 khi
t — o0 VGi U la mot nghiém bi chan cua (1).

2. Két qua chinh

Trude hét, ta chimg minh mot két qua co ban va quan trong da duoc dé cap trong [1].
Ménh dé 2.

Néu u 12 mot nghiém cua (1) thi u e L” va \fyue L2

Chiing minh. Xét ham s6

J(t) =%|I u(t) [I* +¢(u(t)) —inf ¢ +1.

Do ¢(u(t))—inf ¢ +1>0,¥t >0 nén J(t)>%||u(t)||2, suyra [lu(t) <230 . (2)
Vi U la nghiém cua (1) va thoa (2) nén
J(©) =), uct) + V()
=(u(t), g(t) —y @®u ()
<), g@) ltu@®ll-Ihg @l
<23 le® |-
J(t)
NAIO)

Do J(t) >0 nén <2l g(t)||. LAy tich phan hai vé& trén (0,t), suy ra
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IO <, Ias) 185+ /30)

Vi gel!nén JI(0) <M voi M =%J‘:||g(s)||ds+1/J(0). 3).

Tir (2) va (3), ta dugc |Ju(t) [ M~/2. VAy deL”.
Xét ham nang lugng

EO U017 +4()—inf ¢+ [ (g(e),ude @)
Tacé E bi chan dui bsi —||ull.[| g || Do ci'}l—'f(t):-y(t)||u(t)||2 nén

j'gy(s) lu(s)|* ds = E(0)~ E(t) < EQ)+[[ufl. | g Il < oo

Vay 7 |lulle L2. O
Dinh Ii 3.

.2
Gia st argming =@ va y bichdan, y ¢ L', yeL®’ va Y ! Néuu la mot nghiém
4
bi chan cua (1) thi

u(t) = 0 va ¢(u(t)) » ming khit - oo

Chitng minh. Xét ham nang lugng dugc xac dinh nhu (4). Ta co
dE . )

E(t) =(U(t) +Va(u(t))—g(t),u(t))

=—y®)lu@® |
<0.
Suyra E giam. Hon nira, ta c6

Uf<g(r>,u(r>>dr [Tlo@1-11u@) | de

Do d6 E bi chan dudi béi —|lul|.llg|l,. Vay E c6 gi6i han hitu han E, khi

<

Sluf.liglls -

t—>oo.
Mt khac, ta cling ¢

[REIORIEE

<Jlall.

[o@lldz

nén E_ ciing 12 gi¢i han khi t — oo ctia ham E xéc dinh boi

0 khi t - o,

E(t)=%|| u) [I* +¢(u(t)) —inf ¢.

Nhu vdy dé chirng minh dinh 1i, ta chi can chimg minh E_ =0.

167



TAP CHi KHOA HOQC - Truwomg PHSP TPHCM Tdp 14, 54 6 (2017): 165-171

Lay v e argming va xét ham

h(t) =§|| u®) Ve
Ta co
Fiey* y (ORE) U () [P ~(Vu(t),u() v+ (g (). u) -v).
Do ¢ la ham 16i nén
B(1) 2 p(U) + (VHu()).v - u(t),
do d6

h(t)+y () <|uP+(v)-gu) +(g(t),ut) -v)
3. =
L I ~E@+lull. +IvIDIg® Il
Lay T >0. Nhan hai vé cia bat dang thirc trén véi y(t) (do y nhan gi4 tri dwong
nén bat dang thirc gitr nguyén chiéu) va lay tich phan trén [0,T], ta co
T ~ T .. T 2 .
jo y®E®)dt <M, — jo y(®)h(t)dt— jo y2(th(t)dt
Voi
3 .
M, =§fo y@O @I dt+Alull. +lIviDIigll: suply (©)].
Ta s& ching minh ton tai s6 M >0 sao cho
T . T .
‘ [ 7Oh®dt|+([ 7*Oh(t)dt
Ta chi can ching minh tirng s hang trong tong trén bi chin bang cach danh gia timg
tich phan.
e Theo cong thirc tich phan ting phan, ta co

T . . T, .
[, rfidt =y RO [ 7Rt
Theo gia thiét thi y bi chin, dong thoi do u,u ciing bi chin nén y(t)h(t) bi chan.

<M.

Pong thoi
UOT 7(t)h(t)dt‘ = j y(t) M ){U(t), u(t) —vydt
O (1 e |2
<[ Wdtj ( [Ty 3. -v dt)
< f; %)dtj( J; 7O IF ot SupuT+Tvip.
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.2
Theo gia thiét thi Y cllva \ﬁu e’ nént day suyra bi chan.
4

j y(t)h(t)dt

e Tach

UOT yz(t)h(t)dt‘ =‘ jOT yz(t)w(t),u(t)—v)dt‘
= UOT rOVr®) 'Wu(t)(u(t)—v)dt‘

<([; f‘(t)dt);(ﬂ OO dt); - Suplu@ 1+1vD:

Do y e ® va \Jyuel® nénsuyra bi chin.

fyz(t)h(t)dt

Vay
[ Y OE®dt<M,+M.

Cho T -, suy ra j:y(t)li(t)dt<oo. Do E(t)>0 vdimei t>0 va lim Et)=E,

nén E, >0. Néu E,_ >0 thi

o> [ yOE®dt=E, [ y(t)dt,
didu ndy mau thuan voi gia thiét y ¢ L.

Vay E_ =0. Dinh li dugc chimg minh hoan toan. [J
3. Mdtsd vidu

Tiép theo, chiing toi chi ra su doc lap giira két qua trong Pinh Ii 3 va Pinh Ii 1 bang
mot vai vi du. Cu thé, chiing toi dua ra mot 16p cac ham y thoa céc gia thiét ciia Pinh Ii 3
nhung khong thoa gia thiét y € L' ciia Pinh i 1 va nguoc lai.

Ta xét ham y, : (0,00) — (0,) xac dinh nhu sau:

sin?((t+1)"°)+1

7o(t)= Jt+1
Khi d6 y, thoa man céc tinh chat sau:

i limy, (t)=0;

,Vt>0.

ii. ;/OeL3, Vo & L

.2
i, el Dell.

Yo
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do

-!2(t+1 B

ham

170

Chuing minh. CAc tinh chat i), ii) c6 thé d& dang kiém tra. That vay,
o0 o0 1
)| dt> | ——=dt=o0
INAGIEE=IN N

Do dd y, ¢ L.

Ta ching minh tinh chat iii). Ta c6
_53in(2(t+1)5’8) sin?((t+1)"")+1

TR 2a4)

Ta ching minh ring

sin(2(t+1)™)

1

(t+1)"
_ L _ 1-cos(4(t+1)*°)
Do ‘S|n(2(t+1)5/8)‘sl nén ‘3|n(2(t+1)5’8)‘23|n2(2(t+1)5’8)= ; , do
2lsin(2(t+1)"°) ‘ 2l-cos(4(t+D)™) ¢z 1 % cos(4(t+1)°)
! (t+1)™" ! 2(t+1)7 dt:! 2(t+1)"" dt_! 2(t+1)7"

) ) °°cos 4(t+1)5/8)
Tich phén I 2D
0

o g (2(t+1)5/8)‘

dt hoi tu theo tiéu chuan Dirichlet, cOn tich phan

1 \ o Sin(2+D™)
dt phéan ki, do do Wdt phén ki, tuc la T
0 + "
‘ sin” ((t+1)°°) +1
Dong thoi, 2(t+1)7 €L, dodo
+
o » [sin 2(t +1)5/8 « Sln (t +1)5/8
jl?’o () |dt> j — ‘ dt - I 3/2) dt = oo.
J ) (t+1) ° 2(t+1)

Viy 7, ¢ L.
Ngoai ra, dé thiy
) 2
72(t) [ Bsin((t+1)™*)cos((t+D)™) sin® ((t+1)*°)+1 N EER.
7,(1) At+1)7" 2(t +1)*? sin? ((t+D)™°)+1

Vay ta d4 ching minh y, thoa ca ba diéu kién i), ii) va iii). Mot cach tong quat, 16p

<p<lp<a <%}

r sin’((t+12)* )+1 1
o (t+1)”
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thoa gia thiét ciia Dinh li 3 nhung khong thoa gia thiét cia Dinh Ii 1.
Nguoc lai, ta ciing c6 thé chi ra 1op ham

I, = L :O<oc<1
(t+1)" 3

thoa gia thiét ciia Dinh li 1 nhung khong thoa gia thiét cta Dinh Ii 3.
Ngoai ra, 16p ham

I,= L:1<a<l
(t+D)* 3

thoa gia thiét ciia ca Pinh If 1 va Dinh Ii 3.
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